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Planner: Lecture link: perfectly aligned lecture and book from Upendra Singh Sir
https://www.youtube.com/watch?v=S2DSeHIOljl

Introduction: Just to recall basics. Your guide has done all parts from 10+2 level things here in
this booklet itself with subsequent parts. So no need to waste your energy and time in revision
from old books.

Decoding The Syllabus

Theme-1: Calculus of functions of one variable
Chapter-1: Limit, continuity and differentiability of a function at a point
-Graphical approach
-Left and right hand limit
-Analytical definition approach
-Indeterminate forms
Chapter-2: Mean value theorems(MVTs), Taylor’s theorem, Graph tracing
-Roll’s, Lagrange’s, Cauchy’s MVTs
-Taylor’s, Maclaurin’s, expansion of function about a point
-Monotonic nature, Increasing / decreasing, maxima/minima, Graph Tracing

Theme-2: Calculus of functions of two or more variables
Chapter-3: Limit, continuity and differentiability of a function at a point
-Graphical approach
-epsilon delta definition
-Analytical definition approach
-Limit, continuity, partial derivatives, differentiability
-Rule of differentiation, converting from one coordinate system to other
-Mean value theorems, Taylor’s theorem
-Maxima/Minima, Lagrange’s method of undetermined multipliers
Chapter-4: Jacobians
Chapter-5: Tangents and Normals, Curvature and asymptotes, curve tracing
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Introduction to Calculus and getting meaning of limit of function at some point
(out of curiosity only)

Usain Bolt
(Runner)

Leibnitz
(Philospher
Mathematician)

Newton
(Mathematician)

All of three concern about same fundamental question. The question is-
¢ What is the instantaneous rate of change of something with respect to other!
¢ Usain Bolt question how fast is he going right now? This is instantaneous.

This is what differential calculus is all about
Differential calculus — instantaneous change

Ay =100m

Ax=10sec

X =time 105ec

ADistance  100m
ATime  10sec

Now where the differential calculus involved?
e Suppose we want to know the instantaneous speed of Bolt at some instant P, then

". Averagespeed =

=10m/sec

A

v

lim &Y, Y

Ax—0 AX dx

To download visit our Website: https://mindsetmakers.in/upsc-study-material/ +91 9971030052



https://mindsetmakers.in/upsc-study-material/

Instantaneous slope

U

Instantaneous speed. Infinitesimal small change in y with infinitesimal small change in x.

Functions: Let’s have an idea about functions and bit feelings towards their geometry. It will
help us in visualizing concepts of calculus like limits, continuity and differentiability.

(10+2 level revision)

e A mapping f from Set X to some set Y, which maps each element of X to some unique element
of Y.

o In our syllabus here, X & Y are subsets of set of Real numbers (—,); Real functions.

e X is called Domain of f and collection of all those elements of Y which are mapping of some element of
X; is called Range of f.

Examples: Let's take some natural domains and associated ranges of some simple functions

Function Domain (x) Range (y)
y=x (==0,0) [0.0)

y=Yx (=0,0)(0,0) (=0,0)(0,0)
y=+/x [0, °°) [0.0)

y =4-x (—==4] Gy
i ED o

Note: notice, values must be real numbers in above table.

Graphs of Fun

ctions

The vertical line test for a function

Not every curve in the coordinate plane represents a function.
* A function f can have only one value f (x) for each x in its domain So, no vertical line can

intersect the graph of a function more than once.

1)

Nota graph of function

—

Graph of a function

-

e
N

y=+1-x°

Graph of a function

X2 +y?=1

St

isnot the graph of a function

Some Common Functions
A variety of important types of functions are frequently encountered.
(1) Linear function:
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f (x)=mx+b

f (x) = x; identity function

(2) Power functions:

f (x)=x*, where a is constant.

(i) a=n, apositive integer

A A A A 4

o /y o K //

(3) The absolute value function(modulus function) has domain (—oo,0) and range [0, ).

.. . X—a Xz«
In General, it is defined as | x—«a |=
—(x—a); x<La

‘ y=I

4) The graph of the greatest integer function y=|x lies on or below the line y=x, so it
provides an integer floor for x.

(5) The graph of the least integer function lies on or above the line y =X

Note:
1. The graph of an even function is symmetric about the y-axis

f(—x)=f(x)

2. The graph of an odd function is symmetric about the origin.

f(=x)=-F(x)

Example:
y=x+1
\ %
Adding constant term1to Not remains symmetricabout origin

y = x?;stillsymmetricabout y —axis
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Limit:
Visualization of concept of Limit of a function at some point-

e Let us consider a function f (x) =§;§ = f(x)=Lx=2, f(2)= % « undefined

Now let us draw graph of f (x)

y="1(x) |

O

bl 4

X=-2 X=2

¢ Question: If I ask what about the value of function at x =2 ? | can ask what happens if x goes
closer and closer to 2.

e This gives the idea of limit to what value, the function approaches if x gets closer and closer to
X ==

* Represented as : lim f (x)

X—2

e et us take another example

g(x):{xz, X # 2

1, x=2

Discontinuity of g(x)

It says that when x =2 the graph of g (x) dropped to point P;(g (x) :1); again
it approached upward.
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Let me ask you an interesting question what happens with g(x) when x approaches to 2
I.e. in fancy notation

(1.92)° =3.61
. 2
limg(x)= (1.999)° =3.996001
(1.999999)2 = Reallyclosed to 4
U
2.1 =4.41

(2.000001)2 = Really closed to 4

e This is the intention which motivated us to study the concept of limit.
* Also we can see here limg (x)=9(2)

e Intention: difference between the limit of a function at a point and value of the function at that
point. Leads us to study about CONTINUITY.

Definition (Continuity at a point c).
https://www.youtube.com/watch?v=S2DSeHIOIjl &list=PL6ET B1X78]VNCWLveD6bs7|t
SXKvMhBc&index=145

» A function f is said to be continuous at a point ¢, if  lim f (x)= f (c)

X—C

Note- A function f is said to be continuous from the left at c if
lim f(x): f (c) Also written as lim f (c—h) = f(c)
h—0

Xx—C—0

Also f is continuous from the right at c if
lim f(x)=f(c). Also writtenas lim f (c+h)=f (c)
h—0

Xx—C+0
Clearly a function is continuous at c if and only if it is continuous from the left as well as from
the right.

Continuity in an Interval
A function f is said to be continuous in an interval [a,b] if it is continuous at every point of the

interval (a, b) and continuous from right at point a and from left at b.
limf(a+h)=f(a), limf(b—h)="f(b)

h—0 h—0

Discontinuous Functions
A function is said to be discontinuous at a point ¢ of its domain if it is not continuous there at c.
The point c is then called a point of discontinuity of the function.

To download visit our Website: https://mindsetmakers.in/upsc-study-material/ +91 9971030052



https://mindsetmakers.in/upsc-study-material/
https://www.youtube.com/watch?v=S2DSeHIOIjI&list=PL6ET_B1X78jVNCWLveD6bs7jtSXKvMhBc&index=145
https://www.youtube.com/watch?v=S2DSeHIOIjI&list=PL6ET_B1X78jVNCWLveD6bs7jtSXKvMhBc&index=145

Types of discontinuities
(). A function f is said to have a removable discontinuity at x=c if lim f (x) exists but is

not equal to the value f(c) (which may or may not exist) of the function. Such a

discontinuity can be removed by assuming a suitable value to the function at x=c.
(i).  fis said to have a discontinuity of the first kind at x=c if lim f(x)and lim f(x) both

Xx—c-0 X—C+0

exist but are not equal.

Differentiability

Derivative of a function at a point:

(c+h, f (c+h))

PM and QN perpendicular to the x-axis and PH perpendicular to QN.
f(c+h)—f(c
( g () )
Now as h—0, the point Q moving along the curve approaches the point P, the chord PQ
approaches the tangent line TP as its limiting position and the angle o approaches the angle .
f(c+h)-f(c)
n h

h—0

fana =

=tany = f'(c)

Definition:
Geometrically, if there exist unique tangent to the curve at that point then it is said
to be differentiable at that point.

Mathematically, Let f be a function defined on an open interval I, and let ce I .
Progressive Derivative (RHD):

f(c+h)—f(c)’ Hs0

Rf '(c)=Ilim

h—0
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Regressive Derivative (LHD):
L (c) = lim =M= oo

h—0 —-h

o fisdifferentiable at x=c ifand only if Rf (c) and Lf '(c) both exists finitely and are
equal.

It is also discussed as:

f —f
e Then fis said to be differentiable or derivable at c, if IimM exists.

X—>C X—C

Differentiability Vs Continuity:

Derivability at a point = continuity at that point
Statement. A function which is derivable at a point is necessarily continuous at that point.

Let a function f be derivable at x=c.
Hence, f'(c)= IimM
X—C X_C
Nowf(x)—f(c):%(x—c), (x=c)
Taking limits as x — ¢, we have

lim{f (x)—f(c)} = m{w(x—c)} = Iim{%g(c)}- lim(x—c)

X—C X—C X—>C X—C
=f'(c)-0=0
so that lim f (x) = f (c), and therefore, f is continuous at x=c.

X—C

exists.

Note- It is to be clearly understood that while continuity is a necessary condition for derivability
at a point, it is not a sufficient condition. We come across functions which are continuous at a

point without being derivable there at, and still many more functions may be constructed.

Consider the function f defined by
f(x)=[x, vxeR

f (x) is continuous at x =0, for

lim f (x)=lim f (x)=0=f (0)

X—0+ x—0—

But f'(0) does not exist. Thus, the function is continuous but not derivable at the origin. As

there does not exist unique tangent at x =0.

Interesting Point- It was the genius of German mathematician Weierstrass, who gave a

function which is continuous everywhere but not derivable anywhere, viz.,

f (x)ziz—lncos(?x), vxeR

n=1
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Some Counter Examples
1. f(x)=|x+[x-1, vxeR

Continuous but not derivable at x=0 and x=1.
2. f(x)=|x—¢|

Continuous but not derivable at x =« .
3. f (x)=xsinl/x if x=0

=0 1if x=0
Continuous but not derivable at the origin.

4. f(x)=0if x<0

=x If x>0
Continuous but not derivable at x=0.

Some theoretical points- understanding and able to write mathematical language for these
points will make you capable enough to deal with questions in exam which are bit theoretical
in nature. So just have a look how these three points are being expressed.

1-The existence of the derivative of a function at a point depends on the existence of a limit,
f(x)-f(c

- ()

X—>C X_C

easily establish the following fundamental theorem on derivatives.

If the functions f, g are derivable at c, then the function f+g,f-g,f-g and

f/g(g(c)#0) are also derivable at c, and
(f£9)'(c)=f'(c)xg'(c)
(f -9)'(C)= f '(0)9(0)+ f (0)9'(0)
(/8)(©)={f (©)a(c)-f(c)g'(c)}/(a(c))" if g(c)=0
2-If fis derivable at cand f (c)= 0 then the function 1/ f is also derivable there at, and
Wy =-1)/{t @}
Since f is derivable at c, it is also continuous there at. Again since f(c)=0, there exists a
neighborhood N of ¢ wherein f does not vanish.

Now
Vi()-Yf(c) _f(x)-fle) 1

X—C X—C f(x)f(c)
Proceeding to limits when x—>c we get

et

. Therefore, keeping in view the corresponding theorems on limits, one can

X—C
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Thus, the limit exists and equals, —f (c)/{ i (c)}2 .

3-Let f:l >R and g:J >R, where f(1)cJ and cel. Iffis differentiable at c and g is
differentiable at ¢, and

(gof )'(c)=g'(f(c))- f*(c)

Proof: .- f is differentiable at ¢, we have

im =) ¢

X—C X—C

= f(x)-f (c)z(x—c){f '(c)+ﬂ(x)} ...(1)

where A(x) —>0 as x—>c

Further - g is differentiable at f (c), we have

).
or 9(¥)-9(1 () =(y-f(e){g'((c))+h(y)} e
where h(y)—0as y— f(c)

Now

(gof )(x)~(gof )(c) =g (f (x))- 9 (F(c)) = {f (x)- F(c)}a*{F (c)+h(f (x))}
=(x=c){f'(c)+ A(x)}{o’(c)+(f (x))}

Thus, if x#c, we have

gof )(x)—(gof )(c , .
IS g (1 @) (1 ()} 1)+ 200 (3
Further, since f is differentiable at c, it is continuous there. So,
x—>c=f(x)>f (c):>h(f(x))—>0
Taking limit as x —c in (3), we get

(gof)'(¢)=g'(f(c))-f'(c)

Analysis Point of View

Limit

Let f be a function defined for all points in a neighborhood N of a point ¢ except possibly at the point ¢
itself.

Definition 1. The function f is said to tend to a limit | as x tends to (or approaches) c if for each £ >0,
there exists a ¢ > 0 such that

O<|x—c|<§:‘f(x)—l‘<g

or | f(x)-1| <&, when 0<|x—c|<&
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or f(x)e]l-&l+e[Vxe]c—5, ¢+ [except possibly ]
In symbols, we then write
lim f (x) =1

X—C

Definition 2. The function f is said to tend to +oo as x tends to ¢ (or in symbols, lim f (x)=-0) if for
X—C

each G >0 (however large) there exists a ¢ > 0 such that

f(x)>G, when |x—c|<&
The function f is said to tend to —oo as x tends to ¢ (or in symbols, ngcl f (x)=—o0), if for each G >0
(however large) there exists a o >0 such that

f (x)<—G, when |x—c|<&

Definition 3. The function f is said to tend to a limit | as x tends to o (or in symbols, 1@0 f(x)=1)if
for each £ >0, there exists a k >0, such that

‘f (x)—l‘<g, when x>k
Definition 4. The function f is said to tend to 400 as x tends to o (or in symbols, )I(m f (X)=o0) if for

each G >0 (however large) there exists a k >0, such that
f(x)>G, when x>k

INDETERMINATE FORMS
Lecture link: https://www.youtube.com/live/5LWheRtBIXY ?si=eHQdGDngqgJ zFzSj

0/0, oofe0,0x00,00—00,0%,1°, and oo°.
In general, the limit of ¢(x)/y(x) when x —a, in case the limits of both the functions exist, is

equal to the limit of the numerator divided by the limit of the denominator. But what happens
when both these limits are zero? The division (0/0) then becomes meaningless. A case like this

is known as Indeterminate form. Other such forms are oo/o0,0x 00,00 —00,0°17, and oo°,

Ordinary methods of evaluating the limits are of little help. Particular
methods are required to evaluate these peculiar limits. We shall now discuss these particular
methods, generally called L' Hospital rule.

Note: It should, however, be clearly understood, that in what follows, we do not find the value of
0/0 or of any of the other indeterminate forms. We only find the limits of combinations of
functions which assume these forms when the limits of functions are taken separately.

Indeterminate Form 0/0
We shall now discuss some theorems concerning the indeterminate form 0/0.

Theorem 1. If f, g be two functions such that
(i) lim f (x)=limg(x)=0 and
(i) f'(a),g'(a) existand g'(a)=0 then
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im L) _ 1)

ag(x) 9'(a)
Since the functions f and g are derivable at x =a, therefore, they are continuous there at, i.e.,
limf (x)=f(a) and limg(x)=g(a)

X—a

Thus from condition (i), f(a)=0=g(a).

Also
f (a):limf(x)_ (), f(x)
and x>a  X—a oa X —a
g'(a)=lim 39 ;i 9(%)

Note: Condition (i) can be replaced by f (a)=g(a)=0.

L'Hospital's Rule for 0/0 form. If f, g are two functions such that
(i) lim f (x)=limg(x)=0,
(i) f'(x),g'(x) existand g'(x)=0,Vxe|a—5,a+6[,5>0 except possibly at a, and

imm exists

(iii) IHa (%) ts.

then
tim ) £ )
x—a g(x) X—>a g'(x)

Generalised L"Hospital's Rule for 0/0 form. If f, g be two functions such that

(i) £"(x),g"(x) exist,and g'(x)#0 (r=0,1,2,....,n) for any xin Ja—&,a+d[ except

possibly at x=a,
lim f (x)=lim f'(x)=..=lim f"?(x)=0

(ii) when x —a, ™ () " (x) o n-1 )
limg(x)=limg'(x)=...=limg"™*(x)=0

(n)
and (iii) lim (n)(x) exists, then
=a g™ (x)
(n)
T WL )
x—a g(x) x-a g (X)

L'Hospital's rule for infinite limits. If f, g be two functions such that
(i) lim f (x)=limg(x)=0

To download visit our Website: https://mindsetmakers.in/upsc-study-material/ +91 9971030052



https://mindsetmakers.in/upsc-study-material/

f'(x)

(i) f'(x),g'(x) exist, and g'(x)=0, Vx>0 except possibly at oo, and (iii) lim— — exists,

9'(x)

(a) Form Ox o
When f(x)—0 and g(x) —>« as x—a, f (x)-g(x) takes Oxoo form.

However f(x)-g(x) may be expressed as
(3 9y
Ya(x) — 11 (x)

which has respectively 0/0 and oo/oo forms.

(b) Form oo—o0
This can be reduced to the form 0/0 or oo/ . Dividing numerator and denominator by

F(x)g(x).

(WY, MDeE: (%formj

(c) Form 0°,1°,0°
These forms will occur in Iim( f (x))g(x) and can be made to depend upon one of the previous

forms by putting k ={ f (x)}g(x) , so that
logk =g(x)-log f (x)
. limlogk =lim{g(x)log f (x)}

Also limk = limg'9k = g"m'ak
Thus the limit may be evaluated by one of the previous methods.

» Let us now evaluate some limits which take up these forms, we shall not hesitate to make

sin X tan x

use of certain known limits, such as lim——, lim——,lim|{ 1+ = | etc. or expansions of
x=>0 X x—0 X X—>0 X

functions such as log(1+x),sinx, etc. either in the beginning or at some intermediate

state because it simplifies and shortens the process of evaluation of a limit to a
considerable extent.
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Detailed Subjective Examples to substantiate above learnt concepts

Limit
Examplel: lim (2X+2j 0 undefined
x>-1\ X+1 0
we can express it as
2(x+1 2, X#-1
f(x)= (x+1) i.e. Rewriting the given function f (x)= _
(x+1) undefined, x=-1

Let us graph this function f (x)

A (%)

v

Check in graph; f (x) is approaching to 2 as x approaches to -1. So limit of given function at
x=-11is2

Now you can take a calculator and calculate f(-1.001), f(-1.000001), f(—-0.9999) check
where f (x) approaches.

> | =

Example2: lim ;o f(x)=

x=0 X

Let us form a table to get graph:

X f(x)
0 Undefined
-.01 |-100
-.001 |-1000
0.1 100
.001 1000

Now sketch f (x)

.1 . .
We say that Img — does not exist. (as oo and -oo different)
X=>0 X
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Example3: Iingi2

X
X x* = f(x)
i 100
-1 100
.01 | 10,000
-.01 | 10,000
() =x
o1 .1
Iim==Ilim==w

x—0" X x—0" X2

So, when you go from —x; f (x) approaches to o and from +x, f(x) tends to oo; so its limit is
oo; not a finite number. So limit exists over the extended real line.

What happens if you have really large value of x!

2
x X +3
Question: lim—;

X—>00 X

.. Denominator is fastesr than numerator as X is very large.
2
. X +3
lim——=0

X—>00 X

2
Example4: lim 3X2 5
x>m 47 —3
It’s always easy as X is going to be a larger and larger value. So 5 and 3 are useless as compare to
3x% and 4x°.
.. Just leave them simply

3x7

Now think about /'4x* same pace
. 3x*+5 3

lim—; =—:

x>0 4x° -3 4

Fastest going term in numerator
Fastest going term in denominator

Example5: lim(/(x* +4x+1) —x

+91_9971030052
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1
)(‘/+4x+1 X _lim . 4 4,
x—>oo X—>00 2
X +AX+1+ X \/1+4+12+1 J1+1
X X

Note- Learnings from graphical approach of limit can also be reflected as Left Hand Limit and
Right Hand Limit. Let’s see now!

Example6. Find the right hand and the left hand limits of a function defined as follows:

H X#4
f(x)=1 x4
0, x=4
Now, when x> 4,|x—4|=x—4
. lim f(x):limM_l 4_I|m1 1
Xx—>4+0 x—>4+0 X — 4 xe4+0x 4  x—>4+0

Again when x <4, |x—4|=—(x—4)

im £ ()= tim —U) i (c1) =1

x—4-0 x>4-0 ¥ —4 x—4-0
so that lim f( ) # lim f(x); Hence lim f (x) does not exist.
X—>4+0 Xx—4-0 X—4

Example7. Evaluate:
(x+2)(3x-1)

X Gy lim sin X

M R e R T s

Solution.

() lim (x+2)(3x-1) _lim(x+2)-lim(3x-1) 1.(-4) »
x>-1 2 43x—2 |iml(xz+3x_2) 2

\/4+x—2 \/4+ -2 \/4+x+2 . 1 1
(i) lim =lim——-==
x>0 X HO X \/4+x+2 o0\ J4+x+2 4

(iii) Ilmﬂ:(l' sin X )(Ilm\/_) 1.0=0

X—>0+ \/; x—=>0+ X X—0+
eV 1 e 0
Example8. Evaluate lim T = = lim =land lim ——
x-0+ @7 * 41 x-0+]4e” Yx X—0— ej/x_|_1 1

so that the left hand limit is not equal to the right hand limit.
1/x

Hence lim does not exist.

x—0 e]/
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Example9. Find lime”sgn (x+[x]), where the signum function is defined as

1, if x>0
sgn(x)=1 1, if x=0 and [x] means the greatest integer <X.
-1, if x<0

. T 0-h _ _ _ i -h(_ 1) = 1N=—
Solution. L.H.L.= lime sgn(0—h+[0 h])‘.!LrSle (-h+(-1))=1(0-1)=-1

RH.L. = lim e”"sgn[0+h+[0+h]]= lim e"sgn(h+0)=1.1=1

’ Iximexsgn(x+[x]) does not exist.

CONTINUITY
Examplel. Examine the following function for continuity at the origin:
1/x
xe .
——— if x#0
f(x)=11+e"
0 if x=0
Solution.
1/x
. . Xe -
fim 0= lim ™ v il
and
lim f (x)=lim ——~— =0
x—0+ ( ) - x—0+ e—l/x +1 |
Thus,
g 1 ()=t 7 (x) =i £ (x) =0
Also
lim f (x) =  (0)
Thus, the function is continuous at the origin.
Example2. Show that the function defined as:
sin 2x
when x=0

f(x)=1 x
0 when x=0

has removable discontinuity at the origin.
Now

2=2

lim £ (x) = lim 12X .
x—0 x>0 2X

so that
lim f (x) = f (0)

x—0

Hence the limit exists, but is not equal to the value of the function at the origin. Thus the
function has a removable discontinuity at the origin.
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Note: The discontinuity can be removed by redefining the function at the origin such as
f(0)=2

Example3. Show that the function defined by
xsinl/x, when x=%0
£ (x)= Y
0, when x=0
is continuous at x=0.
Now

Iing f(x)= Iim(xsin 1] =0. (As sin wis finite real number belonging to [-1,1])
X—> X

x—0

so that
legg f (x)=f(0). Hence, f is continuous at x=0.
Example4. A function f is defined on R by
-x* if  x<0
5x—4 if 0<x<1
Ax* -3x if 1l<x<2
3x+4 if x>2

Examine f for continuity at x=0,1,2. Also discuss the kind of discontinuity, if any.
Solution.

f(x)=

lim f(x)=lim (-x*)=0= £ (0)

Xx—0-— X—0-—
i 100 =i Gx 4 5
sothat lim f (x)=f(0)= lim f(x)

X—0— X—0+

Thus the function has a discontinuity of the first kind from the right at the origin.

o lim f (x)=lim(5x—4)=1, lim f (x)=XILrR(4x2—3x):1
so that lim f (x)=lim f (x)=1=f ()= lim f (x) = f (1)

X—1- X—1+ x—1

Thus the function is continuous at x =1

o lim f(x)=lim (4x*~3x) =10, lim f (x)= lim (3x+4)=10

X—2- X—2- X—>2+ X—2+

Also f(2)=10= Iirr21 f (x)= f(2). Thus, the function is continuous at x=2.

X —|x
Example5. Is the function f, where f(x):J continuous?
X
For x<0, f(x):%zz, continuous.
X— X .
For x>0, f(x)==—==0, continuous.
X
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The function is not defined at x=0. Thus f (x) is continuous for all x expect at zero.
e Thus the function has discontinuity of the first kind from the right at x=0.

Differentiability
Example 1. Show that the function f (x)=x* is derivable on [0, 1].

Solution. Let x, be any point of ]0, 1, then
2 2

(%) = fim 2= = lim (x-+x,) = 2%
0

At the end points, we have

_ 2
£(0)= lim FOI=1O) i X _ jim x—0
x—0+0 X—0 x>0+ X X—0+
_ 2
f'(l)— lim f(x) f(1):I|m —I|m(x+1):2
x—1-0 X — x->l- x—=1 xo1-

Derivatives exist at all points of given interval. Thus, the function is derivable in the closed
interval [0, 1].

Example 2.a. A function f is defined on R by
f(x)=xif 0<x<1

=N if peesdl
Consider the derivability at x =1.
Solution.
(1) = tim =) ~lim X1
X—1- X=1 x—-1- x =1
i (1) = lim )= )_nm1 Lo
x—1+ X-=1 x>+ X =1
f(x)—"f(1
o Lf'(1)=Rf'(1). Thus, Iinf% does not exist, i.e., f'(1) does not exist.
Example 2.b. Let the function f be defined by
0, fort<0
f(t)=4t, for O<t<1
4, fort>1

(i) Determine the function F(x) = jox f(t)dt

(ii) Where is F non-differentiable? Justify your answer.

Sol: The given function f is defined as
0, fort<0
f(t)=4t, for O<t<1
4, fort>1

Now we have to calculate

To download visit our Website: https://mindsetmakers.in/upsc-study-material/ +91 9971030052



https://mindsetmakers.in/upsc-study-material/

For:0<x<1
X X X

Then, F(x)=["f(t)dt = [ ‘tdt ==

For:x>1

Then, F(x)=[f(t)dt = [ f(t)dt+ ] f(t)dt = jtdt+j4dt—4x 712
. 7
ie., F(x)=4x—5x>1

X—, for0<x<1

Therefore, F(x)= .
4x — > forx>1

Clearly the function F (x) is not differential at x = 1.

Example 3. Consider the derivability of the function f (x )=|x| at the origin.

e Left hand derivative = lim M = lim | | = lim—=-1
X—0- x—0 x>0- ¥ x>0- X
Right hand derivative = lim L() = lim | | — lim 2
x>0+ X—0 x>0+ X x>0+ X

Hence, the function is not derivable at x=0.

Example 4-a:

o : N xsin| = |, x#0
(1) Check continuity and differentiability of f (x) = [ x)
0, x=0
so, f (x) iscontinuous but not differential

— f(x)= xsin%
vAVAV /\VAU

Similarly Lf '(0)does not exist

Note: Such graphs are easy to draw. If You want to learn see the curve tracing chapter in next
chapter.

To download visit our Website: https://mindsetmakers.in/upsc-study-material/ +91 9971030052



https://mindsetmakers.in/upsc-study-material/

It is continuous at x=0.
Now
1

h—0 h h—0

which does not exist.
Similarly, Lf'(0) does not exist.

e Now,

0; x=0
Extra- Now checking continuity of f'(x) at x=0.

f'(0+h)=lim f'(0+h)= Iim(Zhsinl—coslj
h—s0 h—0 h h

=0-1lim cos(lj
h—0 h
which does not exist.
Similarly we can show f '(0—h) does not exist.

