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UPSC CSM 2024 MATHEMATICS OPTIONAL PAPER-2 ANALYSIS

Let G be a finite group of order mn, where m and n are prime numbers with m > n. Show
that G has at most one subgroup of order m.

If w = f(z) is an analytic function of z, then show that

o> 82
2 _+Z _llog|f'(z)=0
[ax2 +8y2j 0! (Z)l

2
log x
Test the convergence of I o9

0/(2-%)

If @ and y are function of x and y satisfying Laplace equation, then show that
X _ov and q—aq) +%

dx

f (z)= p+iq,i =J-1 is an analytic function, where p= =——
OX X

Use two phase method to solve the following linear programming problem:
Maximize z =Xy +2X,
Subjectto x; — %, >3

2% + %, <10

Xp, X0 20
Using Cauchy’s general principle of convergence, examine the convergence of the

1

sequence < f, >, where f, EEIE IS N
u 2 n!

Show that every homomorphic image of an abelian group is abelian, but the converse in
not necessarily true.

Find the function which is analytic inside and on the circle C:z =eie,0s6£ 27 and has
(a2 —1)cose+ i(a2 +1)sin6

the value 1 5
a” —2a“cos20+1

on the circumference of C, where a’>1.

1

z(sin nz)(z +;j

Also, find the

Locate the poles and their order for the function f(z)=

residue of f(z) at these poles.




(b)

(c)

4. (a)

(b)

(c)

Consider the series ZUn (x),0<x<1, the sum of whose first n terms is given by S (x)
n=1

Sn(X)= 2_r112 log (1+ n4x2), x € [0, 1]. Show that the given series can be differentiated term-

by-term, though ZUn (x) does not converge uniformly on [0, 1].
n=1

Using duality principle, solve the following linear programming problem:
Minimize Z=4% +3X% + X3
Subjectto X +2X, +4X3 212

3% +2Xy + %3 =8

Xg, Xp, %3 20

Consider the polynomial ring Z[x] over the ring Z of integers. Let S be an ideal of Z[x]
generated by x. Show that S is prime but not a maximal ideal of Z[x].

Find the upper and lower Riemann integrals for the function f defined on [0, 1] as
follows:
12
2 ‘ P 2
f(x) = (1—x ) , if xis rational

(1-x), if xis rational

Hence, show that fis not Riemann integrable on [0, 1].

The personnel manager of a company wants to assign officers A, B and C to the regional
offices at Delhi, Mumbai, Kolkata and Chennai. The cost of relocation (in thousand
Rupees) of the three officers at the four regional offices are given below:

Officer Delhi Mumbai Kolkata Chennai
A 16 22 24 20
B 10 32 26 16
C 10 20 46 30

Find the assignment which minimizes the total cost of relocation and also determine the
minimum cost.

SECTION B

Show that if f and g are arbitrary function of their respective arguments, then
2 2 2 2
u=f(x—kt+iay)+g(x—kt—iay), is a solution of %Jrgy—g:é;—g,where o =1—%




(b)

(c)

(d)

(e)

6. (a)

(b)

(c)

7. (a)

Solve the following system of linear equation by Gauss-Jordan method:
2x+3y—z=5

4x+4y—-3z=3

2Xx—-3y+2z2=2

(i) Determine the decimal equivalent in sign magnitude form of (8D)1s and (FF)1s.
(ii)  Determine the decimal equivalent of (9B2.1A)1s.

A rough uniform board of mass m and length 2a rests on a smooth horizontal plane and
a man of mass M walks on it form on end to the other. Find the distance covered by the
board during this time.

The velocity potential B of a flow is given by
lio o 2
(I)_E(X +y -2z )
Determine the streamlines.
Show that the solution of the two-dimensional Laplace’s equation

*9(x.y) , 2%(xy)

P ayz =0, Xe(—oo,oo),yZO

Subject to the boundary condition
6(x,0)= 1 (x),x(~0,0)
Along with ¢(x,y)—0 for |x|>o and y|—> o can be written in the form
-y
™y +(
Draw the logical circuit for the Boolean expression

Y =ABC +BC + AB. Also obtain the output Y (truth table) for the three input bit
sequences:

A=10001111,B=00111100, C= 11000100

Find the moment of inertia of a quadrant of a elliptic disk —+Z—2—1 of mass M about
a®

the line passing through its centre and perpendicular to its plane. Given that the density
at any point is proportional to xy.

Find the integral surface of the following quasi-linear equation

=X—Y.