Example 4-b: A function f is defined as follows

xP cos(ij , X#0
f(x)= X
0, x=0
What conditions should be imposed on p so that f may be

(i) Continuous at x =0 (ii) Differentiable at x=0
Solution:

(i) f(0+0):Li£rghpcos(1/h)

f(0-0)=(-1)"limh” cos(1/h)

Tomake f(0+0)=f(0-0)= f(0), condition required is
(ii) Rf '(0)=limh** cos(1/h)

Lf(0)=(-1)" " limh®* cos(i/h)

So for differentiability condition required is

Exam point: Continuity and Differentiability of derivative of a differentiable function:
Let’s consider this question
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xzsin(l} Xx#0
f(x)= X
0; x=0
Then show that f (x) is differentiable everywhere, and that f'(0)=0.
Also show that the function f ' is discontinuous at x=0.

It will be interesting to notice here If a function f is differential everywhere in R and f'(0)=0

then lim f '(x) = ¢ ? For this to understand, let’s have an example here-

x—0

function f defined as:
) .
f(x):%x sin(1/x) !f x=0
0 if x=0
is derivable at x=0 but lim f '(x)= f '(0).
x—0
_ 2 g
£1(0)=tim )= (0 _ i, ¥Esintix
x—0 X—0 x—0 X
= le_r)rg(xsm]/x)zo
From elementary calculus we know that for x =0,
f '(x) =2xsin(1/x)—cos(1/x)
Iirr01 f'(x) does not exist { leirg cos%does not exist} and therefore, there is no possibility of
Ixm f'(x) being equal to f'(0).

Thus, f'(x) is not continuous at x=0 but f (O) exists.

Example 5: Discuss the continuity and differentiability of the function f, defined by
+1, if xisrational

W - 7§

if xisirrational

2X+1; if xisrational
@ f(x)=1, i
X®—=2x+5; if xisirrational

Solution.
(1) We have to check it by epsilon delta definition because we can not be sure about value of

function in nbd of a point at which, we’re trying to check the continuity.

Assumption: Let it is continuous at any arbitrary rational number r,.
So by definition, for each given positive but very small &, there exists a positive and small 6 s.t
‘ f(x)-f (ro)‘ <ewhen|x—r|<&....(1)
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Now if this inequality fails to hold for at least one hoosen epsilon, then we say our assumption
was wrong.

e |t’s important to notice here if x is an irrational number in above nbd of point r,
then
‘ f(i)—f (ro)‘ = |—1—]4 =2 which is greater than %2 if we take value of epsilon as %.
i.e.
for some g, thereexistsa o s.t
‘f(x)— f(ro)‘>gwhen|x—r0|<5.

So given function is not continuous at r,. Since r, was an arbitrary rational number, so given function is
not continuous at any rational number.

Special note- Don’t be confused by that above inequality holds for x rationals so it is continuous. Reason-
If inequality does not hold for at least one epsilon, then it is said it does not hold. i.e. our assumption was
wrong.

e Similarly, we can show that it is not continuous at any irrational number.

Therefore, f(x) is not continuous at any real number. So not differentiable at any real number.

(2) o XP=2X+5=2X+1<= X’ —4x+4=0< x=2

We have x°—2x+5#=2x+1 except when x=2 that means we have to check continuity at
x =2 only (except x =2; they are unequal; (since, rational +¢5 = irrational).

Hence f is continuous at x =2 only. (We can prove it by above method)

e Further, it follows that x =2 is the only point at which f may be differentiable.
In this regard, we see that

(2x+1)-5 N
AN when xisrational
f(x)-f(2) X—2
X—2 (x2—2x+5)—5 L
5 =X ; when xisirrational

Therefore, in either case, we have
_f(x)-1(2)
lim—————~2=2

X—2 X—2

Hence f is differentiable at x=2 and f'(2)=2.

Example 6: Determine the set of all points where the function f (x) = %H is differentiable.
+{X

Solution:
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X
— Xx<0
X

f(x)=4 0; x=0

X 1 x>0

1+Xx

(i) - x and 1—x are differentiable (polynomial functions) and 1—x =0 when x <0

. % s differentiable : x <0
1-x

We know that ; g # 0; Also differential if f and g are differential.
g

(ii) Similarly, 1i is also differential for x >0
+ X

i.e. f(x) is differentiable for all values of x € R except possibly at x=0.
For x=0; Rf'(0)=1; Lf'(0)=1
Hence f is differentiable for all x e R.

Example 7: Draw the graph of the function y =|x—1]+|x—2| in the interval [0,3] and discuss

the continuity and differentiability of the function in this interval.
Solution:

y=(1-x)+(2-x)=—2x+3;0=x<1
—2x+3; 0<x=1
y=(x-1)+(2-x)=11<x<2 y=< 1, 1<x<2
2x—-3,; 2<x<3
y=(x-1)+(x-2)=2x-3,2<x<3

Graph of y consists of the segments of 3 straight lines.
y=-2x+3in[01]; y=1in[12]; y=2x-3in[23]

"+ there is no break in the graph so it is continuous in [0,3]

Further, we observe f is differential for all x e [0,3] except possibly at x=1 and x=2.
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Rf'(1)=0, Lf '(1)=—2
Rf '(2)=2, Lf'(2)=0
.. not differential at x=1 and x=2

we can observe that x=1; There does not exist unique tangent to the curve y=f(x) so not
differentiable at x=1. Similarly, not diff. at x=2. Exam point- If there is a V shape then at bottom
point, there cannot be unique tangent to the curve V.

e —g ¥
X| o |3 X#0
Example 8: If f(x)=4 (" +e™*

0; Xx=0

Show that f is continuous but not differentiable at x=0.
Solution:

(i) f(0+0)=0, f(0-0)=0, f(0)=0
(i) Rf'(0)=1, Lf'(0)=—1

A
Example-9: Let f(x):{e sin(l/x), x#0

oS x=0
Test differentiability of the function at x=0.
Solution:
7]/h2 . -
e " sin(Yh sin(1/h
e (0) = fim &SN A) _ ;. sin(Vh)
h—0 h h-0 p.gth
_lim sin(Wh) _ somefinite quantity 0
h—0 1 1 3 o0
h+=+=h+...

and Lf'(0)=0 (as above)-: Rf'(0)=Lf"(0) fisdifferentiable at x=0

Example 10: Show that the function f defined by

f (x)= x{1+%sin(logx2)}, X # 0
0, x=0

is continuous everywhere but has no differential coefficient at x =0
Solution.
Hint: f is continuous & differential everywhere except possibly at x=0.

f(0+0)= lim h{1+%sin(log hz)} = LI_FB{h +%hsin(log hz)} =0+ (0xafinitequantity) =0

. sin(log hz) is a finite quantity oscillating between -1 and 1 as h — 0.
f(0-0)=0
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. £(0+0)=f(0-0)= £ (0)
Further Rf '(0):1+élhiggsin(log h?)
The limit does not exist Ihirrgsin(log h?) oscillating between -1 and +1

Hence f has no differential coefficient at the origin. Not differentiable.

-1; -2<x<0

Examplell:Letf(x):{ L 0<x<2
x—1; 0<x<

and g (x)=f (]x])+|f ()|

Test the differentiability of g(x) in (-2,2)

Solution:

"o |x|=—x for -2<x<0 and |x|=x for 0<x<2, we have

; (|x|) _ {—Xx_—ll.; —02<£Xx<s20
1; -2<x<0
and |f(x)|={-x+1; 0<x<1
x=1; 1<x<2
—X; -2<x<0
so g(x)=f(|x)+|f(x)|=1 0; | AT
2Xx=2: 1l<x<2
Answer: Differentiable for all x except at x=0 and x=1.

Example 12-a: Let f(x+y)=f(x)-f(y), vx andy
If f'(0)=1, Showthat f'(x)= f(x), forallx.

Solution:

Putting y=Xx in f(x+y)="f(x)-f(y)
f(20)={ (x))

Differentiating w.r.t x, it gives
2f'(2x)=2f (x)- f'(x)

le. f'(2x)="f(x)-f'(x)

Putting x=0, we get
f(0)=f(0)-f'(0)

= f(0)=1 -+ f'(0)=1(Given)

Now

() = lim O =0 F0)- = £ (x)-lim

h—0 h h—0 h h—0 h
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= f(x)mw =f(x)- f'(0)=f(x)

-+ f(0)=1
Thus | f'(x)= f (x)|for all x.

Example 12-b: Given that f(x + y) = f(x)f(y), f(0) = 0, for all real x, y and f’(0) = 2.
Show that for all real x, (x) = 2f(x). Hence find (x).

Solution: Given, f(x +y) = f(x) f(y).
Letx=0,y=0.
= f(0) =1 (0) f (0)
f(0)=1...(4) f (0) = 0 given
Now, f(x)=" f(x+hg— f(x)
i T(X)-F(h)—1(x)
“h-0 h
lim f h _1
= f (X)h—>0 ( h)
= 1 (9 = O ing 1]
f(x).f(0) = 2f(x) (given °(0) = 2)
f’(x) = 2f(x)
:jmdx=.|‘2dx:>log f(x)=2x+c

f(x)
fO)=1=1logl=20)+c=c¢c=0
- log f(x) = 2x = f(x) = e*

Example 12-c: Let f(x+y)=f(x)-f(y) for all x and y. Suppose f(5)=2 and f'(0)=3.

Find f'(5).

Hint: Put x=5, y=0to get f(0)=1

Then

f(5)=lim f(5+h)-f(5) _jim f(5)-f(h)-f(5)
h—>0 h h—0 h

Example(13) Let f (x) be a real-valued function defined on the interval (-5, 5) such that
e f(x)=2+ f: Jt* +1dt for all x € (-5, 5). Let f (x) be the inverse function of f (x).
Find (f %) (2).

- i -1 —; =
Sol: OIX(f (x))(a)= f.(fil(a)),wheref(t) X
Here, e f(x)=2+ [ X +1dt ()

Differentiating both w.r.t. X,
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—e 7 f(x)+e ' (x)=0+yx"+1
Put,x=0

—f(0)+1'(0)=1...(%i)
Also, putting x = 0in (1), f (0) =2+ 0 = f (0) = 2= f %(2)=0
Using f(0) in (ii) .. f'(0)=3

d ., 1 1 1
ax (X)Xz_f'(fl(Z))_f'(O)_3

Example (14) If \[x+y +.Jy—x =c;find ‘;%
Solution. (\/Y+_X+\/y—_x)2 ¢

Y +X)+(y-x) + 2y -x* =c
2y —c? =2y’ —x

Ay? — Ac’y + ¢t = 4(y* - X?)
—Ac%y = 4x2 ¢!

bt
== 7
Differentiating wrt x,
dy_2x
dx  c?
dy_2x_ dy 2
P ey [TA-vE
X b b
X b
Example 15: A, =|a Xx b}, A, =
a X
a a X
d
(a) &Alez
(b) iA =3A
dX 1 2
d
—A, =0
© M
d d
()dx Yodx ?
Then
d d d
5 50 () (0) dx db db x b
—A = b | +|—(a) —(x) —(b b
dx ° 2 X dx()dx()dx()+a X
dx dx dx
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:1(x2—ab)+(x2—ab)+x2—ab
=3x*—ab=3A,

Indeterminate Forms

X —tan x

X3

Example 1. Evaluate Iing

x—tanx _ f(x)

g%

o Let

, where f (x)=x—tanx and g(x)=x".

Now
lim f (x)= le_r)rg(x—tan x)=0

x—0

g (x)=limx =0

- f(x) . : : : :
Hence, I|n(1) . EX; is of 0 form, so that L'Hospital'r rule is applicable, i.e.,

_xe*—log(1+x)
Example 2. Evaluate Ilng 3 :
X X

e Itisa 0/0 form and therefore

xe* —log (1+ x xe' +e” -
lim 9(L+X) _ i 1+ X (gformj

x—0 NG x—0 2X

X X 1
xe" +2e” + 5
i (1+x) _3
2 2

x—0

(1+x)" e
—
e Way 1: Since lim(1+ x)"* = e, therefore it is a 0/0 form
d
yx =
o tim 28 i
X—0 X X—0 1
1/x
1 _
_ Iim( +x) {x 2(1+ x)log (1+x)} ;
x—0 x* (1+x)

Example 3. Find Iing

(1+x)"
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Let y=(1+x)""
1d -1
Iogy_—log(1+x) ;&: .1+X+(7jlog(l+x)
1

X

== dy =1+ x)‘l’x’[1 —+(_—3jlog(l+ x)}
dx X 1+x \ X
X—

(1+x)log(1+x) (gformj

x>0 x* (1+x)

-e-lim—mmoBp  — - _=
& (2+6x)(1+x) 2

log(1-x)
Example 4. Find lim ———=.
x>1-0 cot(7zX)

e Itisa oo/oo formand therefore
-1
— P i 2
o0 cot(zx) or0—zcosec’ (zx) x>10 z(1-x) \0
zsin(2zx)

= lim
Xx—1-0 —IT

-0\ X2 sin®x
e Wayl:Itisa (co—oo) form, we therefore write as

(1 1 sin? x—x? 0
lim| = -———|=lim———— — form
x=0\ X°  sin‘ X x>0 x%sin? x 0

sin 2x —2x 0
—lim — form
HO 2xsin? X+ x? sin 2x

. 1 1
Example 5. Evaluate lem(—— ]

_lim 2C0s2x—2
X0 (25in2 X +2XSin 2x + 2x% cos 2X + 2xsin 2x)

. cos2x-1 (0
=lim-— ) ;| — form
9 (sin? x+ 2xsin 2x+ x* cos 2x) "\ 0

. —2sin 2X 0
=lim 6 form

x-0 35N 2X + 6X C0S 2X — 2X2 sin 2X
—C0S 2X 1

H030052x 4xsin4x — x? cost 3
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. (1 1 . sin® x—x?
Way 2. lim T :Ilmﬁ
x>0\ X SIN” X x=0 X“sIN“ X

) 2 2
. 8in“ X=X X - X
=lim 7 - ;| Usinglim| — =1
x>0 X sin x x>0 sin X

. sin’x=x*(0 . sin2x=2x (0
=lim>—= -~ 6form =|im>—2=~_="

X—0 X4 x—0 4)(3

. cos2x-1 . 1(sinx ) 1
=lim————=Ilim| | — | |=-2
x—0 6X x—0 3 X 3

Example 6. Evaluate lim (sin xlogx).

x—0+0

e ltisa (Oxoo) form. Let us write

. . . log x 0
lim (sinxlogx)= lim g ;| — form
x—0+0 x—0+0 COSeC X o0

: Y . (sinx
=—lim ————=—lim | —— |[tanx=0
x-0+0 COSECXCOt X x»0+0\ X

Yx®
Example 7. Evaluate Iim(mﬂj

x—0 X

1Yx?
e Itisa (1°°) form. Therefore, let K =(mﬂj , SO that
X

X X
| (tan Xj sec’x 1
. . X .
- limlogK =lim——2 2 —|im &nX__X
x—0 x—0 X x—0 2X
_lim xsec’x—tanx . sec’xtanx
x>0 2x*tan x x>0 2tan X + Xsec’ X
. tanx . sec” x 1
=lim =lim

x>0 SiN2X+X *20200s2X+1 3

2
. 1 _ _ Vx
i.e., limlogK === IlimK =¢e*® -, limK = Ilm(taﬂj —e¥®
x—0 3 x—0 x—0 x—0

X

Example 8. Evaluate lim (1—x2)]/(log(1_x)).

x—1-0

e lItisa (0°) form. Therefore, let K =(1— X2 )V(IOQ(H) ), so that
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log(1-x° log(1-x*
log K :M S limlogK = lim g(—) (fformj
|og (1_)() X—1-0 x—1-0 |Og (1_)()

(0 0]
2x(1-x . .
= lim (—2): lim ﬂ:1:> limlogK =1= lim K =e
x->1-0 ]1—X x—>1-01 + X x—1-0 x—1-0

Assignment-1
1. Find the limit, derivatives of the following functions at the indicated points:
(). f(x)=K,aconstant,at x=c
(ii). f(x)=x at x=0
(i),  f(x)=Vx at x=4
(iv). f(x)=e"at x=x,
2. Show that the function

f(x) =[x+

is continuous at all real points and derivable at all points except 0 and 1.

3 -
3 f(x)= x*sinl/x, x=#0
0, Xx=0
Prove that f(x) has a derivative at x =0 and that f(x) and f (x) are continuous at x=0.

] 1
4. f(x)=(x—a)sin——,
(x) (x a)smx_a X #a

=0, X=a
Show that f (x) is continuous but not derivable at x =a.

5. Discuss the derivability of the following functions:

2, x<1
). f(x)=<{" at x=1
0 () {x, x>1 X

1 0<xx<1
i, f(x)=1" at x=1
(i () {x, Xx>1 X

2x—-3, 0<x<2

iii). f(x)= ’ at x=2,4
(i) (x) {X2—3, 2<x<4

6. Show that the function f (x)=x|x| is derivable at the origin.
7. Find the derivative of fat x=0, where f (x)=x*|x.
8. Find Lf '(0) and Rf '(0) for the following functions:
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0 £ {xtan X, X#0

x=0
L) x#0
(i) f(x)=1 (e"+1)"
0, x=0
—x(ej/x—e‘]/x) Xx#0
9.1f f(x)= (e]/XJre*i/X) ’
0, x=0

Show that f is continuous but not derivable at x=0 and Lf '(0)=—1,Rf '(0)=
x"sinl/x, x=#6

for derivability at the origin. Also
0, x=0

10. Examine the function f, where f (x):{

determine m where f' is continuous at the origin.
11. If functions f and g are defined on [0, 0] by

X

.ox"-1
f =1 d = X
(x)=1im il 9(x) b[f(t)dt

then prove that g is continuous but not differentiable at x =1.

ANSWERS.
All answers can be found in above discussed examples

5. (i) Not derivable (ii) Not derivable, Lf'(1)=0, Rf '(1)=1
(iii) Not derivable; at x=2, f '(4) =

7.0 8.() -7/2, z/2 (ii)-1,1

10. Derivable if m>1; m>2

11. Hint:

f(x)=li
() nﬂlx +1

”_1 -1 :x<1
1:x>1

for x<1;g(x)=|-1dt=

i
-

for x>1;g(x) =

So g(x) is continuous at x=1; can verify by finding LHL and RHL or by tracing the graph.
Not differentiable at x=1; There does not exist unique tangent at x=1. Or by finding RHD and LHD.
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PREVIOUS YEARS QUESTIONS YEAR 2009 ONWARDS

LIMIT, CONTINUITY AND DIFFERENTIABILITY, INDETERMINATE FORMS
CSE 2022 Q1. Evaluate lim (tanx)™"".

IFoS 2021 Q2. Giventhat f(x+y)=f(x)f(y),f(0)=0, forallrealx,yand f'(0)=2.
Show that for all real x, f'(x)=2f (x).Hence find f (x).

IFoS 2020Q3. Evaluate lim(x—1)tan %X

CSE 2019 Q4. Let f {0%} — R be a continuous function such that

2

2
f(x):%, 0£x<%. Find the value of f(%j
X2 —r
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CSE 2019 Q5. Is f (x)=|cosx|+|sin x| differentiable at x = %? If yes, then find its derivative at
X= % If no, then give a proof of it.

CSE 2018Q6. Determine if Iirq(l— z)tan %Zexists or not. If the limit exists, then find its value.

CSE 2015Q7. Evaluate the following limit:

(%)
Lt (2__j

X—a a

IFoS 2015 Q8. Let f(x) be a real-valued function defined on the interval (-5,5) such that
e f (x)=2+_|'OX\/t“+1dt for all xe(-5,5). Let f*(x) be the inverse function of f (x). Find

(F7)(2)
IF0S 2015 Q9. If /x+y +.fy—x =c, find 2_)2(2’

IFoS 2015 Q10. Evaluate Iim(2+COS X _34}

x>0 x3sinx X
IFoS 2014 Q11. Show that the function given by
x(e’/X —1)
— x#0
f(x)=1 (e"+1)
0, x=0

is continuous but not differentiable at x=0.
IFOS 2013 Q12. Evaluate:

”m[eax —b™ +tan XJ

x—0 X

IFOS 2012 Q13. Show that the function defined as
sin 2x when x = 0

f(x)=1 x

1 whenx=0

has removable discontinuity at the origin.
CSE 2011Q14. Evaluate:

x> —4

i) limf(x), where f(x)=9 x-2' X#2
(i) lim f (x) (x) 2,
IFOS 2011Q15. Let the function f be defined by
0, fort <0
f(t)=<t, for0<t<1
4, fort>1
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(i) Determine the function F(x)= [ f (t)dt

0
(i1) Where is F non-differentiable? Justify your answer.
CSE 2010 Q16. Let f be a function defined on R such that

f(x+y)=f(x)+f(y), x,yeR
If f is differentiable at one point of R, then prove that f is differentiable on R .
CSE 2009Q17. Let

m+1ifx<1
2
X .
f(x): Z+1if1<x<?2
2

—m+1if2£x
2

What are the points of discontinuity of f, if any? What are the points where f is not differentiable
if any? Justify yours answers.
IFoS 2008 Q18. Obtain the values of the constants, a, b and ¢ for which the function defined by

sin(a+1)x+sinx

, Xx<0
X
At s (x+bx2)]/2—x]/2
eE , x>0

is continuous at x=0.
CSE 2008 Q19. Prove that function

x(e%—l)
f(X): T, X¢O
0, x=0

is continuous but not differentiable at x=0

SOLUTIONS(HINTS) : See the video
https://www.youtube.com/live/mK8wBUrj6uo?si=Xp6h44L XgSFA9sQXx
Ans2. lim(tan x)™; 17 form.

X—>—
4

Let A=(tanx)

tan2x

)tan 2X

log, A= log, (tan x
log, A=tan 2xlog, (tan x)
limlog, A= limtan 2x-log, (tan x) ;o0-0 form

X—>— X——
4 4
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log, (tan x) i(loge tan x)
= lim— — lim 9% : L'Hospital Rule

op Yan2x ot (i((]/tan 2X)

1 2

———-Sec” X .

=lim tf:;( ="m_13|r_1 2x oc x
X*)Z_ 5 SeC2 2X X%X 2 SIn X

tan“ 2x
”mlogeA:—lx 1 \/52_1:'”2 Aze—ljlin;(tanx)taan:%
ok 2 %/E T o
Ans3. Given f(x+ y): f (x) f (y) ()
F(0)#0 (2
for all real x,y and
F(0)=2. (3

From (1); taking X =y, we have
f(x+x)=f(x)-f(x)
f(20)=(f (x))

Differentiating w.r.t x, we get

2f'(2x)=2f(x)- f'(x) =>2f'(0)=2f(0)- f'(0)
=2x2=2xf(0)x2=f(0)=1 w(4)
Now, by the definition of derivative of f (x),

f'(X)='hiﬂg f(x+hg— f(x) :Liﬂ;‘ f(x)- f (:)— f(x) [using (1)]:!,@(]
=lim

F(){f(h)-f(0)}
h—0 h
_ f(x)limw

h—0

FOO{f (h)-1
h

[using (4); 1= f (0)]

f'(x)=f(x)-f'(0).So f'(x)=2f(x) [using (3)]. Proved.

Ans4. Evaluate Iim(x—l)tan”—x
x—1 2

Solution: Iim(x—l)tan”—x; 0-0 form
x—1 2
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X d TX 4 X
tan — (tan ] T ec2 ™2

= |iIT1] / = Iirrlld— ; applying L'Hospital Rule = Iin}%; complicated??
w5 Kn) C(x-y

Let's try another method:

Ilm(x—l)tan—:limx—_1=llm x-1 : 0
x—1 x—1 x—1 TX 0
X cot—
2
=I|rrl1 1 < :—gxlz—g.
2 _Tosect T a
2
2
Ans5. Let f:{O,%}—)R be a continuous function such that f(x): C(Z)S x21 Osx<%
x> -7

Find the value of f(%}

z) O : , N . cos* X
T = | == form (undefined). So let's try to find lim f (x)=lim———;

2 0 X_% X_>§4x -

w 1><—sin2x><2
= lim—2— =1lim

o AX° -1 NN 8x

2 2
lim £ (x) = lim —1% ~ 0
X2 X2 8X£

* Given that f (x) is continuous in [0, /2]
o lim f (x)=f(z/2)

X—>—
2

0= f(7/2)

Ans6. Is f (x)=|cosx|+[sinx| differentiable at x = % ? If yes then find its derivative at x = % :

If no, then give a proof of it.
Solution:
We know that

)=l

X—a, X>a
(x—a), x<a
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COS X +Sin X, x<Z
f (x)=|cos x| +[sin x| =
—COS X +Sin X, x>%

Now, for differentiability of f (x) at x :% :

o 5’0

2

—COoS E+h +sin £+h -1
) 2 2 . sinh+cosh-1 0
=lim =lim——=; =
h—0 h h—0 h
Lf '[zjzlim
2 h—0 —h
T . T
cos(—hj+sm(—h]—1 .
=lim 2 2 :"m—smh+cosh—1 ;9 form
h—0 —h h—0 —h

- Lf(7/2)=Rf '(7/2)
So given function f (x) is not differentiable at x = %

Ans7. Determine Iirr}(l—z)tan”—Z
Solution:
Iin;(l—z)tan”—zzlin‘ll 1_22; 0 form
7>’ 2 7>’ COtL 0
2
. -1 . .
=lim ; after applying L'Hospital Rule
—--cosec” -z
2 2
= Iimg-;. So Iim(l—z)tanﬂ—Z:Z/n
cosec” -z

Ans8. Evaluate the following limit

lim (2 - EJW(ZJ ;17 form

X—a a

Solution:

; form=
0

=lim

(1)
imSoSh=sinh 4 )
h—0 1

cosh—sinh _1

h—0 -1
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Let A= (2 - fjm(zaj
a

log, A= tan( jlog (2—5)
2a a

Ioge(Z—X)

~.limlog, A —Ilm{tan(2 jlog (2—2)}00‘0 form=lim——~ 2/

x—a Xx—>a TX
cot——
2a
1 [ 1)
7X _——
Im;loge _Im; a ; after applying L'Hospital Rule
” —”cosecz(”x)
2a 2a
2x 1

=lim =
x—a T
reosec?| x| *
2a

limlog, A= 2 = limA=e”

X—a

tan(—;]
Therefore, lim (2 —fj 2l g7

X—a a

Ans9. Let f(x) be a real valued function defined on an interval (-5,5) such that

e f ( 2+_[ Jt* +1dt for all xe(-5,5). Let f™*(x) be the inverse function of f (x). Find

(f)(2).

. od ~ 1 _
Solution: &(f (x))(a)_—f'(f1(a)),wheref(t) X
Here, e f(x)=2+ [ X' +1dt ()

Differentiating both w.r.t. x,
—e 7 (X)+e F' (x)=0+/x" +1
Put,x=0
—f(0) +f'(0)=1...(ii)
Also, puttingx=0in (1), f(0)=2+0=f(0)=2= f(2)=0
Using f(O) in (ii) .. f'(0)=3
d 1 1

-1 _ _ _1
o (X)“_f'(fl(z))_f'(o)_é
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. d%y
Ansl0. If —x)=c, find
ns \/(x+ y) +\/(y x) =c, fin ]

X2
Solution: (Jy+x+‘/y—x)2 =c’

(Y+X)+(y—x) + 2y’ —x* =c?
2y—c? =2y’ —x?