Which passe through the curve ¢=0, xy = 1 and through the circle

X+y+0=0,x2+y?+¢>=a’

(b) Integrate f(x)=>5x°-3x*+2x+1from X=-2 to X=4 using
(i) Simpson’s g rule with width h =1, and

(ii)  Trapezoidal rule with width h = 1.
(c) Let the velocity field
B(x*-y? 2BX
u(x,y)z%, v(x,y):z—yzz, w(x,y)=0
(x +y ) (x +y )

Satisfy the equation of motion for inviscid incompressible flow, where B is a constant.
Determine the pressure associated with this velocity field.
(a) Solve the partial differential equation

) 2,( 0, ,)_
ay(ax+¢j+2x y(ax+¢j 0

By transforming it to the canonical form.

(b) Using Newton’s forward difference formula for interpolation, estimate the value of
f(2.5) from the following data:

X: 1 2 3 4 5 6
fix): 0 1 8 27 64 123
(c) Suppose an infinite liquid contain two parallel, equal and opposite rectilinear vortices at
a distance 2a. Show that the streamlines relative to the vortex and given by the equation
2 2
X“+(y—a
(y-a) .y

2 7+, =C
x“+(y+a)” @

log

Where Cis a constant, the origin is the middle point of the join, and the line joining the
vortices is the axis of y.




ANALYSIS & ANSWERS
1. (a)

We know that; For two finite subgroups H and K of a group,

define the set HK ={hk |he H, k e K} . Then,

o(H).o(K)

o(H nK) -1

|HK|=|H||K|/[HNK].i.e. |o(HK) =

Now let if G has two distinct subgroups H and K of order m; then,

o(H).o(K) _mm _ m?:.(2)
oHNK) 1

By (1); o(HK)=

But 0(G) =m.n, so order of subgroup of G must be less than equal to order of G.

So, o(HK) <m.n..(3)

i.e. (2) is not possible because m>n=m? >mn

1. (b) Letifw=f(z)=u+iv& Z=X+iy,Z=X—-Ily

Z+7 -2
2i

Now using: If : @ is function of x and y and x,y are functions of z& 7 ; then

op . 0f
0= aXax+ayé’y
_O0p _0pOx O0py 0 01 041l 6 _ 01 01 (1)
T X ya e X2 ya a x2 ya
g, OO _09 X 9 _0p 0Ll oL 0 o1 01
a‘éxa‘ aya‘ oz ox 2 oy2i oz ox2 oy 2

Using (1) and (2), we get

o (e1,01)o1 o 1) 1o &
o267 \ox 2 oy 2i )lox 2 oy 2i) 4lox® oy’




& & &’
Y Y -4
(ax2 ayzj 6267
o &
'[?+5j

- |og{f (z)-f'(z)}  logic always works for -.-|¢(z)|2=¢(z)¢(z)¢(z)¢(7)

‘2

0?1 ,

2
1. (c) given, I:I
0

As, the given improper integral is of 2" kind & gives infinity at x=0 & at x = 2.

o :ﬁ I;)gix J- Iogx

logx
e checking the convergence of J‘\/_

u
logx —lim% logx =ilirrgx”logx:0 for O< u<1

\/2—X X~>0\/2 X ,\/EX*)

logx
2—X

Iirrg(x—O)” x

As, u<1,so, dx is convergent ...(1)

O e

logx
e checking the convergence of J.\/_




logx

>

f J2— .
s lim ( ) =lim 2-x _ lim logx =log2, which is finite & non-zero
X—2 g (X) X—2 1 X—2

J2-x

2 2
logx 1
~ By comparison test both J. g & I dx converges or diverges together.
" NJ2-x  12-x
2 b
1 dx
As, I dx is convergent I — is convergent for n < 1]
1V2—X - (x—a)
2
logx
J. g dx is also convergent....(2)
1 V2-X

logx

2

dx is convergent.

2
~ From (1) & (2), I
0

1. (d) given, @(x, y) & Y(x, y) satisfies Laplace equation.

8_Zi)+i(l>zo (1)
oxX® oy

62—\ZV+62—\5=0 enr(2)
ox: oy

Also, given,

_%_ov

p_ay P & )
_0b_ oy

gq= ™ + Y veee(8)

Now,

op_0(dp oy o’ 0%y

&_6x(5_&j_ oxy  oxX°




(e)

@zi(@_ﬁ_‘v}@_azw
oy oyloy ox) &y* oydx
q_o0 oy

=—+
ox o2 Xy

oq 0% +82\|/

oy oyx oy

Now,

»_a_ oy oy
X oy ox> oy’

P _%_ o ysi
x oy 0{ using (2)}

P_aN
OX oy

op oq &9 Py o vy
= — TN
oy ox oy’ oyox x> oxdy

@+6_q_5_2<|>+5_2‘|’ 0 {using (1)}

oy ox o oy
L __aq
Tloy T ox
Also @ @ a_q&aq

5 are continuous

" ox oy ox

So, f (z) = p + ig is an analytic function.

Max z=x1+ 2x2
subto, x1—x223
2X1+X2 <10

X1, X220




Standard form:

Max z = x1+ 2x2

subto, x1—x2—s1+a1=3

2%, +X,+s, =10
s.tx1,x2,51,52,20

Here, a1 is artificial variable.

Phase |

max z*=0x1+ Ox2+ 0-s1+ 0s2— 1-01
subto, x1i—x2—s1+a1=3
2x1+x2+5,=10

s.t x1, X2, 1, 52,0120

G»> O 0 0 0 -1
B, Cs XB Y. Y2 Y3 Ys Ys Min &
Y1
a,-1 3 1 -1 -1 0 1 3>
S2,0 10 2 1 0 1 0 5
A> 1 -1 -1 0 0
T
¢G> 0 0 0 0 -1
B, Cs Xs Y1 Y2 Y3 Ya Ys Min Xg
x1, 0 3 1 -1 -1 0 1
S2,0 4 0 3 2 1 -2
A 00 o 0 -1

- all Aj's < 0 & No artificial variable, is present in phase |.
So, it works as initial bfs for phase Il.
Phase Il

¢G> 5 8 0 0




2.

B, Xs Y1 Y2 Y3
X1, 5 3 1 -1 -1
0 4 0 31 2

BC: Xs Y1 Y2 Y3
x,5. 13 1 0 -1
3 3
x»8 4 0 1 2
3 3

-+ all A] 's<0

.. Current bfs is optimal

.. Required optimal sol. is x; =% & X, =%
Optimal value = 1—3+2><f=2—1=7
3 2iss0. £

(a) Given, f, =1+£+l+ ..... l

u 2 n!
eFornz>=m,
| f, fm|=1+£+ ..... +i+ I +£— 1+1+
1 m! (m+1)! n! 1!
1 1 1
= + -
(m+1)t (m+2)! n!
< 1 1 1
_2_m+2m+1 ..... 2n71
n-m
ill_(lJ
2m 2
= 1
1-=

Min




2
om

<

1
1

|fn—fm|s2m

* Now for e>0,|f, — f | <e if <e

2m—1

= 2mt <1
(S

= (m-1)log2 > Iog(éj
= m-1> Iog(éj.(log 2)_l

= m>1+|og[1j(logz)_1 (1)

e Therefore, For each >0, there exists me N s.t
| f,— fn| <€ Vn=m

So, < f, > is a convergent sequence by Cauchy’s general principle of convergence.

2. (b) Homomorphic image of abelian group is abelian i.e.

f :G — G'isan onto homomorphism, if G is abelian then G' is abelian.

Let f :G — G' is onto homomorphism and G is abelian then Xy = yX, VX,y € G
Let f(x)eG', f(y)eG'

f(x)-f(y)="f(xy) [ f is homomorphism]

= f(yx) [xy = yx, - Gisabelian]

~ ()11

= f(x)-f(y)="f(y) f(x), vf(x), f(y)eG' then G' is abelian. [Proved]

Converse of the above theorem need not be true

f:S;, —>Z, with ker f = A, then




i.e. f(S;)~Z, with ker f = A,

Z, is abelian but S; is non-abelian.

(a2 —1)cose+1(a2 +1)sine

2. (c) - Giventhatf(z)at|z|=1is 2 5
a’ —2a“coso+1

a2.e|6 _e—le

i (a2 —eize)(a2 —e‘ize)

+ f(2) is analytic for | z|<1.

.. By Taylor’s theorem, we have

= — ' ==V —d
f(z) nEzoan(z 0)"; where a, B C(z—O)M z

Now, let’s find a,;

:ij 42 gi0 _ 10 i1
" 2mide (eie)”+1 '(az_eize)(az_e_ize)

27 a2 G
1 oon o000 (i)
=— —|1-=| do (1)
2ma79=0 g a
2 .
jO“e'“"de=o for a e, w(2)
. B 1 2t _ijome eizme . . . . _
.y = - Jo e 'az—mde' using (2) in (1), putting for n odd, n-1=2m




121
2na® a’m a%a"™t

1
— where n is dd.
a

a, =

® © 1 z\"
sof(2)=) 82" = "== (—]
nZ:(:) " nZ=(:)an+1 anq357,..\8
1 z
= f(z)_g [ Y
a 1—()
a
z
= f(z)=
-
3. (a) f(2)= -

z(sinnz)(z+;)
e For poles of f(z), lets put denominator as zero.
zsinmz (z + %) =0
zsinmz=0= z=0,£1+2,.... It must be noticed here that as the denominator is consisting of

z.sinzz, so z=0will become a pole of order 2. IirTol 7°f(z)#0.
72—
z==41+2,.... are simple poles
1 -1.
or z+§=0:> z:; is a pole of order 1.