Ay? — Ac’y + ¢t = 4(y* - X9)
—Ac%y = 4x2 ¢!
y=—x+—

c

Differentiating wrt x,
dy_x
dx ¢’
dy 2x d?y 2
= —y=—2:—2y=—2
dx ¢ dx® ¢

(D)

. (2+cosx 3
Ansll. Evaluate Ilm(s—___J
x>0\ x'sinx X
2+cosx 3

Solution: lim{ ————-—|=
x>0 X°sinx X

. 2X+XC0SX—3sinx
=lim T

x—0 X" sinx
. X(2+cosx)-3sinx x
=lim ( 5) -——30/0

X0 X sin x

2X + XCO0S X —3sin X 1
5

=lim
x—0 X

.2 —Xsinx— . .
=lim +COSX XSL X 3C0$X;apply1ng L’hospital rule
x—0 B5x
_“mZSinx—sinx—xcosx_a lving aain
=m 205 » applying ag

. COSX—CO0S X+ XSinX
=lim >
x—0 60x

. sinx 1 1
=lim—— —=| —
-0 x 60 \60

Ans12. Show that the function given by
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)

— 2 x#0
f(x)= (e}/X +1)
0, Xx=0
is continuous but not differentiable at x=0.
Solution:
1) h-e™) o0pg)

® Li_r)rgf(0+h):lhi_r)r3 e 41 = (1+e’”‘) ~ (1+0) =0

_hfeh -1 B
lim  (0h) = lim (e(%+1))o((c)o+1l))0

Clear L'ﬂg f (O+h):LiLr3 f(0—h)=f(0)

So, f(x) is continuous at x=0.
(ii) For differentiability at x=0

h(e% —1) _a-Vh
f(0+h)-f(0 1-e =
e (0) = lim L0 ) B i B _]/h) ey |
h—0 h h»oh(e%_kl) hao(l_i_e ) 1+0
~h(e™" -1
f(0—h)-f(0) (e(‘”“+l))_O 0-1
Lf '(O): lim =lim =lim =-1
h—0 —h h—0 -h h—0 0 +1
Rf '(0) = Lf '(0) .. f(x) is not differentiable at x=0.
ax bx
Ans13. Evaluate Iirrg[e —€ +tanxj
X—> X
Solution:
. (eax—ebx+tanxj _ae®™—be™ +sec?x a-e®—b-e®+sec’0 a-b+1
lim =lim = = =a—-b+1
x—0 X x—0 1 1 1

Ansl4. Show that the function defined as
sin 2x
f(x)=1 x
1 whenx =0
has removable discontinuity at x=0.

when x =0
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Solution:

sinzh sin2h _

lim f (0+h) = lim lim2 21=2
h—0 h—=0 h h—0 2h

jim £ (0—h) = tim S"C2) _ iy =sin2h_,
h—0 h—0 h-0 —h

- lim £ (0+h) =lim f (0+h) = f (0)

f (x) has a removable discontinuity at x =0. As if we manage f(0)=2, this discontinuity can
be removed.

Ansl15. Evaluate

x> —4
lim f (x), where f(x)=1 x-2"

X—2

T, X=2
Solution:

lim f (x)=lim f (2—h)=|imw=9 T Clull) B

o sk 0 (2-h)-=2 0 no 1
2+h) -4

lim f (x)=lim f (2+h) :Iim&; 0

x—>2" h—0 h-0 24h-2 0

_jim 220 _

h—0 1

L limf(x)=4

X—2

Ansl6. Let the function f defined by

0, fort<O
f(t)=<t, for0<t<1
4, fort>1

(i) Determine the function F(x):joX f (t)dt

(ii) Where is F non-differentiable? Justify your answer.

Solution:
Sol: The given function f is defined as
0, fort<0
f(t)=4t, for O<t<1
4, fort>1

Now we have to calculate;
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For:0<x<1
2

Then, F(x) =] f(t)dt = | tdt :X?

For:x>1
1 X

Then, F(x)=[f(t)dt = [ f(t)dt+ [ f(t)dt = [tdt+ [4dt=4x-7/2
0 1

ie., F(x)=4x- %x >1

—, forO<x<1
Therefore, F(x)= 2

4x—%, forx>1

Clearly the function F (x) is not differential at x = 1.

Ans17. Let f be a function defined on R such that f(x+y)=f(x)+f(y), x,yeR.Iffis

differentiable at one point of R, then prove that f is differentiable on R ..
Solution:

Let if f(x) is differentiable at x=0 and f'(0)=1. (Note: Here may take any other point
x=q and cantake f'(a)=p)

wgiven f(x+y)="f(x)+f(-y)for x=y; f(2x)=2f(x)

Not working like the question f (x+y)= f (x)- f (y) Question.

Method (11):
Let f(x) is differentiable at x =« . So is continuous at this point

ie. lim f (a+h) = f (@) =>lim f (@) +lim f () = f ()
= f(@)+lim f (h) = f () = lim f () =0_...(1)
w Given f(x+y)=f(x)+f(y); ¥x,yeR

Now let's check differentiability of f (x) at some arbitrary real number c.

f(c)=tim- =)

R1(e)-lim- (th_ HE) gy 10T (hh)_ 1) (using (2) = Ihigg@
Lf'(c)= lim f (C_rl)h_ f(c)  lim f (C+(__hz)— f(c)
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i £+ (EN)=1(0) . f(-h)

h—0 —h h-0 —h

Now if we are able to show f (—h)=—f (h);then Rf *(c) and Lf '(c) will be equal.
Note that from (1), f(x) may be a polynomial. f(x)=x
m+1 if x<1

Asni7. Let f(x)= §+1 if1<x<2

—M+1 if2<x
2

What are the points of discontinuity of f, if any? What are the points where f is not differentiable
if any? Justify your answers.
Solution:

Probable points of discontinuity of f (x)are x=0,x=1and x=2.
e At x=0

0+h
im £ (00 = tim 2" 1 jim M1 21

h—0 h—0 2 h—0 2

lim f (0 h)—llm—h+1—llm1 1

h—0 2 h—0

f(0) = +1-1

f (0+h)=f(0—h)=f(0) .. f(x) is continuous at x=0.
e At x=1
lim £ (L h)=lim 2" 1= timE 1 1=3/2
h—0 h—»0 2 h—0 2

lim f (1—h) = jim Mg lim " 1232
h—0 h—»0 2 h—0 2
():—+1 3/2
f (1+h)=f(1-h)=f (1) .. f(x) iscontinuousat x=1
o At x=2:

|im(2+h):|im@+1:-1+1=o

h—0 h—0

lim(2- h)—Ilm(2 h)+1 1+1=2
h—0 h—0 2

- lim f (2+h) = lim f (2-h)

- f(x) is not continuous at x =2
For differentiability:

To download visit our Website: https://mindsetmakers.in/upsc-study-material/ +91 9971030052



https://mindsetmakers.in/upsc-study-material/

e -+ at x=2; function is not continuous so it is not differentiable at x =2.

o At x=1:
(1+2h+1)—3/2
=1/2
™ %

n )
Lf ‘(1)_|imf(1—h)—f(1)_“m( 2 1] 3/2
h h

(12h+?—3/2 i

Clearly Rf'(1)=Lf"(1)
- f(x) is differentiable at x =1.

Ans18. Obtain the values of the constants a, b and ¢ for which the function defined by

sin(a+1)x+sinx
;o x<0
X

f(X): C! X:0

(x+bx )}/2 % !

bx% s
is continuous at x=0.
Solution:
lim f (O_h):“m—sm(a+1)h+(—smh) _ Iimsm(a+1)h+s|nh
h—0 h—0 -h h—0
G L L B L G LN
e h "0 h -0 (a+1)h

=(a+1)-1+1=a+2

(h+bh2)% ~h2 (14+bh)% -1

i o) = — =
1+1bh+;@—1jb2h2+ .
~ lim =2 40+0..21/2
h—0 bh 2

~» Given that f(x) is continuous at x=0
o f(0+h)=f(0-h)=f(0) for h—>0:>%:a+2=c:>a=—3/2, c=12 and b is

arbitrary.
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REAL ANALYSIS AND CALCULUS

LIMIT, CONTINUITY & DIFFERENTIABILITY

Q1. Show that if a function f defined on an open interval (a,b) of R is convex, then f is

continuous. Show, by example, if the condition of open interval is dropped, then the convex
function need not be continuous. [2c UPSC CSE 2018]
Q2. Suppose Rbe the set of all real numbers and f:R — R is a function such that the

following equations hold for all x,yeR:

() f(x+y)=f(x)+f(y)

(i) 1 ()= (x)1(y)

Show that Wx e R either f(x)=0 or f(x)=x.[4a UPSC CSE 2018]

Q3. A function f :[0,1] —[0,1] is continuous on [0,1]. Prove that there exists a point ¢ in [0,1]
suchthat f(c)=c.[1b 2018 IFoS]

Q4. Find the supremum and the infimum of ﬁ on the interval (O%}

[1c UPSC CSE 2017]

Q5. A function f:R — R is defined as below:
x if xisrational
(-

1-x if x is irrational

. . 1 . . L
Prove that f is continuous at X = 3 but discontinuous at all other point in R .

[1b 2017 IFoS]
Q6. For the function f :(0, oo) — R given by

f(X)=XZSin§,0<X<oo

show that there is a differentiable function g:R — R that extends f. [1b UPSC CSE 2016]

sin” (x+2y) (%, y)#(0,0)
-1 ’ ’ )
Q7. Examine the continuity of f (x,y)= tan” (2x+4y) at the point (0,0).
1
S (=00

[3b 2016 IFo0S]
Q8. Answer the following:
(a) Show that the function f :R — R defined by
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-1, xis rational

is discontinuous at every point in R . [1a 2012 IFoS]
Q9. Define the function

f(x)- { 1, xisirrational

f(x)zxzsini, if x=0

=0,if x=0

Find f'(x).Is f'(x) continuous at x=0? Justify your answer. [2c UPSC CSE 2010]

Q10. If f:R —> R issuch that

f(x+y)="f(x)f(y)

for x,y in R and f(x)=0 foranyxin R, show that f'(x)=f(x) forallx in R given that
f'(0)= f (0) and the function is differentiable for all x in R . [1c 2010 IFoS]

Q11. Show that if f:[a,b]—>R is a continuous function then f ([a,b])=[c,d] for some real
numbers c and d, c<d. [2d UPSC CSE 2009]

UNIFORM CONTINUITY

Q1. Prove that the function f (x)=sinx? is not uniformly continuous on the interval [0, | .
[2b UPSC CSE 2020]

Q2. Show that the function f(x):sin(%j is continuous and bounded in (0,27), but it is not

uniformly continuous in (0,27). [1b 2019 IFoS]
Q3. Let f:R—R be a continuous function such that lim f(x) and lim f (x) exist and are

X—>+00 X—>—00

finite. Prove that f is uniformly continuous on R . [4b UPSC CSE 2016]
Q4. Let X =(a,b]. Construct a continuous function f: X — R (set of real numbers) which is

unbounded and not uniformly continuous on X. Would your function be uniformly continuous on
[a+¢&,b],a+&<b?Why? [2b 2015 IF0S]

, .1 , , :
Q5. Show that the function f (x)=sin= is continuous but not uniformly continuous on (0, 7).
X

[2b IF0S 2014]
Q6. Show that the function f (x)=x? is uniformly continuous in (0,1) but not in R .

[3a 2013 IF0S]
Q7. Let S=(0,1]and f be defined by f(x)=§ where 0<x<1 (in R). Is f uniformly
continuous on S? Justify your answer. [1b UPSC CSE 2011]
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Chapter-2 Rolle's and Mean Value Theorems
https://www.youtube.com/live/jQL-_9EeMwQ?si=mWXnl-JJRybL9c_W

Introduction

Rolle's theorem and MVTs are some of the most useful developments in calculus.

Lagrange's MVT provoked many mathematicians of eighteenth century to work on it.

Cauchy's MVT and Taylor's theorem are some of the important results of efforts made in this
direction.

The present chapter is devoted to these theorems.

Rolle's Theorem
Statement: If f (x) is a function defined in [a,b] such that

(i) f(x) is continuous in the closed interval; [a,b].

(i) f(x) is differentiable in the open interval; (a,b).

(iii) f(a)=f(b).

Then there exists at least one point ¢ (a,b) such that f'(c)=0.
Note here c is between a and b.

Exam Point- Basically Rolle’s theorem talks about a point where value of the derivative of the
function is zero. In other words, it gives root of derivative of the function in between of some
fixed points.

Note- The discussion below as proof or interpretation helps you in refining your understanding
about definitions. No need to remember the proof but at least you must have an analytical look
over it.

Proof: If f(x) = constant, then
f'(x)=0 forall xe(a,b). Means Rolle’s is verified.

* So let us assume that f (x) is not a constant function.
f(a)=f(b). So, f (x) should either increase or decrease when x takes values slightly greater

than a.
For definiteness, suppose it increases.

It again takes the value f (b)= f (a), it must cease to increase and begin to decrease at some
point ¢ [a,b]. Evidently ‘c' cannot be equal to a or b.

. ce(a,b)

* Further, the value of f (x) is maximumat x=c, and so

f(c+h)-f(c)

f(c+h)-f(c)<0 = <0 ..(2)

and
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f(c—h)-f(c)<0= f(c_rl)h_f(c)zo (2)

Where h is any positive number such that c+h, c—he[a,b].

A A

y(x) J

v

From (1) and (2)
Rf'(c)<0and Lf'(c)>0
= f'(c)<0and f'(c)=0
f'(c)=Rf'(c)=Lf'(c) as fis differentiable at c
Therefore, f'(c)=0

Geometrical interpretation of Rolle's theorem
Geometrical interpretation of the result f'(c)=0 of Rolle's theorem is that under the given

conditions there is at least one point ¢ (a,b) such that the tangent at the point (C, f (C)) is parallel
to the x-axis.

It is clear from the above figure that f '(x) may vanish at more than one points.

Note
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Following All three figures demonstrate that the result f '(c)=0 of Rolle's theorem may not hold
if any one of three conditions is not satisfied.

A A A

e A 2N

v
v
v

0 0 i)
f(a)= f (b) f(a)=f(b) f(a)=f (b)
but f isnot continuous f iscontinuousbut f is
atce(a,b) not differentialatc e (a,b)

Lagrange's MVT
https://www.youtube.com/live/8CvjYQ7mHA0?si=UjKIha6OTz7w-tui

Lagrange's MVT is one of the most powerful tools in Differential calculus.

This theorem also known as the "Mean Value theorem of the first order" or simply MVT.

Statement:
If f(x) is afunction defined in [a, b] s.t

(i) fis continuous in [a,b]  (ii) f is differential in (a,b)
then there exists at least one point c €(a,b) s.t
f(b)-f
(o) LB (@)
b-a
Proof: e Consider the function ¢ defined by ¢(x) = f (x)+kx, ¥x [a,b] where k is any constant.

-+ f is differentiable and continuous in (a,b) and [a,b] respectively. .. ¢ is too.
Also,

#(a)=f(a)+k(a)

¢(b)=f(b)+k(b)

o If we choose k such that ¢(a)=g¢(b), i.e. k={f(b)-f(a)}/(a-b)
then ¢ satisfies all conditions of Rolle's theorem.

e Hence 3 at least one c e (a,b) s.tg’(c)=0ie. f'(c)+k=0.. f'(c)=—k
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f(b)-f(a
Therefore, f'(c)= %
—-a
Mentor’s advice: See the systematic approach- how by keeping the target in mind and instrument
(Rolle’s theorem conditions); we try to construct the function at very first step. This will help you
in solving many PYQs.

Another form of MVT: If f is continuous in [a,a+ h] and differentiable in (a,a+h), then 3 at
least one point c=a+6h, 0<@<1 e(a,a+h) st
f(a+h)-f(a)
h

=f'(a+6h)

Geometrical interpretation of MVT:
. f(b)-f(a)
" b-a

that under the given conditions, there is at least one point c e(a,b) such that the tangent at the

point (c, f (c)) is parallel to the chord AB.

is the slope of the chord AB, Geometrical interpretation of Lagrange’s MVT is

AB || PT

»
»

a I b X
In particular if f(a)=f(b), then, f'(c)=0. Which is Rolle’s theorem.

Cauchy's Mean Value Theorem
https://www.youtube.com/live/PswulL 7cfLiY?si=EVMY 0-aQMqgaW?2p3
Cauchy generalized Lagrange's MVT with two functions defined on the same interval as below:

Statement
If two functions f (x) and g(x) are defined in [a,b] s.t

(i) Continuous in the closed interval [a,b]

(ii) Differentiable in (a,b)

(iii) g'(x)=0 vxe(a,b)

Then there exists at least one point ¢ (a,b) such that
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Proof: Obviously, g(a)=g(b), for otherwise g would satisfy all condition of Rolle's theorem
andso g'(p)=0 for some pe(a,b), thus contracting the (iii).

e Now consider the function ¢(x) defined by

#(x)=f (x)+kg(x), vxe[a,b]
where k is any constant. Let us choose k such that ¢(a)=¢(b)

ie. f(a)+kg(a)=f(b)+kg(b)
=_( f(b)-f (a)j
g(b)-9(a)
o In view of (i) and (ii), ¢(x) is continuous in [a,b] and differentiable in (a,b).

Now ¢(x) satisfies all the condition of Rolle's theorem.

» Hence there exists at least one point
ce(ab) st ¢'(c)=0
ie. f'(c)+kg'(c)=0

fe)__, 10)-1()

g'(c)  g(b)-g(a)

Note: Lagrange's MVT follows by taking g(x)=x in the above theorem.

ie.

Another Form of Cauchy's MVT
If f and g continuous in [a,a+h] and differentiable in (a,a+h) and g'(x)=0 for all

x €(a,a+h), then there exists at least one point c=a+6h, where 0<@ <1, st
f(a+b)-f(a) f'(a+6h)

g(a+b)-g(a) g'(a+6h)

Generalized Mean Value Theorem
Statement

Let f,g,h be three functions defined on [a,b] such that all of them are

(i) Continuous in [a,b]
(ii) Differentiable in (a,b)
Then there exists at least one point c e (a, b) such that
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f'(c) g'(c) h'(c)
f(a) g(a) h(a)]=0
f(b) g(b) h(b)
Proof: Consider the function ¢(x)defined by
f(x) g(x) h(x)
#(x)=|f(a) g(a) h(a), vxe[a,b]
f(b) g(b) h(b)
i.e. ¢(x) isof the form k, f (x)+k,g(x)+kh(x)
so continuous in [a,b] and differential in (a,b)
Further ¢(a)=¢(b)=0
Thus ¢ satisfies all condition of Rolle's theorem

. ¢'(c)=0

Note:
(1) Cauchy's M.V.T. is a particular case of above theorem h(x)=1.

(2) Lagrange's MV'T is a particular case of the above theorem g(x)=x and h(x)=1

Exam Points: Now we’ll learn about different outcomes from Lagrange’s MVT which are very
important for exam.

(1): If a function f is continuous in [a,b] and differentiable in (a,b) and if f'(x)=0 for all
x €(a,b), then f is a constant function on [a,b].

Proof: Let p be any point in [a,b]. Then f is continuous in [a, p] and differential in (a, p).
Therefore by MVT there exists at least one point c (a, p) st

f(p)-f(a)=(p-a)f'(c)

andso f(p)—f(a)=0; Asderivative of constant function is zero.
Thus | f (p)=f(a)

(2): If two functions f and g are continuous in [a,b] such that f'(x)=g'(x) for all xe(a,b),
then f(x) and g(x) differentiated by a constant only.

Proof: Consider the function ¢ defined by

#(x)=f(x)—g(x), vxe[a,b]

.. T, g continuous and differential. So is ¢

¢'(x)=f'(x)—g'(x)=0, vxe(a,b)

Hence ¢(x) is constant.
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Monotonic property and Concavity
https://www.youtube.com/live/u57GoEffdmY ?si=aAdIpASYIW]YzEzo
Topics: Increasing, decreasing, monotone, concave up, concave down.

Definition (1): A real valued function f defined on an interval J is increasing on J if f (a)< f (b)
whenever a,be J and a<b. Itis strictly increasing on J if f (a)< f (b) whenever a,beJ and
a<b. The function f is decreasing on J if f (a)> f (b) whenever a,beJ and a<b. Itisstrictly
decreasing on J if f(a)> f(b) whenever a,beJ and a<b.

(3): Iffis continuous in [a,b] and differential in (a,b), then fis increasing or decreasing according
as f'(x)=0or f'(x)<0 forall xe(a,b)
Proof: Let x, and x, be any two distinct points in [a,b] such that x, <X, and so [x,X,]<[a,b]

o Then f is continuous in [x,,x, ] and differentiable in (x,,x, ).
So by Lagrange's MVT there is a point ¢ e(x,,X,) s.t

f(xz)_ f (Xl):(xz_xl) f '(C)

Now -+ x,—x >0, it follows that f(x,)> f(x ) if f'(c)=0.
As we have shown it for any arbitrary two points X, X, .

Hence f is increasing or decreasing according as f'(x)>0 or f'(x)<0, vxe(a,b)

Definition (2): f : A—> R where Ac R. The function f has a local (or RELATIVE) MAXIMUM
at apoint ae A if there exists r >0 such that f (a)> f (x) whenever [x—a|<r and x e domf .

It has a LOCAL (or RELATIVE) MINIMUM at a point ae A if there exists r >0 such that
f(a)< f(x) whenever |[x—a|<r and x edomf . The point a is relative extremum of f if it is

either a relative maximum or relative minimum.

Note:
The function f:A— R is said to attain a maximum at a if f (a)> f(x) forall x edomf .

This is often called a GLOBAL (or ABASOLUTE) MAXIMUM.
It is clear that every global maximum is also a local maximum but not vice versa.

Exam Point: f changes it’s sign before and after the point of local maxima or minima.

Definition (3):
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A real valued function f defined on an interval J is concave up on J if the chord line connecting
any two points (a, f (a)) and (b, f (b)) onthe curve (where a,b e J) always lies on or above the
curve. It is concave down if the chord line always lies on or below the curve.

Note:

A point on the curve where the concavity changes is a POINT OF INFLECTION when f is twice
differentiable.

It is concave up on J if and only if f"(c)>0 forall ceJ and is concave down on J if and only
if f"(c)<0forallceld.

Tracing of graphs

Facts and definitions:

(1) If the first derivative f' is positive, then the function is increasing (T)
(2) If ' is negative, then function is decreasing (¥)

(3) If " is +ve, then the function is concave up ()

(4) If £ is -ve then the function is concave down ()

Taylor's Theorem
https://www.youtube.com/live/t0JQmP2d1QY ?si=AFHEuUg5vo-e9vxf

(1) Taylor's theorem with Lagrange's form of remainder.
Statement:

If f is a function defined in [a, a+ h] such that all the derivatives up to (n—l)th are continuous in

[a,a+h] and (" is differentiable in (a,a+h), then

2 n-1 n
f(a+h)=f(a)+hf '(a)+% fr(a)+.... +(nh—1)! f("‘l)(a)+% f(”)(a+9h) , where
0<6<1.

Proof: Consider the function ¢ defined on [a,a+h] by
a+h-x)’
$(x)=f(x)+(a+h—x)f (x)+( 1 ) f(X)+....
n-1 n
(n-1)! n!

where k is a constant to be determined such that ¢(a+h)=¢(a)

e Subjecting (1) to their condition

f(arh)=1 (a) +ht (a) + >t "(a)+....+ﬁ f("‘l)(a)+ntr:k (2)
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Now, by hypothesis, all ', f",..., f"* are continuous in [a,a-+h] and differentiable in
(a,a+h).

Also (a+h-x), (a+h- x)2 e (@D = x)n , all being polynomials, are continuous in
[a,a+h] and differentiable in (a,a+h).

Therefore by algebra of functions ¢(x) is continuous in [a,a+h] and differentiable in
(a,a+h) by Rolle's theorem.

There exists at least one point ¢ e(a,a+h) such that ¢'(c)=0. This gives c=a+6h; 0<6<1

Now differentiating (1) w.r.t. x, we get

¢'(X)= f '(X)+{(a+h—x) f "(x)— f (x)}
+{%f'"(x)(a+hx)f"(x)}+ _____

+ M ™ (n —M -0y | _ 'M
{ o )} RO

(a+h- x)”_1

¢'(X)=W{f(n)(x)—k}

*+ other terms cancel in pairs.
when ¢'(a+6h)=0 gives k = f(”)(a+¢9h)
Using this value of k in (2), we get the desired expansion of f (a+h).

Note:
The last term, % £ (a+6?h) is called Lagrange's form of remainder after n terms in Taylor's

expansion of f(a+h) inascending powers of h.

¢ By taking h=x—a, we obtain another useful form of the above theorem. Thus

f(x)= f(a)+(x—a)f'(a)+—(x;!a) (@) X2

(EL

+(x—a) t"(a+6(x—a)) where 0<@<1
n!

e Lagrange's MVT is a particular case of the above theorem with n=1.

e Taking n=2, we obtain the following result which is known as the Mean Value Theorem of
the Second Order.
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Corollary 1: If f is a function defined on [a,a+h] such that f, f" are continuous in [a,a+h]

and f ' is differentiable in (a,a+h), then
2

f(a+h)=f (a)+ht '(a)+% f(a+6h), 0<O<1

e Taking a=0 and h=x in the above theorem, we obtain the following result which is
known as Maclaurin's Theorem with Lagrange's form of Remainder.

Corollary 2: If f is a function defined on [O, x] such that all the derivatives up to (n—l)th are
continuous in [0, x] and (" is differentiable in (0,x), then

2 n-1 n
f(x)=f(0)+xf '(0)+% £(0)+.... +""+(nx—l)! £ (0) +% £ (0x)

where 0<@<1

e The following theorem is known as Taylor's Theorem with Cauchy's form of Remainder.

Theorem: If f is a function defined on [a,a+h] such that all the derivatives upto (n—1)th are

continuous in [a,a+h] and (" is differentiable in (a,a+h), then

f (a+h): f (a)+hf '(a)"'g_z! { "(a)+""+(nhii)! f(”‘l)(a) +(nh—nl)!

(1-6)"" £ (a+6h)
where 0<@<1

Proof: Consider the function ¢ defined on [a,a+h] by

. 2 h— n-1
(x)=f(x)+(a+h—x)f '(x)+—(a+2! M) o). +—(azn_1;!) £ (x)+(a+h-x)-k
(D)
where k is a constant to be determined such that ¢(a+h)=¢(a)
Subjecting (1) to this condition
2 n-1
f(a+h)=f(a)+hf'(a)+ - f"(@)+.t £ (a)+h-k (2)

(n-1)!
All conditions of Rolle's theorem satisfied.
.3 at least one point c=a+6h, where 0<6 <1, such that ¢'(a+6h)=0
(a+h-x)""

2 ' (x)= 1 (x)+{(@a+h=x) £ ()= (X)) 4o —k —Wf (x)—k

[+ other terms cancel in pairs]
. ¢'(a+6h)=0 gives
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(a+h—a—6’h)”_1

(n-1)!

hnfl

(n-1)!

Using this value of k in (2), we obtain the desired expansion of f (a+h).

" (a+6h)-k=0

L k= (1-6)"" £ (a+0n)

n

h
(n-1)!

terms in Taylor's expansion of f (a+h) is ascending powers of h.

Note: The last term (1—0)n_1 £ (a+6h) is called Cauchy's form of remainder after n

e Mentor’s advice: [Question they directly ask; Remainder after n terms]

e Bytaking h=x-a, we obtain

()= f(a)+(x-a) £ (@) 2 foayr s B8 g q)

2! (n-1)!

X_a " n—- n

+((n 1;| (1-6)""- £ (a+6(x—a)) where 0< <1

e Taking a=0 and h=x in the above theorem we obtain Maclaurin's theorem with Cauchy's
form of remainder.