e Now, Residue of f(z) at z=0is:

lim—
z-0dz

. d
lim
z—0

d (zzf(z))

z

1) 750
7+
2

E(sinnz)(

ZZ

. d
zllmd—
oo z(sinnz)(

1

=lim

d A

=lim—=——

] 2-0dz ,_. ( 1)
z2+= (sinmz)| z+=
2 2

(sin nz)[z +;].1— z(sin nz.l+ ncosm(z +;j)

(sin2 nz)(z +;j2




nse) 2+ )
(sinnz)| z+= . nZCOSTZ| Z+ =
2 zsinmz 2

lim — -

lim (sinznz)(2+;)2 (Sinznz)(H;T (sinan)[er;]z

. 1 z TZ COSTZ . 1 TZ COSTZ
lim - - =lim -

20 (sinnZ)[Z+%) (Sinnz)(zJ,%jz (sinznz)[z+%) 20 2(sinnz)(z+%j2 (sinznz)(z+%)

=lim
z—0

sm TEZ

( )

% 750 % 7t
Tz — + —np—mZs1- +
31 sl 21 a4l 4

lim 5 ="
z—0 TE323 TE525 1 2 e
2imz — + - I+

3! 51 2

eForresidueat z=-1/2; lim s L =
-5 —1zsmnz 1/2(—1)
2

1
e For residue at z=nmx; lim Ll ="
z—nmzsinmz(z+1/2) n(n + )
2
& 1
3. (b) Consider the series ZUn(x),Osxsl, Sn(X)=F|OQ(1+n4X2),X€[O, 1].
n=1 n
e For uniform convergence:
- 1 1 A n°x
S (X)=—.———2Xn" =—————
n(X) 2n? (1+n*x?) @+n*x?)
Max.S'n(x); atx=i2. Also, lim S'n(x):o
n N—o0
nz.i2 .
Mn:Sup‘Sn(x)—O‘: n==. lim M, =1/20.
2 n—o




By M, —Test; > .U',(x) does not converge uniformly in [0,1].
]

¢ To show that the given series can be differentiated term-by-term, though ZUn (x) does not
n=1
converge uniformly on [0, 1]:
2
S n(x)ziz.%.an4 __ " Z >- and Sum function S'(x) =0
2n° (L+n"x9) 1+n"x%)

i{ limS", (x)} =i{ lim S(x)} =0 shows that yes term by term differentiation is possible.
dx lh—w dx n—w

3. (c) Dualis.

max Zp =12w, +8w,

Sub to,

w, +3w, <4 (1)
2w, + 2w, <3 we(2)
4wy +w, <1 w.(3)
Wy, Wy >0

So, here, the optimal region is OAB,
1
. (ZD)OZO’ (ZD)A:8 (ZD)B =12XZ=3

s maxZp =8 at A(0, 1)

S.minz=8




4, (a)

Let Z [x] be the ring of polynomials over the ring of integers Z .
Let S be the principal ideal of Z [x] generated by x i.e., let S = (x).
e We shall show that (x) is prime but not maximal.

We have S = (x) = {x f(x): f(x) e Z [x]}.

First we shall prove that S is prime.

Let a(x), b(x) € Z [x] be such that a(x) b(x) € S. Then there exists a polynomial ¢ (x) € Z [x] such
that

xc (x) =a (x) b (x) (1)
Let a (x) =8, +aX+aX +...,.b(X)=h, + bx+bx*+...
c(x)=(c, +Cx+...) = (8, +ax+..)(, +bx+..) Then (1) becomes
X(c, +CX+...)=(a, +ax+..)(b, +bx+...)
Equating the constant term on both sides, we get

ash, =0
=a,—-00rb,=0 [.. Z is without zero divisors]
Now 8 =0=a(X)=aX+a,x" +...
= a(x)=(x)(a,+ax+..)=a(x)e(x)
Similarly by =0=>b(x)=bx+b,x* +...
=b(x)=(x)(b, +bx+...)=b(x)e(x)
Thus a (x) b (x) €(x) =either a(x)e(x) or b(x)e(x)
Hence (x) is a prime ideal.

Now we shall show that (x) is not a maximal ideal of Z [x].

For this we must show an ideal N of Z [x] such that (x) is properly contained in N, while N itself
is properly contained in Z [x].

The ideal N = (x, 2) serves this purpose.

Obviously (x) = (x, 2).




In order to show that (x) is properly contained in (x, 2) we must show an element of (x, 2) which
is not in (x).

Clearly 2 €(x, 2). We shall show that 2 &(x).
Let 2€(X). Then we can write,
2=xf(x) for some f(x)in Z [x].
Let f(X)=a,+ax+..
Then2=xf (X)=2=x(a, +a,x+...)
=2=aX+ax +..
=2=0+aX+ax +..
=2=0 [by equality of two polynomials]
But 2 # 0 in the ring of integers. Hence 2 ¢(x). Thus (x) is properly contained in (x,2).
Now obviously (x,2) < Z [x].
In order to show that (x,2) is properly contained in Z [x], we must show
an element of Z [x], which is not in (x, 2).
Clearly1 € Z [x].

We shall show that 1¢(X,2). Let 1< I[x] Then we have a relation of the form 1=xf (x)+2g(x)
where f(X),g(x) € Z [x].

Let f(X)=a,+ax+..,9(x)=h,+Bx+

Then 1=xf (8, +a,x+...)+2(b, + Bx+...)

=1=2b, [Equating constant term on both sides]
But there is no integer bg such that 1 = 2bg

Hence 1¢(x,2) Thus (X,2)is properly contained in Z [x].

Therefore (x) is not a maximal ideal of Z [x].

4. (c)
Upper sum (U (P,f)) is defined as
f(x)AX + T (X )AX, +.....+ T (X, )AX,




; Where f(x) is the maximum value of function in particular i-th subinterval

Lower sum (L (P,f)) is defined as

f(x)AX, + T (X)AX, +.....+ T (X, )AX,
;Where f(x) is the minimum value of function in particular i-th subinterval

Let’s take a partition of [0,1] by dividing into n sub intervals

Partition P is :

[Xos X1V X0 % ] VDG X ] W VX X ]

\ \ \ !
Iength of szzl Ax3=£ Axnzl
subinterval n n n
° Axizl
n
2.
. f(x): V1-x*:xeQ
1-x ;xeQf
For max value of function in i-th interval, M; =1-X —1-1
n
: 0 iv1 1(, (1 2 n-1 n)) 11 (. 1
U(p.f)=> MAx =Y (1--).==={1-| S+ S+ t—+—|[==.2(1+2+3+..... ~1))=>Z|1-=
(p-H=3 Max =3 (- n( (n+n+ s +nD L1 2450.t (o) 2( nj

n—oo 2

-\ 2
I

For min value of function in i-th interval, m, =1-x* = /1—(—}
n

n i\? 2 _1\2 2
L(p.f)::Z 1-[ L l=l —— i2+2—2+....+(n Y +n_2 ; So, L(P,f)=n/4for n—>oo0.
i-1 n n

So, U(P, f)= |im1(1—1j=1.
n

n n n n n

~U(P, f)=L(P, f); So, given function is not Riemann Integrable.




4. (c) As. The given assignment produce is not balanced so, adding a dummy row, we get the

problem as.
Delhi  Mumbai
A 16 22
B 10 32
C 10 20
D 0 0
A 6 |8 |4
B || 2|16]6
C | X | 10] 36| 20
v
(3)
A )‘( 2 |4 |[0]
B | N
C )@( 6 |32]16
lp- 4){ M-
\Z/
(2)

B 16| 10 [ X
C )e( 4 |30 154
|p-- 6)9( Xt

v v

(2) (5)

Delhi  Mumbai
A 2 0]
B ® 14
C 0] 2

Kolkata Chanai
24 20
26 16
46 30
0 0

v 4

v (1)

v (2)

v (3)

S—e=

v (4)

v (3)

V(1)

Kolkata Chanai
2 ®
8 [o]
28 14




(a)

D 8 ® [0] 2
So, the optimal assignment is
A — Mumbai
B — Chaenai
C — Delhi
D — Kolkata
The minimum cost =22 +16+ 10+ 0=48

Given, u= f (x—kt+iay)+g(x—kt—iay)

%zzf‘(x—kt+iay)+g'(x—kt—iocy)
u . : : :
y=f (x—kt+ioy)+g'(x—kt—ioy)

And %: £1(X— Kt +iay) xice— g'(x Kt —icty) x o

azu_f.. Kt +i . IWAIPIL 2 2
— = f(x—kt +io)xi“a” +g"(x —kt ~iay)xia
82U 2 " : " i

— =—a’[ f"(x—kt+io)+g"(x—kt—iay)]

Now,

0% O _ iy ktvio) s g"(x -kt o)} (1o
" +y_{ (x—kt+io)+g"(x— —IOL)}( —a )

And, %z—k[f '(x—kt+ioy)+g'(x—kt—iay) ]

azu k2 " . n H
at_zz [f (x—kt+|ay)+g (X—kt—IOLY)] -(2)

.. Using (2) in (1)
2 2 2
ﬂ+ﬂ_(1_a2) 1 Ju

= X —
o oy? K2 o2

2 2 2 2
8_[21+5_L212i2 1— 1_k_2 8_;1 [+ Given a? =1-
ox: oy k Ce)| et C

(1)

— ]




% oy C2at?