Corollary: If f is a function defined on [0, x]such that all the derivatives up to (n-1)th are

continuous in [0, x] and f"Y is differentiable in (O, x), then
, X% .. X"t X
f(x)=f(0)+xf (O)+Ef (0)+.ct ——— f 1)(O) +

(n-1)! (n-1)!

n

(1-6)"" £ (ox)

where 0<@<1

Note: The above two theorems provide the so called Taylor's development of a function in finite
form.

The following theorem gives a necessary and sufficient condition under which a function can
be expanded as an infinite series known as Taylor's series.

Theorem:
The series in

f(x)=  (a)+ (x-a) f (a)+ “=2L f(a).. +%f("”(a)+....
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represents f (x) for those values of x, and those only, for which the remainder after n terms in
Taylor's theorem with Lagrange's form of remainder

R, (X)= (X(;;)n " (a+6(x-a)), 0<o<1

approaches zero as n tends to infinity.

Corollary:
. Xt . X .
f(x)=f(0)+xf (0)+§f (0)+.... + £0(0) +....

(n-1)!
represents f (x) for those values of x, and those only, for which the remainder after n terms in
Maclaurin's theorem with Lagrange's form of remainder

n

Rn(x):%f(”)(ex); 0<6H<1

approaches zero as n tends to infinity.
The infinite series in this result called Maclaurin's series.

X—I £ (6x); Lagrange's form
Exam Point: R (x)= L

n

X

(n-1)

(1-6)""- £ (x) Cauchysform

Power Series:
The series

D a X" =a+ax+ax +...
n=0
where a,,a,,a,,..... are constants, is called a power series.

Some Standard Power Series

1. Exponential Series

Let f(x)=¢"; xeR sothat f(0)=e®=1.Then f"(x)=¢", vxeR
Also Lagrange's form of remainder is

n

Rn(x):%f(”)(ex):%egx (1)

f(0)=1, vneN

Using Maclaurin’s theorem, we have
2 3

To download visit website https://mindsetmakers.in/upsc-study-material/ +91 9971030052



https://mindsetmakers.in/upsc-study-material/

(2) The sine series

f(x)=sinx, xeR

f(0)=0

f(“)(x):sin[x+n§j, vxeR

" Lagrange's form of Remainder

R,(x) :% £ (6x) :%sin[%{+9xj

= 0 x quantity oscillating between -1 and +1
=0

Now f(”)(O) :sin%
f(0)=1, f*(0)=0, f"(0)=-1, f(0)=0, f®(0)=1....

Using these values in Maclaurin's theorem,
We have
3 5 2n-1
. x> X 1 X
SINX = X =4 o (1) - Foenes
3! 5!
Similarly, we have for:
3. The cosine series
4. Natural logarithm series

f (x)=log(1+x)

EXTREME VALUES (DEFINITIONS)
Let ¢ be an interior point of the domain [a, b] of a function f.

Definition 1. The point c is said to be the stationary point and f (c) the stationary value of the
function fif f'(c)=0.

Definition 2. The function f is said to have a maximum value (a maxima or a maximum) at c if
f (c) is the greatest value of the function in a small neighborhood (c—-&,c+6),5 >0 of c.

A Necessary Condition for Extreme Values
Theorem. If f (c) is an extreme value of a function f then f (c) in case it exists, is zero.

Investigation of the Points of Maximum and Minimum Values

c is a point of maximum value if the function changes from an increasing to a decreasing function
as x passes through c. Therefore, in case f is derivable, the derivative changes sign from positive
to negative as x passes through c.
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Theorem. If ¢ is an interior point of the domain of a function f and f '(c)=0, then the function
has a maxima or a minima at ¢ according as f "(c) is negative or positive.

Examples of Rolle’s theorem
Example 1: Verify Rolle's theorem for the following functions:

(i) f(x)=2x+x*—4x-2
(i) f(x)=x(x+3)e™ in[-3,0]

(iiiy f(x)=(x-a)"(x=b)", where x e[a,b] and m, n are positive integers.

Solution:
(i) f(x) isapolynomial ... is continuous and is differentiable.

also f(x)=0 gives.( As it’s not given here in which interval, we want to verify, So we find that
interval first. Easy way is by taking two points where function takes the value zero)

(¥*=2)(2x+1)=0 ie. x=%2, _%
Thus f(v2)=0 = f(—2) = f(-¥2)

Consider the interval [—\/5 \/ﬂ g

~* All the conditions of Rolle's theorem are satisfied in this interval.
-.3 at least one ¢ e (—/2,4/2) for which f'(c)=0

Now f'(x)=6x*+2x—4

. Bx°+2c—4=0

3c’+c-2=0

c=-1 2,

** both these points ¢ =-1, %

belong to (—\/5 \/5) Rolle's theorem is verified.

Note: The interval [—\/5 \/E] can be broken up into two parts {—ﬁ—ﬂ and {—%\/ﬂ in each

of which Rolle's theorem can be verified seperately.
(ii) f(x)=x(x+3)e™?
1
f ' —_= 2y 6 —x/2
(x) 5 (x X )e
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f* exists for all x<[-3,0]

- T is differential in [-3,0]

= f is continuous in [-3,0]

Also, f(-3)=0=f(0)

.. All condition of Rolle's theorem satisfied

.3 at least one x e(-3,0) for which f'(c)=0

Now
f'(x)=0= —%(x2 -x—6)e™? =0

=x-Xx-6=0 =>x=-2,3
So there exists at least one ¢ =-2<[-3,0]. Hence Rolle's theorem is verified.

(iii) *»+ m and n are positive integers, on being expanded by Binomial theorem, (x—a)m and
(x—b)" are polynomials in x.
So f(x) is differential and continuous in[a,b]. further f (a)=f (b)=0

.. All conditions of Rolle's theorem satisfied.
.3 at least one ce(a,b) s.t f'(c)=0

f'(x)=0

:>(x—a)m_l(x—b)”‘l{n(x—a)+m(x—b)} =0

:>(x—a)m_1(x—b)"_l{(m+n)x—(na+ mb)} =0
na+mb

= X=a,b,

na+mb
Out of these values of x,
m+n

e |n fact, it divides the interval (a,b) internally in the ratio m:n. Hence Rolle's theorem is
verified.

is the only point which lies in the (a,b).

C
Example2. If C, +%+%+....+ - ”1=0.Then C, +Cx+C,x* +...+C _x" =0 has at least one
+

real root between 0 and 1.

Solution.

Exam Point -Try; intuition comes from Rolle’s theorem. But on which function?? To solve such
questions, we need to consider a function by ourselves which can give desired result.

Considering such functions becomes easy game once you practice enough number of questions.
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These examples in Rolle’s, MV Ts, Taylor’s will help you in commanding over such important
category of questions.
Let’s consider a function

Cx* CxX° C x"
+ +ot

f(x)=C
(x) = Cox+ 2 3 n+1

f (x) is polynomial ... continuous in [0,1] and differentiable in (0,1)

Also f(0)=C,0°+C,0% +...+C,0™ =0

f(1)=C,+C,x1*+C,xL*+..+C x1" =C, +%+%+... nci:lzo in (1)
ie. £(0)=f(1)=0

o f (x) satisfies all three conditions of Rolle’s theorem

.3 at least one point (real number) ce(0,1) s.t
f'(c)=0=C,+Cc+C,c*+..+Cc" =0

v of(x)=Cy+Cx+C, X2 +...+ CX"

c is a real root of the equation C, +C,x+C,x* +...+C_x"=0 between 0 and 1.

Example 3. Determine whether the function f (x)=sechx satisfies condition of Rolle’s
theorem for the interval [—1,1]. If so then find all numbers ¢ in (—1,1) which satisfy the

conclusion of Rolle’s theorem

Solution.
i0 —-i0 ig —ig
. e’ —e e
sin@ = - ,C0S60 =
2i
0 | A0 0 -0
coshé?:e e ,sinhé?:e €
2
s f(x)=sechx=
(x)

Clearly f(x) is continuous in [-1,1]
cet+e =0 in [-11]

f (x) is differentiable in (—1,1)
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2 2
—c _f(1)=
et +el @) et +e”

f(-1)= f(=1)=1(@)

All conditions of Rolle’s theorem are satisfied (yes)

-3 at least one c e(-11) s.t f'(c)=0:>—(ec+eC)(e°—e‘°)=0
“In (—1,1); e+e =0 .. (ec—zec)qﬁo
+

-.€°—e =0 [must be] e® =e“Possible only for c=0

. Required ¢c=0

Example 4. Show that under suitable condition there exits at least one real number where
a<é<b

Solution.
Applying Rolle’s theorem on a function ¢(x) s.t ¢'(x) can give required answer. So let’s try to
construct ¢(x)

Let

f(x)
g(x)| (b-a)

) and g(x) are continuous in[a,b] then ¢(x) will also be continuous.

ol
(X

Now if (i) f

(i) if f(x) and g(x) are differentiable in (a,b) then ¢(x) will also be differentiable in (a,b)

f(a) f(x) (b-a)lf(a) f(a)
‘g x) g(x)  b-a g(x) g(x) =0-0=0
Similarly ¢(b)=0
i.e. p(a)=¢(b)

- ¢(x) is continuous in [a,b]

¢(x) is differentiable in (a,b)
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#(a)=¢(b)
~. All conditions of Rolle’s theorem are satisfied in [a,b] by ¢(x)

.3 at least one real number & e(a,b) s.t ¢'(£)=0

f
g(x) g(b)

Rough Work to construct ¢

1 |f(a) f(b)‘:‘f(a) f'(a)
(b-a)jg(a) g(b)] |a(a) g'(b)

and ¢(a)=¢(b)

To get é, took x and to get ¢(a)=¢(b) took —E::

Example 5. Let f :R — R be twice differentiable function with f (0)=(1)=f'(0)=0

Then prove or disprove that f *(x)=0 for some xe(0,1)

Solution.

-+ f(x) is twice differentiable

= f (x) is differentiable and f '(x) is also differentiable in R
Let’s think in [0,1] for f(x)

-+ f(x) is differentiable in (0,1) so also continuous in [0,1]
Also given f(0)=f (1)

All conditions of Rolle’s theorem are satisfied

So there exists at least one point ce(0,1) s.t f'(c)=0
= Now let’s think in [0,c] for the function f'(x)
-+ f(x) is differentiable in (0,c)

- f'(x) is continuous in [0, c]
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Also f'(0)=0=f"(c)
~. All 3 conditions of Rolle’s are satisfied by f'(x) in [0,c] .. 3 at least one point are ¢,  (0,c)
s.tf"(c,)=0= f"(x)=0 for some xe(0,1)

Examples of MVTs
Example 1: Discuss the applicability of Lagrange's MVT to the following functions:

(i) f(x)=Yx in [-11]
(i) f(x)=x"in[-11]

(i)

f is not defined at x =0e[-1,1]
.. Lagrange's MVT not applicable.

(ii) The progressive derivative for f (x)=x"* at x=0; does not exist finitely in (-11)
(2) Hence Lagrange's MVT not applicable.

Example 2:
Let

xsin(lj; x=0
f(x)=1"" x

Now find a point ¢ in (—1,1)if possible by Lagrange's MVT for g(x) where g(x)= f '(x)
Solution:
g(x) is not continuous at x =0
.. Lagrange's theorem not applicable.
13

Example 3: Find 'c' of the MVT if a<c<b, f(x)=x*—-3x—1, where a=—171, b:7.

+ f isa polynomial
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.. differential and continuous in (—%gj&[—%g} respectively.

f f
~. by Lagrange MVT; 3 at least one c (a,b) s.t f'(c)= » = ( )

169 39 121 33
e N e |
_(49 7 )[49 7 )

28
7
c=233/196 clearly ﬁe —E,E
196 7 7

Example 4: Find 'c’ of Lagrange's MVT if f (x)=x(x-1)(x-2); a=0,b =%

Solution:

Hint: On solving as previous, we get: ¢ :1i%\/ﬁ

But only ¢ :1—%\/ﬁe (0%)

Examples of Cauchy’s MVT
Example 1: Find ¢ in Cauchy MVT if f (x)=x(x-1)(x—2), g(x)=x(x—2)(x—3) defined in

ol

Solution:
f, g are polynomials. So conditions of MVT are satisfied.

1

te) 1o)-ria) (3) 1O 2o
9'(c) a(b)-9(a) g(lj_g(o) Do

2 8
) 3c’-6¢c+2 1 . 5+413
ie. ———— " =" je c=
3c¢°-10c+6 5 6
out of these two ¢ = 5_6‘ 13 is valid.

Example 2. Let us consider two functions. If in Cauchy's MVT we write,

(i) f(x)= % and g(x) =X, then ¢ is the geometric mean between a and b.
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(i) If f(x) :% and g(x) :%, the ¢ is the harmonic mean between a and b.

Solution.

Here if we considered that f (x) and g(x) are well defined in [a,b] then we may proceed like:
At x=0, f (x),g(x) will be tending to o

So a and b must be non-zero

(i) -~ f (x) and g(x) continuous in [a,b], differentiable in (a,b)

1.5
1 _ _*C 2
.. Cauchy’s MVT, 3 at least one CE(a,b) s.t f(c)=f(b) f(a): 2 =i—i
g'(c) g(b)-g(a) 1l b a
2
1 Ja-+b
S L e LN
L
1 1 .
—-=——_=c=+ab=c isg.m. of a,b.
¢ Jab _
(ii): try by yourself. Show %:§+%.

Example 3. The function f (x) is differentiable on the interval [a, b] , Where ab > 0. Show that

the following equality

1 a b ' '
T = —cf '(c) holds for this funct h
a—b f(a) f(b)‘ f(C) cf (C) olds for this function where cE(a,b)
Solution.
Let’s think:

Constructing some function ¢(x) with the help of f (x). But f (x) itself is not given.

.. Not by Rolle’s or Lagrange’s MVT
But we need to go other than those i.e. Cauchy’s MVT

.. We need to construct two functions.

Let’s consider two functions; F(x)= ,G(x)=

Now let’s apply Cauchy’s MVT for F(x) and G(x) in [a,b]
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 given ab>0=a=0,b=0

~.F(x),G(x) are well defined (- x#0)

Also F(x),G(x) are differentiable in (a,b) - f (x) is differentiable [given]
.3 at least one point c e(a,b) st

1

, 1
Fi(e)_FO)-F@) _ ¢ (O ) t(b)b-rf(a)a
G'(c) G(b)-G(a) v y-v

1| a b .
= IR RCREEC

Example If f : [a, b] — R be continuous in [a, b] and derivable in (a, b), where 0 <a <
b, show that for c € (a, b)
f(b) —f(a) = cf’ (c) log(b/a)
Solution: Applying Cauchy’s Mean Value Theorem Two functions f and g are:
continuous on [a, b], derivable in (a, b) (iii) g” (x) # 0 ¥x € (a, b),
then there exist at least one point

ce(a,b)s.t.
f'(c) _ f(b)-f(a)
g'(c) g(b)-9(a)

hint from the target f (b) —f(a) =cf '(c)log(b/a);
take g(x) =logxin[a,b]0<a<b

Applying Cauchy’s MVT.
_f(e) _f(b)-f(a)

(1/c) logb-loga
= f(b) —f(a) =cf'(c)log

Example: If ¢ and y be two functions derivable in [a, b] and ¢ (X)y’ (X) — y(X)d’ (X) >0
for any x in this interval, then show that between two consecutive roots of ¢(x)
= 0in [a, b], there lies exactly one root of y(x) = 0.

Solution: Let o and B be two consecutive roots of ¢p(x) =0 in [a, b] and o <.

required to prove:
only one root of y(X) = 0 lies between o and p.

Let if possible, y(x) = 0 has no root in (a, p).

Consider the function F(x) = i)](();))
o) = @) COB) 0 e gy
F(a) e 0&F(B) o)~ (+ ¢ () =0 = o(B)

To download visit website https://mindsetmakers.in/upsc-study-material/ +91 9971030052



https://mindsetmakers.in/upsc-study-material/

~ F(X) is continuous in [a, B] and using given information,
PR T R CATEN
[v(x)]
~ F(x) satisfies all conditions of Rolle’s Theorem in [a, [3]
~ F(r)=0where a <r<p
but by given condition ¢.y-yw.¢' > 0 =~ F’(X) #0in (o, B) and we get contradiction.
Hence, y(X) has at least one root in (a, B).

By similar argument, it can be shown that between two roots of y(X) = 0, there is a root of ¢(x) =
0

exisst in (o, B].

Now, we prove that there is exactly one root of y(X) = 0 between a, .
If possible, let r and 3 two roots of y(x) = 0 in (a, P), i.e.,
a<r<o<p
Between r and 9, there would exist a root of ¢(x) = 0. This contradicts that roots of o and [ are
consecutive roots of ¢(x) = 0.
Hence, there is only one root of ¢(x) = 0 between a and .

Examples of Monotonic functions, properties, applications
Example:

f(x)=x-3x
f'(x)=3x(x—-2)
e f'(x)=0for x=0 and x=2

f'=0 f'=0
+ve I —-Vve | +Vve
| I
x=0 X=2
f(0)=0 f(2):—4

e Now determine a sign chart for "
f"=6x—6=6(x—1)

Now summarize the information from each of the sign chart from f'.
fis T for x<0 and x>?2

fisd for 0<x<?2

f has a relative maximum at x=0

f has a relative minimum at x =2

From f"

fis U for x>1

fis N for x<1
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Graphs of some functions
Category 1: Based on simple observation

.1
(1) f (x)zsm;

X 1 1
— SIn—
X X
4 |z sm(zj:i
Vs 4 4) 2
1 T 0
P
2 r |1
z |2

A LN
VA [ /AN

x(-1)< f(x)<x(1); As —1<sinx<1
Note: 0 x Finite value =0

0 x infinite value need not to be zero.
f (O) =0xsinco=0 x A finite value in between-1& 1 =0

.1
(2 f(x)= xsin~
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Category 2: Procedure to trace any general function f (x)

Step 1: Monotonic nature of given function : (Increase/Decrease)
= For what value of x ; f (x) is decreasing just check the sign. If f'(x)<0

For what value of x. f (x) increasing. If f '(x)>0

Example:
f(x)=x
f'(x)=2x
| v
For x negative f'(x) will negative so For x positive f'(x) will positive so f (x)

decreasing the f (x) increasing
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2. Concavity: If f"(x)>0 then for those values of x the function f (x) will be concave up.
e If f"(x)<0 then concave down

Example: f(x)=x? W

f'(x)=2x

* f"(x)=2>0 so always concave up.
Example:

f(x)=sinx - f'(x)=cosx f"(x)=—sinx

For OSXS% for %SXSﬁ

f'(x)=0 .. f(x)is increasing f'(x)<0
f"(x)

. f(x) is concave down

= f"(x)<0

f (x) concave down

At x=0
-+ f(x) cosx & cosx is negative in second quadrant & 4th quadrant.

IA

0 o f (x) is decreases

N—"

Now at 7 < x< %T f'(x)<0 decrease
f"(x)<0, f(x) concave down, *: cosx is positive in 1st & 3rd quadrant
At z <X<X
2
f'(x)>0 increase f"(x)<0, f(x) concave down.
Trace:
f (x) =sinx+sin 2x
f '(Xx) = cos x+2cos 2x

f"(x)=—sinx+4sinx

X 2X f(x)
O<x<% 0<2x<% tve

%<X<% %<X<7Z’
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%<X<% 7z<2x<3?”

441

J2

To trace the above graph we have to observe two things -
1st value of f (x) at some particular value of x.

2nd sign of f'(x)( -+ ' contains a term 2xcos2x which will be dominating over the other term
COSX.
So we just observe if < x in first and fourth quadrant then ' will be positive mean f(x) is

increasing whereas if 2x is in 2" & 3" quadrant, ' is negative so f is decreasing.

“* The given function is periodic with the period 2 so we need to observe above behaviour only
in 0 to 27 and next it will be repeated.

Draw the graph of

(1) f(x)=sinx—cosx (2) f(x):sinx+%sin2x
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f (x)=sinx—cosx

97, T ¥ - 74 27
73%3%”% a7\
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Example 1. The equation x*+x—1=0 has exactly one real root. Prove or disprove.
Solution.
Let f(x)=x"+x-1
f'(x) =3x*+1>0for all real x
= f (x) is strictly increasing
Also; -- f(0)=0’+0-1=-1 Negative
f(2)=2°+2-1=9 Positive
and f (x) is a polynomial so it is continuous
~. By Intermediate Value Theorem (IVT); f (x)will take all values between negative to positive
f (x)=0 also will be taken for some real x.

- f(x) is strictly increasing so f (x)=0 will hold for exactly one real x [Proved]

Example 2. The equation x* +x** +2x" +3x%+ 2x-5=0 has exactly one real root prove or
disprove?

f(x)=x"+x"+2x"+3%* +2x—-5

o (X)) =19x"® +13x" +14x° +9x* +2

*+ power of x in each term are even: .. each term >0 .. f'(x)>0 = f (x) is strictly increasing
= f (x) is one-one ~..(1)

-+ f(x) is continuous also f (0) is negative f (x) is positive for some values of x

- By IVT; f(x) will also take the value zero for at least one x ....(2)

On combining (1) and (2) we conclude
f (x) =0 is possible for exactly one value of x

5\ (12Y : :
Example 3.a. Let P(x) = (EJ +(EJ —1 for all xeR. Then prove or disprove that P(x) is
strictly decreasing for all xe R

Solution.



(3] 5]
o 00=( 2 to0.( 5] (12 o (2]

(1)

%(ax):aX log, a

log, o is negative if 0<a <1

(ij >0:xeR
13

[Ej ~0'xeR
13

5 12
‘»log. — <0,log. — <0
d 13 9 13

Using (2) in (1), we get
P'(x)<0 forall xeR

P(x) is strictly decreasing for all x e R [Proved]

Example 3.b. Show that the equation 3* + 4* = 5* has exactly one root.
Sol: The given equation is
3+ 4x =5
Dividing both the sides by 5%, we get

B
a3 o]

Clearly, f(x) is strict, so it will have exactly one real root. (like previous explanation)

Example 4 . Show that log(1+ x) lies between

2 2

x—X— and x—X—, Vx>0
2 2(1+x)

2
Solution- Consider f (x)=log(1+ x) —[x —X?]

1 x?

() =——-(1-x)=

>0, Vx>0
1+x 1+x

(2)




Hence, f(x) is an increasing function for all x>0.
Also

f(0)=0
Hence for x>0, f (x)> f(0)=0
Thus

2
log (1+x) > x—X?, for x>0

Similarly, by considering the function
2

F(X):X_2(1+x)

—log(1+x)
it can be shown that

2

log(1+x) < X—— 2 wx>0

2(1+x)

Example 5. For n>2 let f :R— R be a function given by f, (x)=x*sinx. Thenat x=0,

f, has (i) local minima if n is odd. prove or disprove

(ii) local maxima if n is even. prove or disprove

Solution.

f(x)=x"sinx

For local maxima / minima ; We need to observe sign of f '(x)

o f'(x)=x"cosx+n-x""-sinx ....(ii)
Now " we want to check local maxima / minima at x=0

" So let’s observe the sign of f'(x) in

Left nbd of x=0;i.e. x<0
Right nbd of x=0;i.e. x>0

If nis even sign of f'(x) If n is odd
(+ve)(+ve) = _ve Sign of *(x)
tve (-ve) (-ve) =- ve
For x<O +ve
f'(x) is—ve to +ve ..x=0 is a local minima




f *(x)is positive for x <0and positive for

x>0

No sign change in f '(x)

Example 6. By using the differentiation, show that tan x > x >sinx, vx (0, 7/2)

Solution

Consider a function f (x)=tanx—x (D
o f'(x) =sec’ x—1>0 for xe(0,7/2) = f (x) is increasing strictly

= f(x)> f(0) for x>0 =tanx—x>tan0—0 for x>0 =tanx—x>0
=tanx>x for x>0 in (0,7/2)

Now let’s consider another function g(x)=x-sinx for x [0, /2]

"+ g(x)=1-cosx>0=>g(x) is strictly increasing

. By definition g(x)>g(0) for x>0

x—sinx>0-sin0 for x>0

x>sinx for x>0 in (0,7/2) ....3)
.. On combining (2) and (3) we get

tanx > x >sinx for xe[0,7/2]

Example 7. Prove or disprove in (0, 7z/2)

(i) cosx <cos(sinx)

XZ

1—
2

Solution.

(ii) <log(2+x)

We have used some fundamentals too

Let’s consider a function
f (x)=x-sinx

. f'(x)=1-cosx>0 for xe(0,7/2)



= f (x) is strictly increasing in the interval [0, 7/2]

. By definition f (x)> f (0) for x>0

x—sinx>0-sin0in (0,7/2)

x—sinx>0 in (0,7/2)

x>sinx in (0,7/2)

-.cos(x) < cos(sin x) Hence Proved

Inequality reversed: On increasing x; cosx decreases in (0, 7/2)

cosa , Cospf

\ \

a=x  f=sinx

If get some relation between o and £ then it will be easy to get relation because cosa and
cos B

a< fB?

a>p?"r=a-f

a=p7?
Example 8. Prove or disprove in (0, 7z/2)

(i) cosx <cos(sinx)

XZ

1—
2

Solution (ii):

(ii) <log(2+x)

If we consider f (x)=1log(1+x) then f'(x)= which is not in inequality .. so of no use

1+ 2x

Let’s try other way

(1-x)
Can we show : log(2+ X)_T >07? So let’s try

Consider f(x):log(2+x)—(1_2X2) in [0, x]

o f(x) :$+x >0 - xe[0,7/2] = f(x) is strictly increasing in (0, 7/2)



. By definition f (x)> f (0) for x>0

Iog(2+x)—(1_2X2) > Iog(2+0)—%

(1-x°)
= log(2+ x)—T>O.69—0.5>O

1

Example 9. Let f:(-11)— R be the function defined by f (x)=x’ o)

Then show that
(i) f isdecreasing in (-1,0)

(i) f isincreasing (0,1)
(iii) f(x)=1 has two solutions in (-1,1)

Solution.

( )=x2-e(“2)+( 2X 2+2x-e(H2)
1-x?
(x)=x el ><( 2x )2 +2x-e)
1-x?

- f'(x)<0 for x<0

(i)

= f (x) is decreasing in (-1,0)
+ f'(x)>0 for x>0

(i) = f (x) is increasing in (0,1)

(i)



0,1)
i 1 ! | >
Xx=-1 X 0 X x=1 X
. (0)=0
f (1)—)00
f (—l)—)oo

Clearly x,,x, are two solution of f (x)=1 - f(x) is continuous.

Combined problems through considering a function

Example-1 Show that between any two roots of e*cosx=1, there exists at least one root
e*sinx—-1=0.

2-1f ¢ and y be two functions derivable in [a,b] and ¢(x)y'(x)—w (x)¢'(x)>0 for any x in
this interval, then show that between two consecutive roots of ¢(x) =01in [a, b] , there lies exactly
one root of y(x)=0.

3-If f :[a,b]—>R be continuous in [a,b] and derivable in (a,b), where 0 <a<b, show that for
ce(ab) f(b)—f(a)=cf'(c)log(b/a).

Hints

Let f(x)=e"cosx+1=0, g(x)=e"sinx+1=0
Method 1:- Let o and y one two real roots of f (x)=0
= f(a)=0, f(B)=0
Also f (x) is continuous in [«, B] and differentiable in (c, )

By Rolle’s theorem, there exists at least one real ce (e, £) such that f'(c)=0



= —e.sinc+e‘cosc=0. But it doesn’t fulfil the demand of question. So let’s try another

way.