5. (b) The given system of linear equation in motion notation form is written as AX = B, where

2 3 -1 X 5
2 -3 2 z 2
[2 3 -1!5]
[A:B]=|4 4 -3:3
2 -3 22
Ri <R,
(4 4 -313]
[A:B]=|2 3 -1:5
2 -3 2 ;2]
1
R;—>-R
1 4 1
11 S
4 4
[A:B]0|2 3 -1i5
2 3 212

11 33
4:4

[A:B]U|0 1 %g
o5 L2

2 12

R; >R;+5R,, R, >R, —R,

Lo 5l

4 ¢+ 4
Ao 1 2L
0 0 6 8




|
[N
[EEN

[A:B]U[O 1
00

[N -I>|L|,.,
w N~ -b‘

1
RZ_)RZ_ERS’ Rl—>R1+%R3

1
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.. From AX =B, we get
x=1
y=2
z=3
5. (c)

(i) As we know that in sign magnitude form, the first bit of binary representation represents the
sign. If it is 1 then negative sign and O then positive sign. Rest of the bits represent the
magnitude of that number. So,

(8D),; =(10001101), = (-13),, [-- D =13 in decimal]
1 0001101 = (~13),,

Y€ magnitude

(FF),, =(11111111),= 1 1111111 = (-127),,

Y€ magnitude

(ii) (9B2. 1A)16 = 9x162 + Bx16+2x16°+1x%+Axi

162
=9x256+11x16+ 2+ 0.0625 +10 x 0.00390625
=2304 + 176 + 2 + 0.1015625
= (2482.1015625),

5. (d) Here, there is us internal forces in horizontal direction only the weight of board & man
are acting downward & the reaction of the horizontal plane acting upward.

So, By D’Alembert’s Principle the C.G. of the system does not move, as the man moves
from A to B.




(e)

In the initial position,
A ' B

Aa : B’
Mx0+mxAC  ma

Distance of CG from A = =
M+m M+m

In final position, when the man reaches the point B,

M x AB'+ mAC'
M+m

Distance of CC from A=

M(2a-x)+m(a-x)
M+m

Now, as the position of C of the system remains unchanged
ma _ M(2a-x)+m(a-x)
"M+m M+m

= ma =2Ma - Mx + ma—ma
= X(M+m)=2Ma

_ 2Ma

= X=
M+m

Given ¢=%(x2 +y? —222)

We know the velocity ‘q’ can be written as,
q=-v¢

= Ui +Vj+ Wk =— fi+ji+kAﬁ l(x2+y2—222)
x oy az) 2

= ui +Vj +wk =—[xf+ yj—szA}

On comparing we get,
u=-x, v=—y, w=2z

.. The striations are given by,

x_dy_dz
u Vv w
dx dy dz
ox_gy oz (1)
-X -y 2z

Taking 1%t two fraction, of (1)




dx_dy
Xy
On integrating,

logx =logy+logc, where Cy is arbitrary constant

X=Cy wee(A)
Taking last two fraction, of (1)
dy _az
-y 2z
ﬂ_F%:O
y 2z

On integrating

log y+%|og z=logc,, where c, is arbitrary constant

yJz=c, wr(B)

Equations (A) & (B) gives the equation of streamlines or streamlines are given by
X

¢(§, yﬁj =0

6. (b) y=ABC+BC+AB
Step (1): Simplifying the Boolean expression
y=ABC +BC+AB
=(A+1)BC +AB

Step (Il): y=B(C +A) (1)

g
+
@]

C (/1+(_3)B

Part (Il): - Given
A=1001111,B8=00111100, C=11000100

y=B(C +A)=(00111100)(01110000 +00111011)




=(00111100) (1001001010000011)

=0100100000011100011101

Truth Table for the given input is.

A B C ABC BC AB y=ABC+BC+AB
1 0 1 0 0 0 0
0 0 1 0 0 0 0
0 1 0 0 1 1 1
0 1 0 0 1 1 1
1 1 0 1 1 0 1
1 1 1 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0

Let P(x, y) be the small element with mass dm.
O; the centre of the elliptic disk

Let the z-axis be the line passing through the centre of elliptic disk and perpendicular to plane
of it

.. Moment of inertia about OZ, of small element dm at P.




di =(x2 + yz)dm

.. Total moment of inertia of disk about OZ =Id| =

o =”dm(x2 +y2)
= ”pdxdy(x2+y2) (1)
“» For rectangular element dm = pdxdy

For limits of integration for x & y in (1)

X2

yz
We have —2+—231
a

I =”axy(x2 + y2)

o is proportional constant as p is given proportional to xy.