Method 2:- Let a and b are two roots of e cosx+1=0. So

e*cosa+1=0=>cosa+e > =0ande” cosb+1=0=cosh+e™ =0...(i)

Let’s consider a function f(x) which may give the desired function €” sin x+1 after differentiation.
f(X)=—e*—cosx

f(a)=—e?—cosa, f (b) =e™ —cosb. both are equal (using i)

Clearly this function satisfies all conditions of Rolle’s theorem.

soF(X)=e +sinx

dce(a,b)st.f'(c)=0=e“+sinc=0=1+esinc=0

e*sinx+1=0

Therefore we have proved that between two roots of e*cosx+1=0 there is a root of
e*sinx+1=0.

e The following explanation, we may study later on.
Method 3):use of differential equation and linear algebra)- f (x) and g(x) are two linearly

independent functions, so by sturm’s separation theorem  ( f(x),g(x) are differentiable

Imearly independent so their Wronskian is non zero by the definition of linear dependence)
Between two consecutive roots of f (x), there exists a exactly one roots of f (x).

Proof of sturm’s seperation theorem:
Let W(f,g)(x)=W(x) without loss of generality, we can suppose that W(x)<O0,

W (x)=0.

Let X, and x, are two roots of f(x) i.e. f(x)=0, f(x)=0

fx) 9(x)

F'x) 9'(x)

(%) 9(x)

BRSNS

_ 0 9(%)
F'(%) 9'(%)

W (x)==F"(%)-9(x%) and W(x)=-F"(x).g(x)

X=X, and x = x, are two consecutive zeros of f (x) it caused f'(x,)<0. Thus to keep

From W (x) =

W (x) <0 we must have g(x,)<0.

We see this by observing that f'(x)>0 Vxe[x,,%] then f(x) would be increasing
(away from the x-axis) which would never lead to zero at x = x;, so for a zero to occur at
x=x_at most f'(x)<O and it turns out from then Wronskian that f'(x,)<0 so



somewhere in the interval (x,,x ) the sign of g(x) changed. By the intermediate value
theorem them exists X" e (x,, X, ) such that g(x*)zo.
On the other hand, there can be only one zero in (x,, x,) because otherwise g(x) would

have two zeros and there would be no zeros of f (x) in between, and it was just proved
that this is impossible.

2-Give ¢ and y are differentiable in [a,b].
Also given ¢(x) y'(x)—w(x)¢'(x)>0
49 w(x)
#x) v(x)
= Wronskian of gand y =0 so ¢(x) and w(x) are linearly independent function
i.e. ¢(x)=k.y(x) for constant k.
Let o and S are two roots of ¢(x) in [a,b] i.e. ¢(a)=0, ¢(B) suchthat <3

>0

Inequality type problems

Example- Show that X

<log(1+x)<x for x>0

Solution- consider a function f(x)=1log(l+x) over the interval [0,x]. So why we have choosen
such function ! interesting to notice . See basically we want to use different outcomes learnt above
in MVTs and at the same time the inequality asked in the question is also directing us to consider
such function.
Evidently this function is continuous in [0,x] and differentiable in (0,x). So on applying Lagrange’s
MVT on this function we get

f(x) =log(1+ x)

dc € (0, x)st.

[f(x)—f(0)]/(x-0)=f(c)

= log(l+x)—logl/x=1/(1+c)

= log(l+x)=x/(1+¢c)

w0<c<x= x/(L+x)<x/(Ll+c)<x

= 0<x/(log(l+x))-1<x

= 1< x/(log(l+x)) < (L+x)

= log(l+ x) < x, x/ (1+ x) < log(1+ x)

Question to Try
Q. 1. Show that



x3—6x*+15x+3>0, Vx>0
Q.2. Show that

L X
i) —<log(l+x)<x, Vx>0
()1+x g( )

<tantx<x, Vx>0

X

i

(i) 1+ %

Q. 3. Show that

() tanx>x, 0<x<7/2

()—<§ﬂﬁ <1,0<[x < 7/2
X

Q. 4 Show that

2

2x<Iogl+—X<2x 1+X—2 , 0<x<1
1-x 3(1-x*)
Q.5. Show that
2/(2x+1) <log(1+1/x) <]/1/x(x+1), Vx>0
Examples of Taylor’s theorem
Example 1- Find Taylor’s Series expansion for the function f (x)=log(1+x), —1<x <o about

x =2 with Lagrange’s form of remainder after 3 terms.
Solution.

*+ Expansion about x=2 = power of (x—2)

a=2and h=x-2

_ SRCE
)= {8+ Bt DD@EDDDDDM DD@EDD&DDSDS%EDDS&

Ist Term lInd Term
Iird Term Remainder term after 3termswhere 0<9<1

o f(x)=log(1+x) .. f(2)=log(1+2)=1log3

f'(x)zﬁ .'.f'(2)=$
1 oy 1
f(x)= o) f"(2)=-3
2 wioy 2
(x)= (1+x) ! (2)_(1+2)3

Use all values in (1).



2

Example. IF (1) = (0) + h°(0) + ~- £ (8h), 0 <0<L. Find 0, when h = 1and f() = (1~ 1) *
Solution. Given : f(x) = (1 — x)*? = f(h) = (1 — h)*?

Now,
f(x) = = (1-x¥ = f(0)= —
2 2
Also,
f"(x):%(l—x)ﬂz = f"(eh)z%(l—eh)”2
. h* .,
- f(h)=f(0)+hf (0)+mf (6h),0<6<1
2
=  (1-h)"=1+ h(_—5j+h—E(l—6h)”2
2 ) 214
Whenh =1,
0=1+ _—5+1><E(1—6)1/2
2 2 4

5 15 U2
0=1-2+=-(1-0
= ,tg (170

9
1-9)=—
= (1-0)=¢
55
0=
- 64

Examples of Maxima Minima
Critical Points and Inflection Points
Example:

X2 42X, X< —2
—x?=2x, —2<x<0
x> -2%X, 0<x<2
2X—4, X>2

f(x)=

Before discussing critical points/inflection points; we need to check continuity of f (x) at
Junction points x=-2, x=0, x=2



At x=-2; lim f(x)=Ilim f(x)=f(-2) itisok f(x) is continuous.

X—>—2" x—2*+

Similarly we cansee it -at x=0, at x=2.

Now
2X+2; X< -2
—2X—-2; -2<x<0
f'(x)=
2x—2; 0O<x<?2
2 X>2
Note:
Check for x=-2 ;
xI—I>r—r2]’ f(X):_Z
lim f(x):z, f'is discontinuous at x = -2
x——2"

(ii) Similarly we can check for x =+2 get f'(x) is continuous.
(iii) Also at x=0 ; f'(x) is continuous

Now Critical Points:

[Stationary Points & Non-differentiable points]
2x+2=0=>x=-1 But outside the domain

. Reject x=-1

2X—2=0=>x=-1

2x—-2=0=x=1

Critical points are x=-1,1,-2

Point of maxima / minima where derivativef (x) changes its sign.

2 X< -2
F7(x) = -2; -2<x<0

2; 0<x<2

0; X>2

Inflection points x =0 is an inflection point (.- f" changes sign) but x =—2 is not an inflection
point (at x =—2 tangent non-existence or not differentiable)



Example 1. Examine the function sin x+cos x for extreme values.
Solution- Let

f (x) =sinx+cosx

f '(x)=cosx—sin x

f "(x)=—sinx—cosx

f'(x)=0 when tanx =1, so that

T
X=Nnr+—

where n is zero or any integer.
" 1 i 1 1
f''"nr+=7x |=—<sin| nt+=x |+COS| NT+=7x
4 4 4
=(-1)™ (sin 7 1 cos Zj =(-1)""V2
4 4
[ sin(nz +a)=(-1)"sinaandcos(nz +a) =(-1)" cos a}
1 . 1 1 n
Also f N7 +27 |=sin| N7+ 2 | cos| Nz =(-1)"V2
When n is zero or an even integer, f"(nz+7/4) is negative and therefore x = n7z+%7z makes

f (x) a maxima with the maximum value V2.

. . 1 : .
When n is an odd integer, f"(n;z+z7rj is positive and therefore X = n7z+%7z makes f(x) a
minima with the minimum value /2 .

Example. Find the difference between the maximum and the minimum of the function

(a _L x](4 —3x° )Where o is a constant and greater than zero.
a



Solution. Let f(x) = (a—l—xj(4—3x2)
a

where a is a constant and greater than 0.
= f(x) = (a—i— xj(—Gx)+(—1)(4—3x2)
6X ) )
= f’(x) = —6ax+—+6X" —4+3X
a
) - 2 1
= P’(x) = 9ax —G(a—gjx—4

For maxima or minima, f’=0

= 9x? —6(a—1jx—4=0
a

2
6[a—1ji\/36(a—1j +36x4
a a

2+9

= X=

From (2), £"(x) = 18x— 6 (a - i]

2
Forxz—a,
3

f--[éjzlsx@_a[a_ij
3 3 a

6

= f"[§J=6a+—>O-.-a>O
3 a

. 2a
= f is minimum at x = ?

()

..

..3)



= fmn=—————+—
a 9 3
3
- fminoda_4_4a ()
3 a 9
Forx= —,
3a
r(-a)melz)-o=-3)
3a 3a a
f'[—ijzﬁ—% 9=_—6—6a<0
3a a a a
= fis maximum at x = —
3a
f max = —£J=4a—£+i3 ...(9)
3a 3a 9a

slva)ralera ) e

=—lat+=|+-|a+—||a"+—=+1

3 a) 9 a a

=[a+ij ﬂ+ﬂ[a2+i2+1j
a3 9 a

Examples on basic maxima minima but very important category of questions for UPSC

Example 1. Find the shortest distance from the point (1,0) to the problem y® =4x

Example 2. Show that the maximum rectangle inscribed n a circle is square.
Example 3. A conical tent is of given capacity. For the least amount of canvas required for it

find out ratio of its height to the radius of its bare.
Solution 1. Let’s take some arbitrary point on given parabola as (at?,2at) and finding distance

between this arbitrary point and given point (1,0)
p= \/(tz 1) +(2t-0)° = p=t* —22 11148 = p=t' + 207 +1=(t2+1)

p=(2+1) (1)




For minimum p;dp/dt must be zero. = (t2 +1)>< 2t=0=1t"+1=0=t =+i [Not real]
. Minimum value of p= (O+1)2 -1 as t =0 [Possible]

Solution 2. = P2 =x2+y* = y2 =12 —x2 = y=Jr2 - x% (D)
+ Area of rectangle = 2xx2y = A= Zszm s I constant

For maximum Area ; 3—A =0=r=+/2x, . y=x from (1) = ABCD is a square.
X

Solution 3.+ s° :7z2r2(r2 +h2)

\V 2 . i
s* =x°r? +ﬁ2r2(%j using h inV
7°r

2

= =T+
r

Let =2
2

= z=rr*+

dz_4 2,3 18\?{2
dr r

2
= d”z 127z2r2+54\:

dr? r
Clearly z is maximum or minimum according as s is maximum or minimum.

18V2

=0

Stationary point of z are given by % =0=47°r’ -
27°r® = 7%r'h?
h=+2r

dz_12 202,

Uy

V2
—>0forall vV and r.

Required ration 2: 2171
Assignment

1. Examine the validity of the hypothesis and the conclusion of Rolle's Theorem.
(). f(x)=x"—4x on[-22].

(ii). f(x)=(x-a)"(x—b)", where mand n are positive integers on [a,b],
(iii). f (x)=1-(x-1)"* on [0,2],
(x)=

(iv). f(x)=|x| on [-11],



(v). f(x)=1—|x-1 on [0,2]

2. Examine the validity of the hypothesis and the conclusion of Lagrange's Mean Value
Theorem:

(). f(x)=|x on[-11]

(ii). f(x)=logx on Bz}

(iii). f(x)=x(x-1)(x—2) on {Oﬂ
(iv). f(x)=x"*on [-11],

(V). f(x)=2x*—-7x+10 on [2,5].

Assignment -

1. Expand, if possible, sin x in ascending powers of x.

2. Assuming the validity of expansion, show that
2x* 2°xt 22 N

(i). e*cosx=1+x-
3! 41 ol

. 1, 1,
ii). logsecx==x"+—x"+....
(ii). log RET

o x-x/4  x(x—m/4)
-t 210 2t
4 1+7°/16 (147 /16)

(iv). sin(%+0j:%[l+0—e—2—g—3+....j

ool (e G ()

3. Use Taylor's theorem to show that
2

(). cosx 21—% , for all real x.

(iii). tan ™' x = tan

3
(ii). x—%<sinx<x,for x>0

X X
(ii)). X——<siNX<X——+—, Vx>0
6 6 120

2 2
(iv). 1+x+x?<eX <1+x+X?eX, x>0



4. 1f 0<x <2, then prove that

(=" (x-1)° (x-1)

I =(x-1)— -
ogx=(x—-1) >t YR
Assignment
. . 23 1
1) Show that the maximum value of the function (x—1)(x—2)(x—3) is 5 at x=2—-—"+=

N

Show that x° —5x*+5x*—1 has a maxima at x=1 and a minima at x =3 and neither at

2)
x=0.

3) Find the maximum and the minimum as well as the greatest and the least value of
x* —12x* +45x in the interval [0,7].

[Hint: For greatest and least values, find f (3), f (5), f (0) and f(7)]

4) Find the maximum or minimum of

X4
(x-1)(x-3)

5)  Show that the maximum value of (1/x)" is e**.

6) Show that the maximum value of (logx)/x in 0<x<oo is 1/e.

7) Show that sin x(1+cosx) is maximum at x = /3.

8) If (x— a)Zn (x—b)zmﬂ, where m and n are positive integers, is the derivatives of a function
f, then show that x=b gives a minimum but x=a gives neither a maximum nor a
minimum.

9) Show that the semi-vertical angle of a cone of maximum volume and of given slant height
is tan /2.

10)  Show that the volume of the greatest cylinder which can be inscribed in a cone of height h
and semi-vertical angle « is (4/27)7h’tan’ «r.

11)  Show that the height of the cylinder of maximum volume that can be inscribed in a sphere
of radius a is 2a/\/§.

ANSWERS

3. Max 54, min 50, greatest 70, least 0

4. Max at g minat x=0

PREVIOUS YEARS QUESTIONS UPSC CSE/IFo0S
(Years 2010 onwards)

ROLL'S, LAGRANGE'S, CAUCHY'S AND TAYLOR'S THEOREM



Q1 Edited(d) Show that between any two roots of e*cosx =1, there exists at least one root
e*sinx—1=0.
[UPSC CSE 2021]

. .11 ) ..
Q2 Edited(a) Does f (x)= x+1 in [5,3} satisfy the conditions of the mean value theorem? If
X

yes, then justify your answer and find c (a,b) such that

f '(c):w&:%,b=3). [1F0S 2021]

IFoS 2020 Q1. Find the Taylor's series expansion for the function
f (x)=log(1+x),—1< x <o, about x =2 with Lagrange's form of remainder after 3-terms.

IFOS 2019 Q2. Justify by using Rolle's theorem or mean value theorem that there is no number k
for which the equation x*—3x+k =0 has two distinct solutions in the interval [-1.1].

IFoS 2018Q3. If f:[a,b] — R be continuous in [a,b] and derivable in (a,b), where 0<a<b,
show that for ce(a,b) f(b)—f (a)=cf '(c)log(b/a).

IFoS 2018 Q4. If ¢ and  be two functions derivable in [a,b] and ¢(x)y'(x)—y (X)¢'(x)>0
for any x in this interval, then show that between two consecutive roots of ¢(x)=0 in [a,b], there

lies exactly one root of y/(x)=0.
IFoS 2017 Q5. Using the Mean Value Theorem, show that
(i) f(x) isconstantin [a,b],if f'(x)=0 in [a,b]

(i) f(x) isadecreasing functionin (a,b), if f'(x) existsand is <0 everywhere in (a,b).
X
1+x)
IFoS 2016 Q7. Using mean value theorem, find a point on the curve y = JXx=2, defined on [2,3]

, Where the tangent is parallel to the chord joining the end points of the curve.

CSE 2014 Q8. Prove that between two real roots of e cosx+1=0, a real root of e*sinx+1=0
lies.

IFoS 2013Q9. Find C of the Mean value theorem, if f(x)=x(x-1)(x-2),a=0,b :% and C

IFoS 2016 Q6. Show that ( <log(1+x)<x for x>0

has usual meaning.

IFoS 2013 Q0. Prove that if a,a,a,..,a, are the real numbers such that
T I
n+l n n-1
such that a,x" +ax" " +a,x"?+...+a ,x+a =0.

CSE 2011 Q11. Let f be a function on R such that ff (0)=-3 and f'(x)<5 for all values of x
in R. How large can f (2) possibly be?

a .
+ o +“T*1+ a, =0 then there exists at least one real number x between 0 and 1



CSE 2010 Q12. A twice-differentiable function f (x) issuchthat f (a)=0=f(b) and f(c)>0
for a<c<b. Prove that there is at least one point &,a <& <b, for which f"(£)<0.
IFoS 2010Q13. Prove that between any two real roots of e*sinx =1, there is at least one real root

of e*cosx+1=0.
CSE 2009Q14. Suppose that " is continuous on [1, 2] and that f has three zeros in the interval

(1,2). Show that f" has at least one zero in the interval (1,2).

AL
IFoS 2009 Q15. If f(h)= f (0)+hf (0)+§f (6h) 0<o<1

Find @, when h=1 and f(x)=(l—x)5/2.

2. MAXIMA- MINIMA
CSE 2020 Q1. Consider the function f (x)= J'Ox(t2 —5t+4)(t* —5t+6)dt

(i) Find the critical points of the function f (x)

(ii) Find the points at which local minimum occurs

(iii) Find the points at which local maximum occurs

(iv) Find the number of zeros of the function f (x) in [0,5]

CSE 2019 Q2. Find the maximum and the minimum value of the function
f (x)=2x°—9x* +12x+6 on the interval [2,3].

CSE 2018 Q3. Find the shortest distance from the point (1,0) to the parabola y® =4x.

IFoS 2018 Q4. Show that the maximum rectangle inscribed in a circle is a square.

CSE 2015Q5. A conical tent is of given capacity. For the least amount of Canvas required, for it,
find the ratio of its height to the radius of its base.

CSE 2014 Q6. Find the height of the cylinder of maximum volume that can be inscribed in a
sphere of radius a.

IFOS 2009Q7. Find the difference between the maximum and the minimum of the function

1 .
(a—g— xj(4—3x2) where a is a constant and greater than zero.

IFoS 2008 Q8. A wire of length b is cut into two parts which are bent in the form of a square and
a circle respectively. Find the minimum value of the sum of the areas so formed.

Solutions(hints)

1. Model to solve PYQ1 Edited, PYQ8 PYQ13, PYQ4
Let f(x)=e"cosx+1=0, g(x)=e"sinx+1=0

Method 1:- Let o and y one two real roots of f (x)=0
= f(a)=0, f(B)=0
Also f (x) is continuous in [«, B] and differentiable in (c, )



By Rolle’s theorem, there exists at least one real ce (e, B) such that f'(c)=0
= —e.sinc+e‘cosc=0. But it doesn’t fulfil the demand of question. So let’s try another
way.
Method 2:- Let a and b are two roots of e*cosx+1=0. So
e®cosa+1=0=cosa+e*" =0ande’ cosh+1=0=cosb+e™=0...(i)
Let’s consider a function f(x) which may give the desired function €”sin x+1 after differentiation.
f(X)=—e*—cosx
f(a)=—e?—cosa, f (b) =e™ —cosb. both are equal (using i)
Clearly this function satisfies all conditions of Rolle’s theorem.
s f(X)=e 7 +sinx
dce(a,b)st.f'(c)=0=e“+sinc=0=1+esinc=0
e*sinx+1=0
Therefore we have proved that between two roots of e*cosx+1=0 there is a root of
e*sinx+1=0.

Hint edited pyqg?2
Yes f(x) satisfies Lagrange’s MVT. So on finding by solving the equation
f'(c)=(f(3)-f(@/2)/(3-1/2)

Ansl. Find Taylor’s Series expansion for the function f (x)=1log(1+x), —1<x <oo about x=2

with Lagrange’s form of remainder after 3 terms.

Solution.

*+ Expansion around x=2 = power of (x—2)
sa=2and h=x-2
- fﬁm) EDDD%DDD(DD) (2) uf'"(2+0(x 2)
DD@EDDDDDM 008800000000000000

IstTerm lInd Term
Iird Term Remainder term after 3termswhere 0<6<1

+ f(x)=log(1+x) .. f(2)=log(1+2)=1log3

f()=r ()=
N S|
- )
iy, 2 o2
()= (Lex) ) (L+2)



Use all values in (1) to get required answer.

Ans2. Justify by using Rolle’s theorem or mean value theorem that there is no number k for which
the equation x°—3x+k =0 has two distinct solution in the interval [—1,1]

Sol:-  #(x)=x>—3x+k
#(x) is polynomial in x and so it is continuous and differential in [-1,1]and (-11)
respectively.

Now let ¢(x) has two roots (distinct) as «, # in [-1,1] i.e. ¢(a)=0, ¢(B)=0

: #(x) is continuous in [, B] =[-11]

¢(x) is differentiable in (o, ) =(-11)

Also ¢(a)=¢(p)

Rolle’s theorem is applicable for ¢(x) in («, B), so there exists at least one root ce («a, )
such that ¢'(c)=0

3x*-3=0= c*=1

c=+1¢(-a,p) (o, B)[-11]

X)
X)

=
=

This contradicts above explanation, so we can say that there exists no such k for which ¢(x) has

two distinct roots in [-1,1].
* roots solutions

t(x)

(09}

Ans4:- Give ¢ and y are differentiable in [a,b].
Also given ¢(x) y'(x)—w(x)¢'(x)>0



>0

‘¢(X) v (x)
$'(x)  v'(x)

= Wronskian of gand y =0 so ¢(x) and w(x) are linearly independent function

i.e. ¢(x)=k. y(x) for constant k.
Let o and S are two roots of ¢(x) in [a,b] i.e. ¢(a)=0, ¢(B) suchthat <

AnNs5 IFoS 2017Q5. Already we learnt in conceptual part Lagrange’s MVT
Hint. Results(exam point 1 Lagrange’s MVT): If a function f is continuous in [a,b] and

differentiable in (a,b) and if f'(x)=0 forall x(a,b), then f is a constant function on [a,b].
Proof: Let B be any point in [a,b]. Then f is continuous in [a, p] and differential in (a, p).
Therefore by MVT there exists at least one point c e(a, p) s.t.

f(p)~1(a)=(p-a)f(c)

andso f(p)—f(a)=0

Thus | f (p)=f(a)

2: If two functions f and g are continuous in [a,b] such that f'(x)=g'(x) forall xe(a,b), then
f (x) and g(x) differential by a constant only.

Proof: Consider the function ¢ defined by

#(x)=f(x)-g(x), vxe[a,b]

.. T, g continuous and differential. So is ¢

¢'(x)=f'(x)—g'(x)=0, ¥xe(a,b)

Hence from corollary (1), ¢(x) is constant.

3: If f is continuous in [a, b] and differential in (a,b), then f is increasing or decreasing according
as f'(x)=0or f'(x)<0 forall xe(a,b)

Proof: Let x, and x, be any two distinct points in [a,b] such that x, < x, and so [x, x,]<[a,b].
Then f is continuous in [x,,x, ] and differential in (x,,x,).

So by Lagrange's MVT there is a point

ce(x,%) st

f (Xz)_ f (Xl):(xz _Xl) f '(C)

Now -+ x,—x >0, it follows that f(x,)> f(x,) if f'(c)>0.

Hence f is increasing or decreasing according as f'(x)>0 or f'(x)<0, vxe(a,b)



Ans6:- consider a function f(x)=1log(l+x) over the interval [0,x].

So why we have chosen such function! interesting to notice.

See, basically we want to use different outcomes, learnt in MVTs and at the same time the
inequality asked in the question is also directing us to consider such function.

Evidently this function is continuous in [0,x] and differentiable in (0,x). So on applying Lagrange’s
MVT on this function we get

f(x) =log(1+x)

dc € (0, x)stt.

[f(x)—-f(0)]/(x-0)= f*(c)

= log(l+x)—logl/x=1/(1+¢c)

= log(l+x)=x/(1+¢c)
w0<c<x=> x/(L+x)<x/(l+c)<x
= 0<x/(log(l+x))-1<x

= 1< x/(log(l+x)) < (L+x)

= log(1+ x) < x, x/ (1+ Xx) < log(1+ x)

Ans7:- y =~/x—2 defined on [2,3]
" y is continuous in [2,3]
y is differentiable in (2,3)

-y(2
by Lagrange’s MVT, there exist at least one ¢ (2,3) such that y'(c)= %
g 1-0
y'(e)==1~

y'(c)=1=1=1/Jc-2 =c=2+1/4. So we get c=2+1/4=2.25 in [2,3]

y=x-2 = y*=(x-2)
Curve is parabola
f)

3.0)

(2.0)

ANs9:- £ (x)=x(x-1)(x-2),  a=0,b=

=x(x2—3x+2)=x3—3x2 +2X



Here f(x) is polynomial, so it is continuous in [Oﬂ

Differentiable in (0, %j

By Lagrange’s MVT. There exists at least one point ce(0,1/2) such that

o) )@

b-a
)2
£(c)= 2 2 2 _3
1 4
2
Ans10 IFoS 2013 Already we solved this example, just replace C. by a, in our example
Example. If C, +%+%+....+ nC”l =0.Then C, +Cx+C,x* +...+C_x" =0 has at least one
+

real

Root between 0 and 1.

Solution.

Try; intuition comes from Rolle’s theorem. But on which function??

Let’s consider a function

2 3 n+l
f(x)=Cox+ CxT x| L CuX
2 3 n+1
f (x) is polynomial ... continuous in [0,1] and differentiable in (0,1)
Also f(0)=Cyx"+Cx; +...+C x™" =0

n+ C C Cn 1
f(1)=C, +C,x2? +C, xL*+...+C,x1" =C, +?1+?2+...n+1=0 in (1)

ie. f(0)=f(1)=0

- f(x) satisfies all three conditions of Rolle’s theorem
.3 at least one point (real number) ce(0,1) s.t
f'(c)=0

=C,+Cc+C,c°+..+Cc"=0

v f1(X)=Cy +Cx+C,x* +...+C X"



C is a real root of the equation C, +C,x+C,x* +...+C X" =0 between 0 and 1.

Ansl2:- Given f (x) is twice differentiable and f(a)=0, f(b)=0and f(c)>0 for a<c<b
. Prove that there is at least one point £, a< & <b for which f' ( )<0
f (x) is differentiable and continuous in [a,b] also f(a)=0= f(b)
Rolle’s theorem is application for f (x) in [a,b]
There exists at least one point o< (a,b) suchthat f'(a)=0 (1)
Now let’s consider f'(x) in [a,c]
f;(x) is continuous and differentiable in [«,c]
By Lagrange’s MVT, there exists a real number ¢&e(a,c) such that

o) O ()

f'(c
£7(6)= _(a) (2)
Notice that f(a)=0, f(1)>0and f(b)=0. It show s that f(x)has at least for some
(.c) is increasing function i.e.

Ansl14:- f" is continuous on [1,2]
= f (x) is continuous in [1,2]
= & f(x) isdifferentiable in [1,2]
Also given f (x)has three zeros in (1,2)
Let Xy, %, %, €(1,2) suchthat f(x,)=0, f(x)=0, f(x,)=0suchthat x, <x <X,
(

—  Applying Rolle’s theorem on f (x) in (x,,x,) 3 at least one point ¢, e(x,,x ) such that

f'(c,)=0 1)
—  Applying Rolle’s theorem on f (x)in (x,x,) 3 at least one point c,e(x,,x,) such that
f'(c,)=0 )

f ' is also continuous in [1,2]
f * is also differentiable in (1,2)and f'(c,)=f'(c,) from (1) & (2)

— .. Applying Rolle’s theorem on f'(x)in (c,c,) 3 at least one point ce(c,,c,)=(1,2)
such that (f")'(c)=0

= f"(c)=0

= f"(x) but at least one zero in (1,2)

2

, X
Ans15IF0S 2009 Q. If f (x) = £ (0)+xf (0)+ f (6)



Find the value of @ as x —1, given f(x)=(1—x)%

Solution.

5 3 ¥ 15 %
f ' (x)==x=(1-x)" .. f"(6x)=—(1-6x)"
(=% 21"« (00 =2 (1-0x)
..By Taylor’s theorem: [Maclaurin’s, Lagrange’s form of remainder]

2

f(x)=f (0)+xf -(0)+% £"(0x)

2
(1-x)* =1+ X(—g)+%x%(l—ﬁx)%

~lim(L-x)* = Iim(l)+|im(1)(—ng+ iim > (1-0x)*

x—1 x—1 x—1 x->1 @

0-1-2 15;1(1—9)%

3 15 %

2 _2(1-9)*

=5 (19)

4_ }/2 _16 _9
g_(1—9) :1—9_£:>9_A5

MAXIMA MINIMA

Critical point : points (value of x) for which derivative f'(x) becomes zero then that value

point is known as critical points for f (x); Stationary Point

Q. Consider the function f (x)= on(tz —5t+4)(t* —5t+6)dt

(i) Find critical point of f (x)

(ii) Find the points at which local minimum occurs

(iii) Find the points at which local maxima occurs

(iv) Find the number of zeros of f (x) in [0,5]

Solution.



*~ We need to check sign of f'(x)

2t £ (%)= [ (t° =5t +4)(t* ~5t+6)dt

Differentiating w.r.t x by the Leibnitz of differentiation under the sign of integration.
f(x)=] %(tz—5t+4)(t2—5t+8)dt+(x2 —5x+4)(x2—5x+6)-g(x)—0

f'(x)= O+(x2 —5x+4)(x2 —5x+6)—0

() =(x—1)(x—4)(x—3)(x—-2)

F(x)=(x=1)(x=2)(x-3)(x~4)

+ve —ve +ve —ve +ve

Sign chart of f'(x)

() x=1,2,3,4 are critical point

Based on change in sign of derivative:

(if) x=1 is a point of local maxima

(iii) x =2 is a point of local minima

x =3 is a point of local maxima

X =4 is a point of local minima

(iv) Roots of f (x) i.e. values of x in [0,5] at when f (x)=0

Possible only at x=0. As in given integration integrand is polynomial and it’s value will be non

zero if x takes any non zero value.

HINT: PYQ 3, 4, 6, 8, 10, 11, 12
Example 1. Find the shortest distance from the point (1,0) to the problem y® =4x

Example 2. Show that the maximum rectangle inscribed in a circle is square.
Example 3. A conical tent is of given capacity. For the least amount of canvas required for it find

out ratio of its height to the radius of its bare.



Solution 1. Let’s take some arbitrary point on given parabola as (at?,2at) and finding distance

between this arbitrary point and given point (1,0)
p= \/(t?' 1) +(2t-0)° = p=t* —20 1148 = p=t 27 +1=(t2+1)
p=(2+1) (1)

For minimum p;dp/dt must be zero. = (t* +1)x2t =0=>t* +1=0=>t =i [Not real]

. Minimum value of p = (O+1)2 —1 as t =0 [Possible]

Solution 2. . r?=x*+y* =y’ =r’—=x* => y =r: = x (D)

.+ Area of rectangle = 2xx2y = A=2xx24/r>—x* - r constant

For maximum Area ; 3—A =0=>r=4/2x, .. y=X from (1) = ABCD is a square.
X
Solution 3:
s* =z°r?(r’ +h?)
2

s? =7z2r2+7z2r2(9\2/ ‘J using h inV
z°r

2

rZ
Let s°=z
2
= z=r1r"+=
r
2
= $:47z2r3—18\?{
r r
2 2
= d—§:127z2r2 +54\4/
dr r
Clearly z is maximum or minimum according as s is maximum or minimum.
. . . dz 18v?
Stationary point of z are given by o 0= 47r*-——=0
r r
= 27°r® = 7°r'n?
= h=+2r
d?z 59V ?
F:127z2r2+—4>0f0r all vV and r.
r r

Required ratio 2 =42/1



PYQ. 6:- Let r and h be the radius and height of the cylinder respectively.
YN
a
7
=

-

h=2a?—r? volume of cylinder V = zr?h
:ﬁrz.Zm
=2rr’ya’-r’
av 2mr?(=2r
d_wm#

arr’(a’ —r*)-2zxr®
- \/az _r?

Now Z—\::O = 4xra’—6xr’ =0

(-2r)

(a® —r?)(4zra® —187r®)—(4xra’ —67r°). N

dv
dr? (a2 —rz)
_Arat-22zxr*a’ +12xrt +4xr’a’

(a2 . r2)3/2
2
Now it can be observed that r? = 2%, 3—2\2/ <

»
2
Height of cylinder =2, /az —2%

2

B

PYQ. 8:-

wire € b >

Let x length goes to from square.
(b-x) circle




Area = A + A,

2

Put — =0 then d f‘sign.
X dx

o |
>



Differential Calculus Booklet Part-2

Chapter-1: Limit, Continuity, Differentiability, Partial Derivatives, Euler’s equation for
homogeneous functions, Total Differentials in Multiple Coordinate Systems

Chapter-2: Taylor’s, Maxima/Minima, Lagrange’s Method of Undetermined Multipliers
Chapter-3: Jacobians

Chapter-4: Curvature, Tangents and normal, Asymptotes and Curve Tracing
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Chapter-1
Functions of Several Variables

1. https://www.youtube.com/live/DTSimWow1Xw?si=H8P0-iYgND6CTT F
2. https://www.youtube.com/live/v2q3WT3ESCqg?si=4JMp4rzoonFDEDmMJ

Neighbourhood of a Point
The set of values x;, y, other than a, b that satisfy the conditions

%, —a|<38,|y,—b|<&s
where & is an arbitrarily small positive number, is said to form a neighbourhood of the point
(a,b).
Thus a neighbourhood is the square: (a—5, a+5;b—5,b+5)
where x takes any value from a—¢ to a+¢& except a, andy from b—o to b+ except b.

Note: This is not the only way of specifying a neighbourhood of a point. There can be many
other; for example the points inside the circle x>+ y® =4&> may be taken as a neighbourhood of

the point (0,0).

Limit of a Function
o A function f is said to tend to a limit | as a point (x,y) tends to the point (a,b) if for every

arbitrarily small positive number &, there exists a positive number ¢ (depending on ¢), such that
1f(xy)-l<e,
for every point (x, y), [different from (a,b)] which satisfies |x—a| <&, |y—b|<&

e Represented by( I)irr(m ) f(x,y)=I
X,y)—(a,

I is the limit (the double limit or the simultaneous limit) of f when X,y tendtoa &b
simultaneously.

¢ Note: The above definition implies that there must be no assumption of any relation between
the independent variables as they tend to their respective limits.

For instance take f (x,y) where

Xy
f(x,y): x2+y2

and find the limit when (x,y)—(0,0).

- m . .
If we put y=mx and let x—0, we get the limit to be equal to 1 rlnz , While putting y =m,X
+ 1

leads to a limit —= . Similarly letting x — 0, while y remains constant or vice-versa leads to
+m;

zero limit.
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e Thus, we are led to erroneous results. Geometrically speaking when we approach the point
(0,0) along different paths, first along lines with slopes m, and m, and then along lines parallel

to the coordinate axes, the function reaches different limits.

¢ The simultaneous limit postulates that by whatever path the point is approached, the function f
attains the same limit. In general, the determination whether a simultaneous limit exists or
not is a difficult matter but very often a simple consideration enables us to show that the
limit does not exist. [Exam Point]

Note: It may however be noted that
lim f(xy)=I :>!(I_r;r; f(x,b)=I =Iy|£fg f(a,y)

(x,y)—(a,b)

Non-existence of limit. The above note makes it clear that if ( I)irr(l ) f(x,y)=I and if
X, y)—>(a,

y =¢(x) is any function such that ¢(x) —b, when x—a, then lim f (x,¢(x)) must exist and

X—a

should be equal to .
Thus, if we can find two functions ¢ (x) and ¢,(x) such that the limits of f(x,¢(x)) and

f (x,qﬁ2 (x)) are different, then the simultaneous limit in question does not exist.

Algebra of Limits

If f and g are two functions with a domain N, we define four functions, f +g, fg, f /g on N by

setting
(f+9)(xy)="f(xy)+a(xy)
(f-9)(xy)=f(xy)-g(xy)
f-a(xy)=f(xy)-g(xy)
(f/9)(xy)="f(xy)/a(xy).if g(xy)=0,for (x,y)eN

Theorem. If f, g be two functions defined on some neighbourhood of a point (a,b) such that
limf (x,y)=I, limg(x,y)=m, when (x,y)—(a,b), then
(i) lim(f+g)=limf+limg=I+m
(i) lim(f-g)=Ilimf-limg=I-m
(iii) lim(f-g)=limf-limg=I-m
: . f dlimf | .
(iv) lim—=——=—, provided m=0, when (x,y)—(ab)
g limg m
The proofs are exactly similar to those of the corresponding theorems for a single variable.
Repeated Limits
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e If a function f is defined in some neighbourhood of (a, b), then the limit, Iing f (x, y) ,
y—

if it exists, is a function of x, say ¢(x). If then the limit lim¢(x) exists and is equal to A, we

X—a

write
limlim f (x,y)=4

x—a X—b

and say that A is a repeated limitof fas y —>b, x > a.

o If we change the order of taking the limits, we get the other repeated limit
limlim f (x,y)=4" (say)

y—b x—a

when first x —a, and then y - b.

e These two limits may or may not be equal.

Exam Point: In case the simultaneous limit exists, these two repeated limits if they exist are
necessarily equal but the converse is not true. However if the repeated limits are not equal,
the simultaneous limit cannot exist.

CONTINUITY
https://www.youtube.com/live/ykY 05SbpjFA?si=Akl MUzTtIKbbtFy

A function f is said to be continuous at a point (a,b) of its domain of definition,

if for every arbitrarily small positive number &, there exists a positive number ¢ (depending on
£), such that

[f(x.y)-f(@ab)<e,
for every point (x, y), which satisfies [x—a| <5, |y—b| <&
li f(x,y)="(ab
le.  lim (x,y)=f(ab)

Exam Point: A point to be particularly noticed is that if a function of more than one variable is
continuous at a point, it is continuous at that point when considered as a function of a single
variable. To be more specific if a function f of two variables x, y is continuous at (a,b) then

f (x,b) is a continuous function of xat x=a and f (a,y) thatofyat y=b.

The converse however is not true, i.e., a function may be a continuous function of one variable
when the others remain constant and yet not be a continuous function of all the variables.

| | | 29 (xy)%(0,0)
For instance, consider a function f, where f(x, y)= X“+y

0, at(0,0)
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The function is not continuous at (0,0) for o yI)irT(l0 ) f (x,y) does not exist. But
lim  (x,0)=0= f(0,0), and lim f (0,y)=0=£(0,0)

so that f is continuous at (0, 0), when considered as a function of a single variable x or that of y.
A function is said to be continuous in a region if it is continuous at every point of the same.

PARTIAL DERIVATIVES

The ordinary derivative of a function of several variables with respect to one of the independent
variables, keeping all other independent variables constant is called the partial derivative of the
function with respect to the variable.

o Partial derivative of f (x,y) with respect to x is generally denoted by of /ox or f, or f, (x,y)
, While those with respect to y are denoted by of /oy or f, or f (x, y).

q=lim f(x+hy)-f(xy)
OX h-0 h
and
in, ™ f(xy+h)-f(xy)
ay h—0

when these limits exist.

The partial derivatives at a particular point (a,b) are often denoted by

q ,M or fx(a1b)
L OX J(ap) OX
and
b
a , (a )or f,(ab)
_ay_(a,b) ay
( (ab)tim | (2*1D)=T (@D)
h—0 h
fy(a,b):lim f(a,b+h)-f(a,b)
h—0 h

in case the limit exists.

Mean Value Theorem

If f, exists throughout a neighbourhood of a point (a,b) and fy(a,b) exists, then for any point
(a+h,b+k) of this neighbourhood,

f(a+hb+k)—f (a,b)=hfx(a+9h,b+k)+k[fy(a,b)+77]
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where 0< @ <1, and nis a function of k, tending to zero with k.

Proof:
o f (a+h,b+k)— f (a,b): f (a+h,b+k)— f (a,b+k)+ f (a,b+k)— f (a,b) ...(1)

e As, f, exists in a neighbourhood of (a, b), therefore by Lagrange's mean value theorem,
f(a+h,b+k)-f(ab+k)=hf,(a+6hb+k), 0<O<1............ (2)

f(a,b+k)—f(a,b)

* Also f,(a,b) exists, so that;  lim =f,(ab)

= f(ab+k)-f(ab)=k[f (ab)+7]....3)
by using lerT; f(x)=1= f(x)=1+4; where A isverysmall.

where n is a function of k and tends to zero as k — 0.
From equation (1), (2) and (3) we get the required result.

Sufficient Condition for Continuity

A sufficient condition that a function f be continuous at (a,b) is that one of the partial
derivatives exists and is bounded in a neighbourhood of (a,b) and that the other exist at (a,b).

o Let f, exist and be bounded in a neighbourhood of (a,b) and let fy(a,b) exist, then for any
point (a+h,b+k) of this neighbourhood we have

f(a+h, b+k)-f(ab)=hf, (a+6h b+k)+k| f, (ab)+n]
where 0<@<1,and 7 —>1 as k —»0.

o Proceeding to limits as (h,k) —(0,0), since f, (a+6h,b+k) is bounded, we have

(h,kl)ig(]o,o) f(a+h,b+k)=f(ab)= fis continuous at (a,b).

DIFFERENTIABILITY
https://www.youtube.com/live/Q4yH fhT5207si=tPoOKMNIEKmMPyYjkwG

o Let (x,y),(x+5x,y+dYy)be two neighbouring points in the domain of definition of a function
f. The change o f in the function as the point changes from (x, y) to (x+5x, y+5y) IS given by
St =f(x+8xy+5y)—f(xy). ..(1)
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» The function f is said to be differentiable at (Xx, y) if the change o f can be expressed in the
form

ST = ASX+BSY +S5xg(S5X,SY)+Syy (5, 5Y) ..(2)
where A and B are constants independent of 6x,0y and ¢,y are function of 6X,0Yy tending to
zero as ox,0Y tend to zero simultaneously.

Exam point: Adx+Bdy is then called the differential of f at (x,y) and is denoted by df .

Thus
df = Aox+Boy

From (1) and (2), when (5x,8y)—(0,0), we get
f (x+6x,y+8y)—f(x,y)—>0
or
f (x+8x,y+5y)—> f(xy)
=> The function f is continuous at (x, y)
e Thus every differentiable function is continuous.

¢ Again from (2), when 6y =0 (i.e., y remains constant)
St = ASx+8xp(5x%,0)

Dividing by 6x and proceeding to limits as 6x —0, we get

a = A. Similarly, i: B
OX oy

e Thus, the constants A and B are respectively the partial derivatives of f with respect to x and y.

Hence, a function which is differentiable at a point possesses the first order partial derivatives
threat.

Converse, of course is not true, so that functions exist which are continuous and may even
possess partial derivatives at a point but are not differentiable there at.

Exam Point: Again the differential of f is given by
df = Adox+ B5y:q§x+ﬂ5y
X oy

e Taking f =x, we get df = dx,qzl, i:O and hence dx =J5x
OX oy
Similarly taking f =y, we obtain dy =0Yy.
Thus, the differentials dx,dy of x,y are respectively 6x and dy, and

df :idxjtqdy: fdx+ f dy ...(3)
OX oy
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is the differential of f at (x,y).

Notes:
o If we replace ox,0y, by h,k in equations (1) and (2), we say that the function is

differentiable at a point (a,b) of the domain of definition if df can be expressed as
df = f (a+h,b+k)—f(ab)
= Ah+Bk +hg(h,k)+ky (h,k) w(4)
where A=f,B=1f and ¢,y are function of h,k tending to zero as h, k tend to zero
simultaneously.

¢ We have that a function differentiable at a point is necessarily continuous and possesses partial
derivatives there at. Not only that, we talk of differentiability at a point of a function only when it
is continuous and has partial derivatives there at, for it is only then that it can be expressed in the
form of equation (1).

PARTIAL DERIVATIVES OF HIGHER ORDER

o If a function f has partial derivatives of the first order at each point (x,y) of a certain region,
then f,, f, are themselves functions of X,y and may also possess partial derivatives. These are
called second order partial derivatives of f and are denoted by

2
a(g]_afzf _

axlex) @ XX

ﬁ(ﬂj:azf:f ~ f
oyley) oy> ™ ¥

ofa)_of
ox\oy) oxoy 7

AR
oylox) oyox

e In a similar manner higher order partial derivatives are defined. For example

3

= f
oxoxay

and

SO on.
The second order partial derivatives at a particular point (a, b) are often denoted by

{azf}a’b),azf(a,b)’ f,.(ab) or T, (ab)

ox? ( ox*
2 2
{a f } ’a ah) or f,, (a,b)
oxoy (ab) OXoy
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and so on.

Thus
fXX (a1b): Ilm fx(a+h’b)_ fX (alb)
h—0 h
f hab _f 1b
f, (a,b)=lim ,(a+hb)-1, (ab)
h—0 h
. f (a,b+h)-f, (ab
f,(a,b)=lim ( 3 (a.b)
f,(a,b+h)-f (a,b)
fo (ab)=lim == —

in case the limits exist.

e Theorem. If (a, b) be a point of the domain of definition of a function f such that
(i) f, iscontinuous at (a,b),

(i) f, exists at (a,b),

then f is differentiable at (a,b).

Change in the Order of Partial Derivation

f,(a+h,b)-f,(a,b)

ot (a’b):LiLno h
=|im1{|im fachb+k)-flarhb) o, f(a’b+k)‘f(a’b)}
haOh k=0 k k—0
_iimpim @ rhbrk)-f(athb)-f(ab+k)+f(ab) . . ¢(hk)

h—0 k—0 hk h—0 k=0 hk

where g(h,k)=f (a+h,b+k)—f(a+hb)—f(ab+k)+f(ab).

e Similarly,

$(h.k)

hk
Thus we see that f, (a,b) and f,(a,b) are the repeated limits of the same expression taken in
different orders. There is therefore no a priori reason why they should always be equal.

()= iyt

Young's theorem. If f and f, are both differentiable at a point (a,b) of the domain of
definition of a function f, then

f, (ab)= T, (ab)
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Schwarz's theorem. If f exists in a certain neighbourhood of a point (a,b) of the domain of
definition of a function f, and f, is continuous at (a,b), then fxy(a,b) exists and is equal to

f.(ab).

Euler’s theorem on homogenous functions :-
Statement:- If it is a homogenous function of degree n in two independent variable xand vy,

ou ou

then X&er@:nu

Proof:- - u=x".g¢(y/x)
6?:(2 =nx"". ¢(y/x)+x”.(;—2/]¢'(y/x)

= x.g—i:nxngb(y/x)—x“1y¢'(y/x) (1)
Similarly y%uzx”l.yqﬁ'(y/x) #))

On adding (1) & (2), we get xg—u+ y% =nx".¢(y/x)
X

X—+Yy—=nu

OX oy

Note:- (1) The converse of Euler’s theorem is also correct i.e. if U is a function of two

X
must be a homogenous function of degree n.

independent variable x and y such that xg—u+ y%u:nu , for all values of x and y then u

Note:- (2) If u is a homogenous function of m variables x; .§—u+ X, §—u+....+ X, aa_u =nu
X2 Xm
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Examples on Limits and Continuity
Example 1(a). Let
X’y
f(xy)={ X +y*
0, if x+y=0

if x*+y>#0

» If we approach the origin along any axis, f(x,y)=0.
o If we approach (0,0) along any line y =mx, then

mx’ mx
f(xy)=f(x,mx)= e —0,as x—>0

So any straight line approach gives,
lim f(x,y)=0

(x,y)—>(0.0)

e By putting y =mx?,

2

f(xy)=lim f (x,mx*) =

im
(x¥)>(00)
which is different for the different m selected.

1+m

Hence, I)im0 f (x,y) does not exist.
X,Y)—>

(0.0)

Example 1(b). Show that

2

lim 2
(xy)=(0.0) X" +y
e Ifweput x=my” and let y — 0, we get

Z does not exist.

4

. 2my 2m
lim = 5
yﬁo(m2+1)y4 1+m
which is different for different values of m.

Hence, the limit does not exist.

Example 2(a). Show that

2 —
lim xy> Y
(xy)>(00) © X" +y

2

=0

e Put x=rcosd,y=rsinfg
2

X2 —y?
X
yX2+y2

:‘rzsin Hcosecosze‘

2

r—sin 40
4

2 2 2
r X"+
<—= y

4

<&,
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or if
X <2e =6,|y|<2e =5

Thus for £ >0, 36 >0 such that

2 2

Xy X2 —y2 —0/<¢&,when [x<3,|y| <&
X“+y
) X2 _ y2
= lim =0
(2100) Y X2+ y?
Example 2(b). Show that
. 2y? +1-1
lim X Z +2 =0
(xy)>(00) X4y
e Since X,y are small
2,,2
Xy’ +1-1 (LexFy?) -1 5XY
X2+y2 - X2+y2 X2+y2
Now changing to polars, we can show, as in the above example, that
EXZ 2
y
im 2 =0

Hence the required result.
Ex.1. Show that
0 WI)T(]QO)[ﬁ " ﬁj = W) (x,yl)iﬂ?om xzxi V2 0.
(|||) I|m (x+ y)=0, (iv) (xyyl)iir(molo)(]/xy)sin(xzy+ Xy’ )=

Ex.2. Show that the limit, when (x,y) —(0,0) does not exist in each case

3

(i) lim -2 (i) lim Y,
X*+y X°+y

2.,2 3 3

(iii) lim XY (i) lim Y
XEy? +(x* - y?) X-y

[Hint: (iv) Put y =x—mx®]

Ex. 3. Show that the limit, when (x, y) —(0,0) exist in each case.
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3,,3

(i) lim———, (i) lim———

X“+y X2+ y?
Lo Xyt o Xy
(iii) lim Navl (iv) lim 1y

Example 3(a). Show that

xsin(x?+y? in
() lim %:0, i w_l
(xy)=>(00)  X*+y 21>tan (3xy—6) 3
xsin(x* +y? sin(x* +
e (i) lim #: lim x- lim %:0-1:0
(xy)=(00) X" +Yy (xy)>(0.0)  (x¥)=>(00) X"+
] . - ’ 2
(||) m:lim sm_lt , Where t=(xy—2)=Iim ]”/ -t 1
Do tan- '(3xy—6) >0 tan "3t t0 3/(1+9t) 3

(L'Hospital Rule)
Ex.3(b). Show that ( I)irr(lm)tan‘l(y/x), does not exist.
X,y )—>(0,

[Hint: Limit from the left is —% and that from the right %] .

Example 4. Let
f(xy)= Xy ~, then

elpy?
Iylirglxlggf(x y)_llm() 0,
iy £ (. y)=0

Thus, the repeated limits exist and are equal. But the simultaneous limit does not exist which
may be seen by putting y =mx.

(ii) Let

1+x
it 1 (1) =tim 7 |1

limlim f (x, y)_“m(lijZI

y—0 x—0 y—0

Thus, the two repeated limits exist but are unequal, consequently the simultaneous limit cannot
exist, which may be verified by putting y =mx.

Example 5. Show that the limit exists at the origin but the repeated limits do not, where
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xsin[£J+ ysin(lj xy #0
f(xy)= y x)

0, xy =0
e Here |yILTJ f(x, y)lxlgg f (x,y) do not exist and therefore lim Iylgg f(xy); Iylgg lim f (x,y) do
not exist.
Again
.1 .1 .1 .1
xsin =+ ysin =| < |x||sin ={+|y||sin =| <|x|+|y| < &
y X y X

& &
|x|<5_5,|y|<§—5
Thus for £ >0, 36 >0 such that

<¢&,when [x| <3, |y|<&s

.1 1
xsin =+ ysin=
y X

i 1 .1
= lim | xsin=+ysin=|=0
(x,y)—(0,0) y X

Example 6: Show that the repeated limits exist at the origin and are equal but the simultaneous

limit does not exist, where
Lif xy=0
f(xy) :{

0,if xy=0
e Here
Lif x=#0
limf(x,y)=
im (%) {O,if x=0
IXTg!llirgf(x,y):l
Similarly,
Iylﬂglxlggf(x,y)zl

Hence, the repeated limits exist and are equal.
Again, since there are points arbitrarily near (0,0) at which f is equal to 0 and points arbitrarily

near (0,0) at which f is equal to 1, therefore, there isan &£ >0, such that
(0y)- 1 (0.0)=]f (1) .
for all points in any neighbourhood of (0,0).

Hence, I)imOO f (x,y) does not exist.
X,y)=>9,

(00)

Example 7. Investigate the continuity at (0,0) of
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X2—y2
f(ny)= ey (0¥)=00)

0, (x)=(0,0)
e Since I)im0 . f (x, y) does not exist (put y =mx), therefore the function is not continuous

(x.y)=(0,

at (0,0).

Example 8. Show that the function
Y (xy)=(0,0)

f(xy)=sY+Yy’

0. (xy)=(00)

is continuous at the origin.
e Let x=rcosd, y=rsinf

Xy

,XZ + y2

=rlcosfsing|<r=x*+y* <e,

if
2 2
AMHNDSET
Xt x y < >
or, if
M<-=, yl<-=
2 2
Thus
Xy £ £
—0/<é&,when [X|<—, |y|l<—
2 M5 W<
= im Xy =0
(x,y)—(0,0) X2+y2
li f(x,y)=f(0,0
oJim (% y)=1(0.0)

Hence, f is continuous at (O, O).

Examples on partial derivatives
Example 1. If f(x,y)=2x*—xy+2y?, then find &f /ox and of /oy at the point (1,2).

e Now

of

—=4x-y=2,at (1,2

- oy=2.at(12)
of

—=—X+4y=7,at (1,2
5 (12)
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2.1f

Xy
F(xy)=1 X +y"" (xy)=(0,0)
0. (xy)=(00)

show that both the partial derivatives exist at (0,0) but the function is not continuous there at.

e Putting y =mx, we see that

lim £ (x,y) =
i £ 00Y)=Tme

so that the limit depends on the value of m, i.e., on the path of approach and is different for
the different paths followed and therefore does not exist. Hence the function f (x,y) is not

continuous at (0,0).

Again

f,(0,0)=lim =lim

|
k—0 k k—0

Examples on Differentiability
Example 1. Let

3 3

-y
f(x,y)=4x+y*’

Solution- Put x=rcosé,y=rsiné.

3 3
. :;)y/ = |r (cos® 0—sin® 0)| < vl cos 0 +|rsinof <2[r| =2+ y? <,
if
2 2
NPLI L
8 8
or, if
X <=2= |yl <=5
242 22
XB_)’3 & &
. ~0/<&, wh _E lyl<—t_
Ty <&, when |X|<2J§ |y|<2«/§
3 3
= im ==Y _o

|
(x¥)=(00) X* + y?
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= lim )f(x,y): f(0,0)

(x,y)—(0,0
Hence the function is continuous at (0,0).
Again

f(h0)-f(0.0) . h-0_,

f>< (0’ 0) = Ll_r)Tg

h—0 |
f,(0,0)=lim LI CL) I S
k—0 k k-0 k

Thus, the function possesses partial derivatives at (0,0).
If the function is differentiable at (0,0), then by definition

df = (h,k)—f(0,0)= Ah+ Bk +hg+ky (1)
when A and B are constants (A= f,(0,0)=1B=f (0,0)=-1) and ¢, tend to zero as
(h,k)—(0,0).