1
12 . :
| =a _[ jn r2ab3|n(9cose.(a2 cosze+bzsm29)r2abrd9dr
00
r=

1 2 .2 a% +h?
| = 0ah? I eSar| &4 20 =—azbZu
A RIS 4

r=
I =%a2b2(a2 +b2) weer(2)

.+ Total mass M :“pdxdy:“pdxdy

M =a_|'r1=0.|'g=/(2)a2b2rzsin ©cosordodr =%a2b2

_8M

= o=
a’h?

So, on using (3) in (2), we get required moment

(a2 +17) =2 (2 +0?)

of

inertia




7. (a) On comparing given differential equation with Pp + Q.qg =R
Weget P=y—-¢,Q=0¢0—-X,R=x-Yy
.. Lagrange’s auxiliary equations are

dx _ dy _ do
y—¢ ¢-x x-y

(1)

By taking first two fractions of (1), adding then taking with the third fraction, we get,

dx+dy_ﬂ B
—y—x —X_y:>x+y+c|>_Cl
LU Y. d)=x+y+d wrr(2)

Choosing X,y,¢ multipliers and then taking the third fraction with it in (1), we get

Xdx + ydy + ¢d _ do
o(x-y) X—y

:>x2+y2+¢2:C2

2 v(x,y,¢):x2+y2+¢ )
Now using the given conditions in (2) and (3), we get
¢, =0,c, =a?

Parameterizing ¢ =0, xy =1 we get

X =t, y=%,¢=o and using in given condition, and then eliminating t, we get Cl2 -2=¢,....(4)

.. Required integral surface is (x+ y+<|))2 —2=x*+y?+¢?

7. (b) Given f(x)=5x3—3x2+2x+1
Givena=-2&b=4.&h=1
X f(x)=y

X =2 yo =55




X =a+h=-1 yi=-9

X2 =0 y2 =1
X3=1 y3=5

th
Now, By sump son’s 5 rule,

3h
= .[ f(x)zg[(yo +¥6)+3(Y1+ Yo + Vg + Y5)+2x y3]
=g[(—55+281)+3(—9+1+33+115)+2x5]

:gx[226+420+10]

| =246
(ii) For trapezoidal rule,
Givenh=1
So, the values of Xg,X,......... Xe &Y0r Yiyererenen ,¥s Will be same.

The formula for trapezoidal rule is given by,

4
h
1= [ F(0)=3[ (Yo +¥6) + 2002+ Y2 + Y+ Ya +¥s)]
)

=1 -55+281)+2(-9+1+5+33+115
2

= %[226 +290]

=258
7. (c) Given the velocity field

u(x,y):%,v(x,y):%,w(x,y):o
(x +y ) (x +y )

Satisfies the equation of motion for inside incompressible flow




The equation of motion are,

TRACIRVICE B B (1)
T o
u@+v@+w@=_—1@ wer(2)
x oy o pox
Jow, ow ow_-1dp wn(3)
OX oz p oz
Now,
ou (x2+y2)2xZBX—B(x2—y2)2(x2+y2)x2x 28x(3y2—x2)
o (x2+y2)4 - (x2+y2)3
@z(xz+y2)x(—2By)—B(x2—yz)xz(xz+y2)><2y=—2By(3x2—y2)
oy (x2+y2)4 (x2+y2)3
ou
~=
@Z(xz+y2)2x25y—28xy><2(x2+yz)x2x=2By(y23x2)
X (x2+y2)4 (x2+y2)3
av_(x2+y2)x28x—28xy><2(x2+y2)><2y_28x(x2—3y2)
o (x2+y2) ey

ov

=0
MW _o, M_ggM_g
x oy o
From (1)

X

B(xz—yz) 28x(3y2—3x2)_ 2Bxy ><ZBy(3x2—y2)___1a_p

(x2+y2)2 (x2+y2)3 (x2+y2)2 (x2+y2)3  p OX

2B%x g [(xz _ yz)(3y2)_2y2 (3x2 - YZ)J Z%l%




o))

E T TR
XS4y
ap_ 2B%p
ay (X2+y2)3
From (3)
0P
oz

So, the pressure is only dependent on x & y.

@dx+a—pdy
X

Sodp=
pa oy

2 2
2B“xp dx + 2B yp3dy

do =
P (x2+y2)3 (x2+y2)

2
dp= %(de +2dy)

(]

B2
dpzrsz)sd(x2 + y2)

—




On integrating we get
-B%
2(x2 + y2)

P= 5 +C, when cis integrate constant,

8 (a)

Given PDE is

afa 2,( 00, ,)_
ay(ax+¢]+2x y(ax+¢j 0

2., 00

= @+@+2x y&+2x2y¢:0 weer(2)

oyox oy
- quadratic equation of (1) is RA? +SA+T =0,
WhereR=0,5=1,T=0
. We have 0A? +1A+0=0=>A=0

.. Characteristic curve: % +0=0=>y=C;
X

Lu(xy)=y A5
Choosing v(Xx,y)=x
Verifying Jacobians of u & v.

ou ou

B (u,v)_& | |01
o(xy) [av ov| |1 0
oX oy

o))

#0

.. u &vareindependent.