Putting h= pcos@,k = psin@, and dividing by p, we get
cos® @ —sin® @ =cos@—sin @+ @¢cosf+ysin ..(2)

For arbitrary @ =tan™(h/k), o — 0 implies that (h,k) —(0,0). Thus we get the limit,
cos®* @ —sin*@ =cosd—sinb

or (cos@—sin 6’)(0032 6 +sin’ @ +cosd+sin 9) =c0s@—siné

or cos@sin@(cos&—sinf) =0

which is plainly impossible for arbitrary 6.
Thus, the function is not differentiable at the origin.

Note: The method used to show that the function is not differentiable, can also be used to show
that the function is not continuous at (0,0); for example,
The function f, where
Xy
f(x,y)=1x"+y’
0, if x=y=0
is not differentiable at the origin because it is discontinuous threat.

, X2+y* 20

Example 2. Show that the function f, where

Xy . 2, .2
———if x“+y° %0
f(Xy)=3yx*+y?
0, if x=y=0

is continuous, possess partial derivatives but is not differentiable at the origin.
e fis continuous at the origin, also it may be easily shown that
f.(0,0)=0= f, (0, 0)
If the function is differentiable at the origin, then by definition
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df = f (h,k)— f (0,0)= Ah+ Bk +hg+ky (1)
where A=f (0,0)=0, B=f, (0,0)=0, and ¢,y tend to zero as (h,k) —(0,0).

., =hd+k (2
Nl A @

Putting k =mh and letting h — 0, we get

m .
T M(rm)=0

which is impossible for arbitrary m.
Hence, the function is not differentiable at (0,0).

Note: If we put h=rcosé, k =rsiné in (2) we get
cosdsind =¢cosf+ysind
For arbitrary 6,r — 0 implies (h,k)—(0,0).
Thus when r — 0, we get
cos@-sin@=0
which is impossible for arbitrary 0. So f is not differentiable at the origin.

Try by yourself

Q1. Show that the function f, where
xsinl/x+ysinl/y, xy=#0

f(x )_ xsinl/x, y=0,x=0
)= ysinl/x, x=0,y#0
0, x=0=y

is continuous but not differentiable at the origin.

Q2. Show that the function |x|+|y| is continuous, but not differentiable at the origin.
Q3. Discuss the following functions for continuity and differentiability at the origin.

M) f(xy)= X;‘fyz when (x,y)#(0,0) and f(0,0)=0

(i) f(xy)=ysinYx,if x=0,f(0,y)=y

Combined Examples
Examplel. Consider the function

x?sinl/x+y®sinl/y, if xy=0

x?sin1/x, if x~0andy=0
f(xy)= 2 i T

y“sinl/y, if x=0andy =0

0, ifx=y=0

e The partial derivatives,
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2xsinl/x—cosl/x, if x=0
fx(x’y)z{o if x=0

0, if y=0
are discontinuous at the origin, so that both the partial derivatives exist at the origin, but none
is continuous threat.

2ysinl/y—cosl'y, if y=0
fy(x'y):{ Y Y

Let us show that the function is differentiable at the origin. Here,
f (h,k)—f(0,0)=h*sinl/h+k*sinl/k
=0h+0k +h(hsin1/h)+k(ksin1/k)
Now (hsinl/h) and (ksinl/k) both tend to zero when (h,k)—(0,0) so that f is
differentiable at the origin.

Example 2. Prove that the function
F(xy) =]
is not differentiable at the point (0,0), butthat f, and f, both exist at the origin and have the

value 0. Hence deduce that these two partial derivatives are continuous except at the origin.
e Nowat (0,0),

B0, o), (-8 T(5)_Ginore
h—0 h h—0 h

f(0.0)=lim (GK=F(00) ;0 4
k—0 k k—0 k

If the function is differentiable at (0,0) then by definition
f (h,k)— f (0,0)=0h+0k +hg+ky
where ¢ and  are functions of h and k, and tend to zero as (h,k) —(0,0).
Putting h= pcosd,k = psin@ and dividing by p, we get
|cos @sin ¢9|]/2 =¢Ccosd+ysing

Now for arbitrary 8, 0 — 0 implies that (h,k)—(0,0).
Taking the limitas o — 0, we get

|cos@sin 9|]/2 =0,
which is impossible for all arbitrary 6.

Hence, the function is not differentiable at (0,0) and consequently the partial derivatives f,, f,

cannot be continuous at (0, 0), for otherwise the function would be differentiable threat,

Let us now see that it is actually so
For (x,y)=(0,0).
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f(x+h, y)— f(xy)

f(xy)=lim

h—0

. J|x+h||y| JH

h—0

Taking |y| common from the numerator and rationalizing,

i |x+h[—|X
e

Now as h—>0, we can take x+h>0, i.e., |x+h|:x+h, when x>0 and x+h<0 or

[x+h|=—(x+h), when x<O0.

1 M when x>0
2\[x]

f(xy)=
—E M whenx <0
Al

Similarly,

%% wheny >0

fy(x’y)z
—E m wheny <0
2\l

which are, obviously, not continuous at the origin.

Example3. Show that the function f, where

2 2
X —
X y

f(xy)= yx2+y
0, if x=y=0

if X>+y?#0

21

is differentiable at the origin.
e It may be easily shown that
f.(0,0)=0= fy(0,0)

Also when x* +y? %0,

X'y +4x°y% -y X HaxPy? -yt Xy 2(XP YR ’
|fx|:‘ : ‘_| |‘ : ‘ : (2 2 ) :2(x2+y2)%
(x+y) (x+y) (x+y)
Evidently

lim f,(x,y)=0=f(0,0)

(x,y)—(0,0)
Thus f, is continuous at (0,0) and f, (0,0) exists.

= fis differentiable at (0,0).
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Example4. Let

Xy(xz_yz)
f(x,y)=—5—5>,(x,y)#(0,0), f(0,0)=0, then
X*+y
show that at the origin f, = f .
e Now
f (h,0)-f (0,0
fxy(0,0)=lim Y( ) y( )
h—0 h
But f,(0,0)=lim f0K)=(00) ;0 g
k—0 k k—0 k
- hk (h* —k?
and f,(h,0)=lim f(hk) f(h,O):"m ( ):h
k—0 k k—0 k-(h2+k2)
. h-0
fXV(O’O):L'EJTzl
Again
_f.(0,k)-f (0,0
But
f.(0,0)=lim /| W CERE),
h—0
_ hk (h? —k?
£ (0K) = lim (M= T 0K PK(DEZKE)
h—0 h h—0 h(h2+k2)
-k -0
fyx (O, O) = !(lLT(]) T -1

Example5. Examine the equality of f, and f, , where

yx?

f(xy)=xy+e"

e Now
f,=x’+ 2xye”’
- f, =3x"+ 2ye”’ +2xy%e"’
Again
f =3x7y+y%e"
f, =3x*+ 2ye”’ +2xy’e”’
= fy = fix
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Example 6. Show that for the function
2

(y)=lTaye (0900
0, (x,y)=(0,0)
f,(0,0)=f,(0,0), even though the conditions of Schwarz's theorem and also of Young's
theorem are not satisfied.
e Now

2

=0

f,(0,0)=lim f(h0)-f(0.0)

x50 h
Similarly, f, (0,0)=0.
Also, for (x,y)=(0,0),

()= (x +y2) 2xy® — x*y% - 2x 2%y’
' (x2+y ) (x2+y2)2
2x*y

(x2+y2)2

Again

£,.(0,0)=lim (%)~ £(0.0)

y—0 y

fy(x’ y)=

=0

and
f,(0,0)=0,sothat f (0,0)=f,(0,0)

For (x,y)=(0,0), we have

8xy3(x2+y2)2—2xy4~4y(x2+y2) 8x°y’
(x2+y2)4 =(x2+y2)3

and it may be easily shown (by putting y = mx) that

lim f (X, 0=1,(0,0
(x, )I —(0,0) X(X y)75 yX( )

so that fyx is not continuous at (0,0), i.e., the conditions of Schwarz's theorem are not

satisfied.
Let us now show that the conditions of Young's theorem are also not satisfied.

fyx (X’ y) =

Now
f (x0)-f,(0,0)
X

=0

f,.(0,0)=lim
x—0
Also f, is differentiable at (0,0) if

£, (hk)=1,(0,0)=f, (0,0)-h+f, (0,0)-k+hp+ky
or
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2hk*
(n?+k2)
where ¢,y tend to zero as (h,k) —(0,0).
Putting h= pcosé and k = psin @, and dividing by p, we get
2cos@sin® @ =cosf-p+sinf-y
and (h, k) —>(0,0) is same thing as p — 0 and 0 is arbitrary. Thus proceeding to limits, we
get

=h¢+ ky

2cos@sin* 6 =0
which is impossible for arbitrary 6.
= f, is not differentiable at (0,0)

Similarly, it may be shown that f, is not differentiable at (0,0).

Thus the conditions of Young's theorem are also not satisfied but, as shown above,
f,(0,0)=f, (0,0).

Example 7. Show that the function
Xy X2 _ y2
f(xy) —( ) (xy)=(0,0)

X*+y°
f(0,0)=0
does not satisfy the conditions of Schwarz's theorem and
f,(0,0)= f, (0,0)
e It may be shown, as in example 15, that
f,(0,0)=1 f,(0,0)=-1

so that
f,(0,0)= f,(0,0)
Now, for (x,y)=(0,0) we have

£ (xy) (3 +y?)y(3x* —y?) -2y (X’ —y*)  y{x' +4x’y* 4"}

X, V)= _

A (x2+y ) (x2+y2)2

(x2+y2)2{x4+12x } 4y? (x2+y2){x4+4x2y2—y4}
(x +y )

E fyx (X’ y) =

_ x4ty -oxtyt —y°

(x*+ y2)3
By putting y=mx or x=rcosé, y=rsiné, it may be shown that

(X’yl)imolo) f(xy)=-1=f,(0,0)

Thus f,, is not continuous at (0,0).
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It may similarly be shown that f,, is also not continuous at (0,0).
Thus, the conditions of Schwarz's theorem are not satisfied.

Examples on Euler’s theorem on homogeneous functions
Example:- 1 Verify Euler’s theorem for the following functions

0) u:x(x3—y3)/(x3+y3)
(i) u = axy +byz + czx

)

- - =x.¢(y/x)
XS + 3 3
y x> £1+(O ]
1)
Clearly u is a homogenous function of degree 1 .
By Euler’s theorem
ou ou
X—+y—=1lu=u 2
x Vo )

For L.H.S of (2). Let’s find partial derivatives
From (1) logu =logx+log(x’ —y*)—log(x*+y*) differentiating partially w.rt x, we
1ou 1 3% 3%

gt —— ==+ - 3
J uox x xX-y* x*+y° ®)
2 2
For y;2 Moo 3 fy _ (4
-y Xy

3

3
Example:- (2) If u=tan™ XY | show that x M ya—u:sin 24
X+Yy OX oy

3 3
Solution:- tanu=2"Y_ 2 #(y/!x)
X+Yy
tanu is a homogenous function of degree 2.

By Euler’s theorem xa—u(tan u)+ ya—u(tan u)=2tanu
OX oy
xsectu ! ¢ y.sec’u N _2tanu
OX oy
ou

ou . ou ou .
X—+Yy—=2sinucosu = X—+Yy—=sin2u
ox oy ox oy

3 3

Example:- (3) If u=tan‘1u, show that xa—u+ ya—u:sin2u and find the value of
X—y ox oy
, 0°U ou  , 0%

X —+2xy +y —

X’ oxoy oy’
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Solution:- * tanuis a homogenous function of degree 2.
By Euler’s theorem

x%u(tanu)+y%(tanu):2tanu

xsectu ! 4 y sec? 0 Z2tany
OX oy

ou ou .
X—+YyY—=sin2u 1
x yay 1)

2 2
Differentiating (1) w.r.t. X,y separately, we get xa—l:+a—u+y ou +0:2c032ua—u
oX~ oX OX oy OX
Multiplying (iii) by x and (iv) by Yy ,then adding columnuise, we get
3(x3+y%) 3(xP+y?
1 Xa_u+y6_u =1+ (3 {)— ( y):1+3—3
ul "ox oy xt-y (x*+y*)

= Xa_u + y%J =1.u Euler’s theorem is verified

OX

Q) * U is ahomogenous function in X, Y,z of degree 2.

ou ou ou
—=ay+cz,—=ax+bz,—=Dby+cx

OX oy oz

ou ou ou
X—+y—+7—=2(axy+byz+czx)=2u
— p (axy +by. )

Hence Euler’s theorem is verified

2 2
Example:- (4) If u :sinl[x Y ],show that xa—u+ ya—uztanu
X+y OX oy
X2 +y° 1+(y/x)’
Solution:- Here sinu = =X =x.¢(y/x)
X+Yy 1+(y/x)

sinu is a homogenous function of degree 1.
By Euler’s theorem

x.ﬁ(sin u)+ y.g(sin u)=1.sinu.
OX oy
ou ou .
XCOSU—+Y.CosSU— =sinu
X oy
ou aou

= X—+y—=tanu.
OX oy
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Assignment
(Students are suggested to try to develop their skills to use what they’ve learnt above. All

the questions are Show That kind of, So without giving detailed answers and leaving it on
your practice.)

Type-1
. li f(x, imli : ist, imli : :
1. Show that o Jim (x,y) and lim lim f (x,y) exist, but lim lim f (x,y) does not, where
N A I
y+xsin| — [,if y=0
f(xy)= [yj
0, if y=0

2. Show that limlim f (x, y) exists, but the other repeated limit and the double limit do not exist

x—0 y—0

at the origin, when

f(x, y):{ysm(]/x)ry/(xzwz), iiz

3. Show that the repeated limits exist but the double limit does not when (x, y) —(0,0):

: X—y T x’y?
(i) f(x,y):m, (i) f(X,Y)Zm
X' +y° X#Y X&) X#Y
(i) f(x,y)=4 x-y (iv) f(xy)=3x>+y*
0, X=Yy 0, X=Y

4 Show that the limit and the repeated limits exist when (x,y)—(0,0):

x2—y2
v (X 0,0
f(xy)=l Y ey 0)7(00)

0, (x,y)=(0,0)

Type-2
1. Show that the following functions are discontinuous at the origin:
(|) f (X, y) _ X2 + y2 ! (X’ y)i (O’O)

0, (xy)=(0,0)

. _xt -y B
(i) f(x,y)= oy (x,y)=(0,0), f(0,0)=0
(iii) f(x, y):ﬂ, (x,y)#(0,0), £(0,0)=0
(x“ + y“)
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2. Show that the following functions are continuous at the origin:
2,,2

(i f(x y):(xi(eryz), (x,y)#=(0,0), f(0,0)=0
Y (xy)#(0.0)

(i) f(x,y)=3x*+y*’
0, (x,y)=(0,0)
3. Show that the following functions are discontinuous at (O, O).

X’y
(i) f(xy)={x+y" (x,y)#(0,0)

0. (xy)-(00)

X +y°

(ii) f(x,y)=1 x-y '
0, X=y

X#Y

3

(i) f(xy)= Xz’i’ 7 (49)#(0,0). F(0.0)=0

4. Discuss the following functions for continuity at (0, 0).

2

X'y ) )
) f(xy)={C+y*’ X“+y 20
0, X+y=0
x? —y?
(i) £ (xy)=1"Y ey (x,y)=(0,0)
0. (x¥)=(0.0)
0 (xy)=(2y.y)

(i) f(xy)= exp{|x-2y|/(x* ~axy +4y*)}, (xy)=(2y.y)

5. Show that f has a removable discontinuity at (2,3):

3xy, (x,y)=(2,3
f(xy)=29 y)_( )
6, (xy)=(23)
Suitably redefine the function to make it continuous.

6. Show that the function f is continuous at the origin, where
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7. Can the given functions be appropriately defined at (0,0) in order to be continuous there?

M Fxy)=|x", (i) f(X,y):sin§
(i) F ()= gz ) f(xy)=xlog(x"+")
Type-3

LIf f(xy)=x*y+e¥  find f and f,.
(x*-v*)

2.If f(x,y):xy( - 2),When x*+y?#0,and f(0,0)=0, show that
X2 +y

f,(x,0)=0="f,(0,y)

f,.(0,y)=-y, f,(x,0)=x

X2 =Xy .
,If : 0;0-¢-4
3.0F f(x,y)=4 x+y 3% ),flnd f,(0,0) and f,(0,0)
0, if (x,y)=(0,0)
x°+y° .
4.1F f(xy)=q x-y ' Y| show that the function is discontinuous at the origin but
0, X=Yy

possesses partial derivatives f, and f, atevery point, including the origin.

5.1F f(x, )_{X“a“(y/x)’ (xy)#(0,0)

, show that xf, + yf, =2f .

0. (xy)=(00)
6. Calculate f, f, f,(0,0), f, (0,0) for the following:
X3_y3
(i) f(ny)=xdry FOYFO
0, x=0=y
Xy H 2 2
JfF X“+y %0
(ii) f(x,y)= X+ y?
0, if x=y=0

7. Show that the function
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2

X7y
f(xy)=1x"+y?
0, x=0=y
possesses first partial derivatives everywhere, including the origin, but the function is
discontinuous at the origin.

8.1f f(x,y)=y[x. find f,(0,0),,(0,0)

, X*+y?#0

Type-4
1. Verify that f, = f,, for the functions:
(a) 2xX _yy, (b) xtanxy, (c) cosh(y+cosx), (d) x’
+

indicating possible exceptional points and investigate these points.

2 2\ g 02 02
2. Show that z = Iog{(x—a) +(y—b) } satisfies — +—— =0, except at (a,b).
ox°~ oy
3. Show that z = xcos(y/x)+tan(y/x) satisfies x°z, +2xyz,, +y°z,, =0, except at points
for ~ which x=0.
4. Prove that f = f  atthe origin for the function:
f(xy)=xtan™(y/x)—y*tan"(x/y), x=0, y =0
f(x,y)=0, elsewhere.
5. If f(x, y,z):(x2+y2+zz)_m,showthat
o’f o*f o°f
2t 2t T
x oy oz
6. Examine for the change in the order of derivation at the origin for the functions:

(i) f(xy)=e*(cosy+xsiny)

(i) f(xy)=yx*+y’sin2g,

where f(0,0)=0 and ¢=tan™"(y/x),
(iii) f(x,y):‘xz—yz‘

7. Examine the equality of f_(0,0) and f, (0,0) for the function:
f(x,y) =(x2 + yz)tan’l(y/x), x=0, f(0,y)= zy?/2
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8. Given u=e*cosy+e’sinz, find all first partial derivatives and verify that
ou  ou . ou  du . du o
OX0y Oyox oxor oiox’ oyor ooy
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DIFFERENTIALS OF HIGHER ORDER

Note: This chapter deals with all basics which we use frequently in mathematics optional topics.
Also here proper justifications are given. Students are suggested to read and just remember
results only according to demand of exam.

TOTAL DIFFERENTIAL

If u=f(x,y), then to show that du :@dx+a—udy.
OX oy

We have u= f (x,y). Let
u+ou=f(x+35x y+3y).
Then su=f (x+5x,y+35y)—f(xy)

f (x+6x,y+38y)—f (X, y+5Yy) f(xy+8y)-f(xy)

= OX+ oy.
OX oy
Now in the limiting case when &x becomes indefinitely small,
f(X+0X,y+0y)—f(X,y+0o
( + y+ y) ( y+ y) becomesif(x,y+§y),

oX OX

and further when 6y diminishes indefinitely,
of (xy) .
9y (x+y+3Yy) becomes M ie., a_u
OX OX OX
Also, when 0y becomes indefinitely small,
f(xy+oy)=f(xy) becomes M ie., a_u
oy oy oy

Therefore, when 5x and 6y diminish indefinitely, it follows from (1) that

du = a—udx+6—udy :
X oy
This value of du is called the total differential of u with respectto x and .
In general, if u=f(x,%,...X,), where x,X,,...,x, are independent variables, we can show

that

du =a—udx1+a—udx2 +...+a—udxn.
oX, OX, oX,
TOTAL AND PARTIAL DIFFERENTIAL COEFFICIENTS
If u=f(x,y), where xandy are function of a single variable t, we have

du :a—udx+a—udy.
ox oy

But du = du dt,dx = dx dt and dy = dy dt . Therefore
dt dt dt

du_oudx oudy
dt oxdt oy dt
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This value of du/dt is called the total differential coefficient.
In general, if u=f(x,X,,....X,), Where x;,X,,....,x, are functions of t, we can show that
du oAudx, ou dx, ou dx,
— =t — 44—
dt ox, dt oOx, dt ox, dt
Similarly, if u=f(x,y), where x and y are functions of two other variables t, and t,, then we
have
ou_oudx oudy
ot oxot oyt

ou_oudx audy
ot, oxot, oyat,
These results can be extended to any number of variables.
CHANGE OF TWO INDEPENDENT VARIABLES
In this section, we consider the problem of changing two independent variables x and y to t, and

t, with the help of relations

()

2)

x=f(t,t,)and y=f,(t.t,). (1)
Let u=f (x, y). Then solving the equation (1) and (2) from previous segment ;g—i and Z—; we
get
ou oy _ou oy
u_aya aa @
ox Ky _oxyy
oy ot, o, oY
oudy oudy
ou_oa, oy oot
anday_gg_gg' ...(3)
ay o, o, o

On the other hand, if the equations given by (1) are easily solvable for t, and t, in terms of x
and vy, say

t,=FR(xy)andt,=F(xY),
then we can find the values of

A o ot o
ox ' oy ox’ oy
and substitute in the relations
u_ouoy oudt,
ox ot ox ot, oX
and 8_u:8_u8_tl+a_u6i. ...(5)

o oy oy ot oy
The higher order partial derivatives of u with respect to x and y can be obtained by repeated
application of the formulae (2), (3), (4) and (5).

(d)
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The above formulae can be easily extended for more than two independent variables.
Caution. While changing two independent variables, one should be careful to detect which
variables are to be regarded as constants in performing partial differentiation. For instance, to

: ou : : . .
find the value of x the variable y is to be regarded as a constant and not t, or t,, since there is
X

independence between x and y, and not between x and t, or x and t, .

TRANSFORMATION FROM CARTESIAN TO POLAR CO-ORDINATES
If V is a function of xand y, x=rcos@ and y =rsiné, then to show that

o oV oV 1ov 1oV
PN e BN R I
ox- oy or: ror r°oé

Since x=rcos® and y=rsiné, (1)
we have r:(x2+y2)]/2 and 6 =tan"(y/x). ...(2)
From relations (1) and (2), we have

OX X or X X

—=C0sf=—, —=——"—7=—=0C0s0,

or rox (x2+y2) r

gzsingzll g:—y 7 =X=Sin0,

or r oy (x2+y2) r

_X=_rsin0=_y,%:_ 2y 2:_S|nt9,

0 OX X“+Yy r

ﬂ:rcos¢9:x, %= X =C080-

0 oy xX+y? r

Using these equations, we have
oV _oVor oVal _ eav sing oV

—=——+——=C0S

ox or ox 00 Ox o r 06
N oVaor Voo . oV cosf oV
—=——4+——=SIN0—+——,
oy or oy 06 oy o r 06
N _NX Ny XN yov

oar oxor odyor rox roy

N _NX Ny __ NN

20 X0 oyoo T ox oy
Therefore, we have the following equivalence of Cartesian and polar operators

0 0 sin@d 0
x0T
o . .0 cosf o ++(3)
—=sinf—+——.
or r oeé
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a x ey
r X
and ...(4)
0 0 0
o8 oy "0
OX
oV 0 N 0 sin@ o oV  sin@ oV
— == cosf ————— || cos@—————
ax® ox\ox or r oo or r oeé

0 oV sin@oV ) sin@ 0 oV  sin@ oV
=c0sd—| cos)————— |-———| C0SO— ————
or or r o6 r o6 or r o6

Y smeav _sing oV \ sind o . oV cosd oV sing oV
=C0sf| cosf— >t — cosf@———-sinf@—— >
or r 89 r orof r o6or or r 80 r o6
, 0N 2sinfcosO oV sm 20 oV smzeav 2sin&cos O oV
=C0S" 0 —— 5 =+ — . ....(5)
or r arae r 06 r or r 00
Also,
oV _ ooV ( ne0 . cos@i)( inoV . cosé’ﬂ}
oy’ oyl oy or r 080 or r 060
k 0 oV cos¢9 oV cos@ 0 oV cosd oV
=sin@—| sin@ — + —= | p—ein————
or or r o060 r 60 or r o060
oV _cos8 V. cosH oV ) cos@ . oAV oV sin@dV  cosf oV
=sind| sin@ > > + sin@——+cosf@—— —+ 5
or r 89 r oroé r o6or or r o060 r o6
oV 25|n6?cosé? oV . cos 20 0V cos? 6V 2sinfcosd oV
=sin’ @ 5 >+ ————— ....(6)
or? r arae r- o6 r ar r 00"
Adding (5) and (6), we obtain
o oA oAV 1oV 1NV
PN T BN R SNy i
ox® oy° or° ror r°oe
Exercise. Transform the following equation to polar co-ordinates
oV azv _o.
ox? ay
Note. It should be noted that o denotes the partial derivative of r when it is expressed as a

OX
. . OX . . -
function of x and y. While ™ denotes the partial derivative of x when it is expressed as a

function of r and &. Here it is worth mentioning that
or ox . _or OX

——=#1,le, —#1

oX or OX or’

Corollary. If V be a function of r alone, where r> = x>+ y?, then
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o o 9NV 1oV
+ = +——.
ox> oy* or* ror

o oA oV

TRANSFORMATION OF v/ =9" 497 27
x> oy o

TO SPHERICAL POLAR CO-

ORDINATES
From three dimensional co-ordinate geometry, we know that the transformation formulae from
Cartesian to spherical polar co-ordinates are
X=rsin@dcos¢g, y=rsindsing, z=rcosa.
Putting rsin@=u, we have
X=UC0S¢ and y=using.
Now using the result of past discussion, we obtain
oV oV 0V 1oV 10V

+ +——t=—.
X2 oy? ou uodu  u?og

azv

oV azv azv s azv 1oV 1 0%V

+ +— +——. (1
ox’ 8y2 2 ol uau W o’ @)
Now for z and u, we have
z=rcos@ and u=rsing.

Therefore, again using the result of past discussion, we have

oV azv AY Llov 1 oV

2 2 e 7 - (2)

oz au S or r o r2oo

Also, a_V:a_Vg+ o 89 where r? =z° +u2,6'=tanl(gj
ou  or au 00 du z
oV cosé oV

=sinfg—+——,
or r oé

so that lﬂ: 1 (sin HﬂJr—COSHﬁJ
uou rsing or r o6

1oV 10V  cotdoV
L., — — . ...(3)

uou ror r- o6
Substituting from (2) and (3) in (1), we get

oV L2V 1 oV ootV 1 oV
VAV = T a2 ) 2"
or? r o r? a0 r 849 r’sin® @ o¢
ORTHOGONAL TRANSFORMATION OF V&
To show that the expression az\g + az\g + az\g transforms to 62\2 + 62\/2 + 62\/2 by changing to
ox~  oy: oz o&” on° o¢

any other set of axes O&,0n,0¢ , mutually at right angles, the origin being the same.
Let (I,m,n),(l,,m,n,),(l;,m;,n,)be the direction cosines of O&07n,0f, referred to
Ox,0Q0y, Oz as axes. Then we know (from three dimensional co-ordinate geometry) that
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IZ+m2+n? =112 +mZ+nZ =112 +m’+n? =1, (1)

and L1, +mm, +nn, =0 etc.