Step (ll): Now finding p, g, r, s, t by using (2) and (3).

_0b_opou oA _Sp_ 0 _ 0

OX OUOX OVOX oV OX oV




_ob_opou opou_dp, b op_0_0
oy oudy avay au "N o a
_ 0%
- OyoX  ouov

Now using p,q,s in (1), we get required canonical form of (1) as

2
A P G P rr(8)
ouov  ou
Step (iii)

To solve (4):
2
— ﬂ-f-@-FZVZU(@-Fd)j:O (4)
ouov  ov ov
R

Now, Let’s take —+¢d=z2
ov

% o _a
ouov ou  au

On using (5) in (4), we get

Q +2v%uz =0
ou

= E@ — v
Z ou

On integrating w.r.t u, we get
logz +Vv2.u? = a(v); a(v) is integration constant

—V2U2

= 7=¢")




onintegrating w.r.t v

¢eV=Iea(V)‘V2“2dv+B(u); B(u) is integrating

(b) Constructing the different table for the given problem.

x [ y=1t(x) | A | A2 | A% | A*
1 0 1
2 1 7 6 6 0
3 8 19 12 6 0
4 27 37 18 6 0
5 64 61 | 24
6 125

Let x =X, +uh

oy x—hx0

= u:XT_lz(x—l)

By, Newtons formed interpolation formula, we have

u-1)(u-2)

f(x):f(x0)+uAf(x0)+%m(xo)+”( S8 (%)

F(x)=0+(x-1)1+ (x—1)2(x—2) X6+ (x—l)(x;!Z)(x—B) <6

((25)=15+ 15%(05)  15x05(-05)
2 6

x 6

f(2.5)=1.5+2.25-0.375
f (2.5)=3.375
(c)




Due to vortices at A and B; the complex potential at P(r, &) is

ikz ikz ik

W = | —a)——] (1
4na+ o og(z—a) ” og(z+a) (1)
¢+i\|/=%+;—ilog(z—a)—;—ilog(z+a)

.. Streamlines are given by y = constant.

= ﬂ+£[log|z—a|—log|z+a|]=constant
dra 2=
= X+[Iog|x+iy—a|—|og|x+iy+a|] = constant
a
2 2
x“+(y-a
= IOQL)ZJFX:constant
X2 +(y+a)” a

As it’s a long answer, so we must justify the formula:

e Let P(r, B) be an arbitrary point.

S v __10
or ror
O’y Oy
Also, '+ Outside the vortex V2 = £ +W =0

o> ror  r? oo

2 2
w2 = oy 1oy 170y

Note:- There is symmetry about origin, { must be independent of 8
We have

2
a_\ll+la_w+o =0> lg(r@jzo
or ror ror\ or




oy

On integrating ; ra— = c; cis integration constant ...(6)
r

Y=clogr..(7)
w_c_ 1o _c
or r roo r

On integrating; ...(8)

Now, summarizing above discussion; we have
The complex potentialw=@ +i{ =-cB +iclogr ...(9)
Let K be the ‘circulation’ in the circuit embracing the vortex (strength of vortex)

Remember

2n 2n
K = J-(__]'@jrde = CIde =2nc=>c= £(10)
Sl o8 oo 2m

Using (1) in (9), we have

K K
~@=—0,b=—Ilogr
¢ 271 v 27 )

W = izﬁlog z| As;z=re®;logz=log(re®) =logr+i®..ilogz=i(logr+i0)
T

Note:-

. . . ) iK
i. If vortex is not at origin but at some point z = zo; then |w=—log(z - 20)
T

ii. If there are several rectilinear vortices, then

otz Ko tog (2201 e g (2
W= 2nlog(z z,)+ » log(z—12,)+..+ o log(z-2z,)




It’s all about the systematic learning and We’ll only say that every part/every question could be
done in Right Way if you followed books developed by Upendra Singh Sir. It’s not about
promoting only, but it’s about the confidence evolved over the years. One thing, also is shared
with honesty here that questions could also be done through regular university level books but
in that case, extra efforts are needed. So if aspirants are interested, they can download books
from the website link and can follow.

Students who want to join Problem Solving Sessions specifically designed for systematic
revision. For regular Batch course also, they can attend under the guidance of Upendra Singh
Sir.
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