Again, since (I,1,,1;),(m,m,,m;),(n,n,,n;) are the direction cosines of Ox,0y,0z,
respectively, referred to O&,0n,0¢ , as axes, we have

12 +12+17 =1 etc.

and | m +I,m, +1,m, =0 etc.

Now
& = projection of the line joining (0,0,0) and (x,y,z) on O, i.e.,
E=lx+my+nz.

Similarly, n=1Lx+m,y+n,z and { =Lx+my+n,z.
Now &YV 2 oV oy v oL

oX 0 ox Om ox 04 OXx
oV oV I oV

=l —+,—+,—.
1 8§ 2 877 3 aé’
Therefore, ng(a—vj
OX~  OX\ OX
.oV 0 0 o,V , v oV
e, —=lL—=+L —+L—||h—+, —+,—
164 o0& “on Toc YT
=17 82\2 +12 82\/2 +12 82\/2 +2I1I2ﬂ+2lzl3 gV +21,), & . .(3)
dg" “on° " og agon onog 050¢
Similarly, ﬂ:mf 82\2 +... etc. ...(4)
oy ¢
and @=nfa—2\£+...etc. ....(5)
oz O&

Adding (3), (4) and (5), and using (1) and (2), we get
o 0N oV oV oV oV
+ + = + + :
ox> ey’ oz & ont oc?

Example 1. If x=rcos@ and y =rsiné, show that

0’0 o%0

W'FW:O .

Solution.

From x=rcos@ and y=rsing, we have &=tan™*(y/x). Then

%_;(_lj__L
OX 1+(y/x)2 X2 X2 +y?
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2
sothatgzi(aej_ 9 2y 5 |= 2%y 5 ...(1)
OX~  OX\ OX oX\ X" +Yy (x2+y2)
Also, %= 1 ~1= ZX >
oy 1+(y/x) X X +y
2
sothatﬁzi(aej i( 2X 2]:— 2y 5. ...(2)
oy oyloy) ay\x*+y (x*+y?)
0’0 0°6
Adding (1) and (2), we get —-+—-=0.
g (1) and (2), we g o oy
Example 2. If x=rcosé,y =rsin@, prove that the equation
o’u  ou ,  \ 0U
Xy| ——— |- (X" — =0
y[ax2 asz ( y)axay
U ou
becomes r ——=
orog 06
Solution.
We know that
0 0 0 0 0 0
r—=xXx—+y—and —=x—-y—.
or ox "oy 06 oy =~ OX
Therefore,
ou 8(6uj 0 0 ou  ou
r =r—| — |=| X—+y— || X——y—
orof  or\ o6 ox "oy oy ~ ox
_ o%u Xa_u_ yazu Xyazu_y2 o%u _ya_u
oxoy oy oy? oyox "~ ox
, o\ OU o°u o Gu ou ou du
=(x*-y?) R ,Since X——y—=—
OXoy ox° oy 69 oy ~ox 00
ou  au ou o4 , oy OU
r —— =Xy - (x -y?) -
orog 06 ox* oy OXoy
: : o’u  ou 62 62u
Example3. If x=£&cosa—nsina,y=Esina+ncosa, prove that + )

OR

2 2
Prove that 8—2 +8—L; is invariant for change of rectangular axes.
X~ oy

Solution.
We have

ou _ouodx  oudy ou ou
—+— _c03a—+sma5

0F  Ox 0F oy OF OX
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o’y 0 (ou o . 0 ou . du
so that — = c03a6—+sma5 cosa —+sina— |,

08~ o¢\o¢ X x oy
2 2 2 2
ie., 8—li:coszoza—l;+25in05005a u +sin2aa—¥. ...(1)
o¢ ox oy
Also, 8_u:a_u@+a_uﬂ:_sinaa_u+cowa_u,
on o0xonp oy on OX oy
o'u 0 (au 0 0 . ou au
sothat — =—| — |=| —sina—+cCosa— || —sina—+cosa— |,
on® on\on OX oy OX oy
2 2 2 2
ie., a—Li:sinzoza—LZJ—ZSinozcosw ou +coszaa—L;. ..(2)
on OX OXoy
2 2 2 2
Adding (1) and (2), we get ali+8L;:8L21+8L;_
o&° on® ox° oy
Example 4. If u=ccosh xcosy,v=csinhxsiny, prove that
2
ﬂ+ﬂ=c—(cosh2x—0052y) Q-Fﬂ .
ox: oy- 2 ou®  ov
Solution.
We have
oV oV ou oV ov . oV ——
—=——+——=csinhxcosy— +ccosh xsiny—
OX 0OU oX oV oX ou ov
oV oVou oV ov .oV . oV
and — =——+——=—ccosh xsiny—+csinh xcosy — .
oy ouody ovoy ou oV
Therefore
oV .oV

—+i—=c(sinh xcos y —icosh xsin y)ﬂ+c(cosh xsiny +isinh xcos y)ﬂ
oy ou ov

OX
:csinh(x—iy)g—\:—%sin(x—iy)g
. . [0V .oV
:csmh(x—ly)(a—u—laj,
so that %H%:csinh(x—iy)(%—i%} (D)
Replacing i by -i, we get
%—i%:csinh(xny)(a%ﬂﬁ%j. (2

Multiplying (1) and (2) we have

o 0 ) . CN . o> 0
—— +——=c°sinh(x—iy)sinh(x+iy)| — +—
aXZ ayZ ( y) ( y)(aUZ aVZJ
c? . 0 0°
=—(cosh2x—cosh2iy)| —+—
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2

c o®
=—(cosh2x—-cos2y)| —+— |.
( | o o)

aVZ
Now operating both sides on the function V, we get
2
ﬂ+ az\g ¢ —(cosh2x—cos2y)| — o az\g :
ox- oy* 2 ou® v
Example 5. Transform the equation
0%z

§+2xy +2(y y )5+x y22=0

by the substitutions x =uv, y =1/v, and hence show that z is the same function of u, v as of X, y.
Solution.

Since x=uv and y=1/v, we have u=xy and v=1/y.

Therefore

a_ N g 1 )

ox oy o oy Y
0z 070U 070V 0z

Now —=——+——=y— using (1

OX OUOX oV ox y 9(1)

. oz 1oz .

l.e., —=———8Ince y=1/v, (2

OX Vou y=Y )

2 2

so that a_zzg(azj B 1@j=%8_§_ ...(3)
15) GNG) QN6) vau vV ou V° au

Als az_azau+azav_xg_1a using (1),

0, —=——+——+=
oy ouoy ovoy ou y*ov'
so that ygzxy@—lg:ug—vg. w(4)
oy ou yov ou ov

Using (2), (3) and (4) the given equation transforms into

2
107z +2ul(1@j+2(1—i2j(ug—vg)+uzz:O
V2 ou? vV au v ou ov
. 822 2 oz 2 (674 20,2,
ie., W+{2u+2u(v —1)}a—u—2v(v —1)E+u V22 =0,

N oz 0z

ie., —2+2uv2—+2(v—v3)—+u2v22 =0.
ou ou ov

This equation is exactly similar to the given equation, which shows that z is the same function of

u,vasofx,y.

+Q =0 is satisfied when V is a function of x and y, show that

it will also be satisfied when V is the same function of u and v, where
1
u= Elog(x2 + y2) and v=tan™(y/x).

Solution.
Multiplying v by i and then adding to u, we have
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u+iv=%|og(x2+y2)+itan‘1(y/x):Iog(x+iy),

so that x+iy =e"" =e'e" =e" (cosv+isinv).
Equating real and imaginary parts, we get
x=e"cosv and y=e"sinv.

Whence %ze“ COSV =X, %z—e“ sinv=-y
ou dv

gze”sinv=y, @:excosv:x.
0 ov
Using these values of partial derivatives, we have
oV _ oV x av oy Xav +yﬁ
o oxou you o x oy
el Y ax+avay oV Xﬂ

N OX OV oy ov ox oy
Therefore,

82V 0 LGVJ 0 0 oV oV
=| X—+y— [+ X—+y— |,
a2 aul au OX oy OX oy
ie., 2 x2ﬂ+xﬁ+2xyﬂ+y2@+yﬂ; (1)

aur o oae ax ooy oyt oy

+ X
YR ox oy
. OV L0V N N N L,V
e, — =y ——2xy Y XX . ..(2)
OX OX OXoy ay OX oy
Adding (1) and (2), we have
N LN (. 2(az\/ az\/] AV oV
=(*+y?) 0,as Zr

— —t— |= —+ =0.
£l 8v2 ox* oy’ ox* oy’
Hence the given equation is also satisfied when V is the same function of u and v.

Example 7. If f(x, y) has continuous partial derivatives of the first two orders, and

(x+Yy)=(u+v)’,x—y=(u-v)’, show that

0*f  o*f 0*f  o*f
e 558 o 55-5)

Solution.
We are given that

X+y=u®+3u?v+3uv’ +Vv? and x—y=u’—-3uv+3uv’ —Vv°.
On addition and subtraction, these equations give
x=U>+3uv’ and y=3u?v+V°.

Whence %:3(u2+v2)=@,%:6uv:@.
ou oV oV ou
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Using these values of partial derivatives, we have

q=Q%+qu3(u2+v2)i+6uvq (1)

ou oxou oyou OX oy

and i:g%+@@:6uvi+3(u2+vz)ﬁ. ...(2)
N OXOV oy ov OX oy

Relations (1) and (2) on addition and subtraction give

i+g:3(u2 +Vv2 +2uv)g+3(u2 +Vv2 +2uv)£,
ou - ov ox oy

Therefore,
0 O s( 0 0| _ Jd 0

(u+v)(a—u+5j_3(u+v) [&+5J_3(x+ y)[6x+6yj

0 0 3( 0 0 ) _ 4, N[O O
and (u—v)(a—u—aj_%u—v) (&—Ej_%x y)[ax ayj'
Hence (u +v)(i+£]{(u—v)(ﬂ—ij}

ou ov ou ov
_ 0, 0 \giyay) O L0
_3(x+y)[6x+ay]{3(x y)(ax ay]’
. 2 .2 azf_ézf Calv2 2 azf_az_f
e, (u v)(au2 asz_Q(x y)[ax2 ayz)'
Example 8. If x=¢"secu,y=e"tanu and ¢ is a function of x and y, show that

cosu[ ¢ —%J=Xy[ﬁ+ifj+(xz+yz)ﬂ.
ouov  ou ox° oy ooy

Solution.
From the given relations, we have

X ox
— =e"secutanu, — =e'secu,
ou ov
@=evseczu, @=evtanu .

ou ov

Using these values of partial derivatives, we get

%:%%4_%@:evsecutanu%+evseczu%’
ou oOxou oy ou OX
so that cosu%:eV tanu%+evsecu%,

ou OX
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_y9¢. .99
-y 2l (1)

Also, 6¢ a¢ ax 8¢ 8y =g’ secu%+ev tanu%
o OX av oy ov OX
¢ o¢
& Yoy - (2)

Now using (1) and (2), we obtain

cosuﬁ=cosui(%]=(yﬁ+xﬁJ[x%+y%
ouov ou\ ov oXx oy OX oy

Pp 0p, O L Fp 0o
2+yax+y 8X8y+ 8X8y+xy8y Y

=Xy[%+%j+(x2+yz)%+ y%m%’;

N——

= xy(¥+yj (X2 +y2)§x—g;+cosu%,

ie., cosu[ # 8¢J xy[a? ¢J (x2+y2)ﬂ.
ouv  ou o2 oy’ Xy

Example 9. If x+y=2e’cos¢ and x—y = 2ie’sing, show that
oV azv _ 4y oV
802 a¢ axay
Solution.
On adding and subtracting, the given relations provide
x=e’(cosg+ising)=e’e"” ="
and y=e’(cosg—ising)=e’e™ =e’".
Whence X _ e/t — x,— X =ie’" —jx,

06 ¢
g_ea—iqﬁ _ ﬂ__- 0-ig _
060 o¢

Using these partial derivatives, we have
oV _ oV ox avay av yﬂ A)
do axae oy 960 ax oy
G N N Ny (N )

Op OX 0p 0Oy O¢

Therefore,

o 0 (avj o o). v oV
—=—| = |=[ Xty || X—+yY— |,
00° 90\ 90 ox Coy )l ox oy

—iy.

..(B)
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+y—, ...(1)

2)

Adding (1) and (2), we get
oV oV 4 oV

=4xy ——.
o7 o ) ey

[other way]. From (A) and (B), we have

ov .oV oV ov .oV oV
—+i—=2y—and ——-i— =2Xx—.
00  0¢ oy 00  0¢ OX

Therefore, 8—2\2+Q= ini i_ii \V;
060° 0¢ 00 0¢ )\ 068 0O¢

0 0 oV
‘(%)(ZX@V“‘WMJ

Example 10. If u= f (x,y),x*=¢&n and y* = £/, change independent variables to &,7 in the

equation
2 2 2
20 lj—2xy . +y? g l:+2y6—u=0.
OX oxcy =~ oy oy
Solution.
From the given relations, we have

E=xy and n=x/y.

Whence a—é=y,6_9?:)(,5_77:&’8_’7: Lz
ox oy ox yoy oy
Using these partial derivatives, we have
ou_ouos oudn_ ou 1ou
oX 0& OX Om OX o& yon
so that xg:xyi+fi:§i+nﬁ; (D)
OX oc yon ~0¢ ' On
ou ouo& ouon ou X ou
also —=——2 4+ — Ly~~~

X

oy ooy ondy 9& y'onm
0 0 X0 0 0
sothat y —=xy ————=6{——-n—. .(2)
o 05 yon "0 On
Subtracting (2) from (1), we get
0 0 0
X——-y—=2n—. (3
™ yay "o @)
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[ d aj( au auj

Now | X——y— || X——Y

oXx "oy ox "oy

Oy ofau
oX\ ox "oy oy\ ox "oy

—x2@+xa—u—xy o’u Ly 82u 282 +y8_u

o x Vaey Vaxay ) o oy
, 0% o’u  ,0u _ou ou
= X" —5 —2Xy +Y Xty —
OX oxoy oy 0 oy
, 0°U u 0 ou ou au
= X" —5 —2Xy Y 2y —H XY —
o oxgy oy a  ox "oy
on adding and subtracting y(ou/oy)
Therefore,
o%u o%u o%u ou
X gy Y 2y

a><8y oy* oy
o PR AR L
6 ax yay OX yay
ou
( j( j 277% , using (3)

2
=2n| 2n °2 26_u -2n Gl
on®  on 877
2 2
2 OY o an M op Mg T g M
on? on on on’ on
Hence the transformed equation is
2 2
47726 +2776——0 le., 277a au
on’ on on’ a77
PYQ Example: If f =f(u, v), where u = e¢* cos y and v = €* sin y, show that
*f ot ., (aZf aij
—2+—2=(U +V ) 2 + >
ox: oy ou  ov
Solution: u =¢€* - cosy

—=0.

a—u—excosy—u

P .

M —e*.siny=-u

oy

ou  au .
WZ——.Z—G .Cosy:—u
v=ge*-siny

a—u—e siny=u

X
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ou au
—_—=—=U
ox* o

ou
—=e’.cosy=u
oy

ou  ou .
— =——=—-¢"siny=-u
oy oy

2f | of ou o°f (aujz o v 62f[8vj2
— =t —| = | |+ ===t =
ox* | ou, ox2  ou® \ ax ou ox*  ou?\ ox

@ ot eu otf (euY ] |of v o f(avY
Similarly, —-= + : H— =t =

OX ou oy ou”\ oy
Using above values, we get

ou, ox2 ou? | ax
o2f &t of (*f ou) o°f |(auY (auY | af(ou ou) &%f|(au)’ (au)
St g | gt [t = | = | | S = = |+ =
ox® oy oulox* ou ou OX oy ov\oy® oy oV |\ OX oy
of o*f, , ,\ oOf of +, , , o[ 0*f O°f
ZE(U_U)JFW(U +V )+E(V_V)+W(u +v) =(u?+v?) A

PYQ Example If u = Ae % sin(nt — gx), where A, g, n are positive constants, satisfies the heat conduction

2
equation, a_u= uﬁ—l: then show that g = 43
ot OX 21
Sol: u = Ae ¥sin (nt — gx), where A, g, n positive constants.

2
finding Z—l: and a—L: from give expression of u, we get
X

au
H —n Ae ¥ cos(nt—gx),
n Ae % cos(nt—gx)

%u = A(—ge’gx cos(nt - gx) - ge ™ sin(nt — gx) ) =—Age ™ [ cos(nt — gx) +sin(nt — gx) |

. @——A o o [(g sin(nt—gx))—gcos(nt—gx)]

S —ge %[ cos(nt—gx)+sin(nt— gx) |
2

% =—Ag’e ¥ sin(nt — gx) —cos (nt — gx) —sin(nt — gx) —cos (nt — gx) |
2

ZTL; =2Ag’e % cos(nt — gx)

2
Substituting values of Z—Lt’ and Z—‘Z‘ from (ii) and (iii) in (i), we get
X

n Ae ¥ cos(nt — gx) = 2Ag% ¥ p[cos(nt — gx)
n = 2pg’

E
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PYQs - FUNCTIONS OF TWO VARIABLES since year 2009

LIMIT, CONTINUITY AND DIFFERENTIABILITY

QL. Given that f(xy) :‘xz - yz‘. Find f,(0,0) and f,(0,0). Hence show that

f,(0,0)= f,,(0,0). [2b UPSC CSE 2021]

Q2. Let f:D(=R®)—>R bea function and (a,b)eD. If f(x,y) is continuous at (a,b) then

show that the functions f (x,b) and f (a,y) are continuous at X=a and at y =b respectively.
[1b UPSC CSE 2019]

Q3. Show that the function

Xy (%, y)=(L-1),(11)
f(x,y)=4 x=y = " AR
0, (xy)=(11),(1-1)
is continuous and differentiable at (1,—1). [1b P-2 UPSC CSE 2019]

Q4. Let
f(x,y)=xy*, if y>0
=—xy?, if y<0

Determine which of Z—L(O,l) and %(0,1) exists and which does not exist.

[3b UPSC CSE 2018]
Q5. Consider the function f defined by

2,2

y
f(xy)= xyx2er2 , wherex’+y*#0
0, where x* + y> =0
Show that f,, # f,, at (0,0). [2b 2018 P-2 IFoS]
Q6. If
xy(x2 3 yz)
f(xy)=] ey o )F(00),
0. (xy)=(00)
o* f o* f
calculate and at (0,0). [3c UPSC CSE 2017]
OXoy Oy OX
Q7. Let
2X4 _5X2 2 5
L (0y)#(00)
F(xy)=3 (X+Yy?)
0, (x,y)=(0,0)

Finda &> 0 such that | f (x,y)— f (0,0)| <.01, whenever /X’ +y* <&.



[3b UPSC CSE 2016]

Q8. For the function
x> — x\/y
— : 0,0
f(xy)=| ry * ¥)=(00)
0 (x¥)=(0.0)
Examine the continuity and differentiability. [4d UPSC CSE 2015]
Q9. Compute f, (0,0) and f,, (0,0) for the function

Y (x¥)#(00)
f(xy)=x+y?" '
0, (x,y)=(0,0)
Also, discuss the continuity of f, and f, at (0,0). [3b UPSC CSE 2013]
Q10. Define a function f of two real variables in the xy-plane by

3 1 1
x> cos ~ +y°cos ~
y
x> +y?
0, otherwise
Check the continuity and differentiability of f at (0,0). [1a UPSC CSE 2012]

f(xy)= forx,y =0

2

Q11.Find lim —*Y_ ifit exists. [1c UPSC CSE 2011]
(xy)=(0.0) X* +y
Q12. Let f :R?> - R be defined as
Xy .
——, if(Xx,y)#(0,0
(y)=l Py (x.y)#(0,0)
0, if (x,y)=(0,0)

Is f continuous at (0,0)? Compute partial derivatives of f at any point (x,y) if exist.
[3b UPSC CSE 2009]
Q13. Afunction f(x,y) is defined as follows:

X2y2 )
f(xy)=4x+y*’ if (x,y)#(0.0)
0, if (x,y)=(0,0)

Show that ny (0, 0) = fyx (0,0) . [2017 4b IFoS]
Q14. Evaluate f, (0,0) and f, (0,0) given that
xtant Y _y2tant X ifxy =0
f(xy)= X Y y & . [32 2017 P-2 IFo0S]
0, otherwise



Xy

Q15. Examine if the function f(X,y)=—;
x> +y

-.(X,y)#(0,0) and f(0,0)=0 is continuous at

(0,0). Find % and % at points other than origin. [2016 1c IFoS]
sin (x+2y)
tan™ (2x+4y)

1
> (x,y)=(0,0)

2
[3b 2016 P-2 IF0S]

- (x¥)#(0.0)

Q16. Examine the continuity of f (x,y)= at the point (0,0).

2*f(0,0) &1 (0,0)
and

OXoy oy Ox
xy (3x* —2y?)

fxy)=1" @1y (x.y)#(0,0)

0 (x)-(00)
o f o’ f

Also, discuss the continuity of and at (0,0).
Oxoy 0yoX

Q17. Obtain for the function

[3b P-2 UPSC CSE 2014]

(x+ y)2 _
Q18 Let f(X, y): X2+y2 I (X’ y)¢(0,0)

1, if (x,y)=(0,0)
Show that 2—; and % exist at (0,0) through f (x,y) is not continuous at (0,0).
[2b P-2 UPSC CSE 2012]
Q19. Show that the function defined by
X +y°
f(xy)=9 x-y
0, X=Yy

X#Y

is discontinuous at the origin but possesses partial derivatives f, and f, thereat. [2011 1c IFoS]
Q20. Let

xy (%% —y?) .
fy)={ ey Y
0, if (x,y)=(0,0)

Show that:

(i) f,(0,0)=f,(0,0)

(ii) f is differentiable at (0,0)[2010 3c IF0S]
PARTIAL DERIVATIVES




3

3 2 2 2
QL Ifu=tan* XY x2y then show that x? 0 lj+2xy ou +y? 0 l: = (1—4sin®u)sin2u.
X—y ox oxoy T oy
[3c P-2 UPSC CSE 2020]
Q2. 1fu :u(y—z,z—x,x—y), then find the value of 8_u+8_u+8_u :
OX oy oz
X y z . ou ou _ou
If u(x,y,z)= + + , then find the value of x—+y—+z—.
Y+Z Z4+X X+Yy oXx ~oy oz
[1b 2020 P-2 IF0S]
Q3. If
Vs | 13
u=sin™
xV2 4 y¥?

then show that sin®u is a homogeneous function of x and y of degree —%. Hence show that

, 0l o'y ,d%u tanu(13 tan’u
X* — +2Xxy +Y —= —+
X oxoy 0 ooy 12 (120 12

Q4.1f f=f(u,v),where u=e*cosy and v=e"siny, show that

2 2 2 2
LT _(wev) 242 ] 2018 30 1F0s)
ox~ oy ou ov

j . [4c(i) UPSC CSE 2019]

Q5. If u(x,y)=cos™ BN ,0<x<1, 0<y<1 then find the value of xa—u+ ya—u.
Ix+y ox oy

[3c 2016 P-2 IFo0S]
Q6. If the three thermodynamic variables P,V,T are connected by a relation, f (P,V ,T) =0. Show

that, (@j (ﬂj (ﬂj =—1.[2012 1c IFoS]
ot ), \av ).\ aP /.

Q7. Ifu= Ae‘gxsin(nt—gx), where A, g, n are positive constants, satisfies the heat conduction

2

. ou ou n
equation, — = u—— then show that g = || — |. [2012 1d IFoS
q praal e g [ zy) [ 1
Q8. If

_ _ ou
u=x2tan| L |=y2tan| X | show that x2 % +2
(xj y (y] i

ou  , U
+y —=2u.
oxoy "~ oy

[2012 P-2 IFoS]
Qo.If f (x, y) is a homogeneous function of degree n in x and y, and has continuous first and

second-order partial derivatives, then show that

Q) X%-i— y%:nf
2 2 2
(i) x? aaxz +2Xy aaxanyry2 iyz =n(n-1) f [4b UPSC CSE 2010]



Solutions(hints) https://www.youtube.com/live/U|8]z3M6sLA?si=JzI8IYOCOYRWHGL z
Note- Maximum PYQs are solved in examples itself. Here are those which are to be guided.

Ansl: Hint- we know that

f_ (ab)=lim f,(a+hb)-f, (ab)

f.(ab+k)-f (ab)

f.(ab)=lim—=
k—0 k

. (0.0)-iim (007K 1(00) g
k—0 k

w £,(0,k) =1im F[(0+h,k) - F(0,0)]1/h =0
fx(0,0)=0

Ans2- Hint
Repeated Limits

If a function f is defined in some neighbourhood of (a, b), then the limit
Iylgg f(xy),
if it exists, is a function of x, say ¢(x). If then the limit Iim¢(x) exists and is equal to A, we

X—a

write
I|mI|mf( YY) =

X—a X—b

and say that X is a repeated limitof fas y > b, x > a.
If we change the order of taking the limits, we get the other repeated limit
limlim f (x,y)=A4" (say)

y—b x—a

when first x —a, and then y —>b.
These two limits may or may not be equal.

Now let if function is continuous at some point (a,b). that means limit of function at (a,b) equals
to f(a,b). So limit f(x,b) will also be equal to f(a,b), so this is continuous too.

Theatrically Thinking:

If some function f (x,y) is continuous at (a,b)
.. by definition
|f(x.y)-f(ab) <& whenever [x—a|<5, |y—b|<&


https://www.youtube.com/live/Uj8jz3M6sLA?si=JzI8iY0cOYRWHGLz

or lim f(xy)="f(ab) (1)

(x.y)—>(a.b)
* (1) holds for arbitrary values y innbd of (a,b)
-.(2) will also hold for particular y =b
ie. lim f(xb)="f(ab)

(x,b)—>(a,b)

= lim f (x,b)= f (a,b)

X—a

= f (x,b) is also continuous at x=a

2 2
. . Al  X—y#0
Ans3 CSE 2019. Prove or disprove XyI)lrr(l00 f(xy)=0 where f(x,y)=1 x—y
| ’ 0 Xx—y=0
Steps (i)
2_\2 r?(cos’*@—sin’*6@
Xy _ :| ( _I )|=|r-(cos¢9+sin¢9)|=|rcos¢9+rsin9|
X—Yy ‘ r(cos@—sind) ‘
la+b|<|a]+|b| =<|rcosd|+|rsing| <|r|-|cos 6] +]r||sin G|
<|r[-1+|r]-1<2)r|=2x* +y? <&
Step (ii)
e )+y:<Zx—0<—5— . ly—0<—2_ :|x-0 S5,ly-0<s
Wyt <gifiO< o ly-O< o i x-0<& [y=0<
£ £ £ g2 g2
5= PX = Y= X =y’ =
22" 22 y 2\2 ax2" T ax2
2 2 2
ayr=2 ey =5 lim Y _o
4 2 | )00 x—y

Ans. Show that the limit exists at origin i.e. (0,0)

! (1J ! (lj-
xsin| — |+ysin| — |; xy=0
f(xy)= y X

0 ;o xy=0

Solution.



We want limit at (0,0)

- f(x,y) may approach to the value 0xsin%+0+sin%=0:£

.. Now we want to check limit is O or not??

Step (i)
|f(xy)-0= xsin < 1 ysinl <Ixsin L[+ ysin%
£|x|. sin% +|y|. sin% <|X|-1+]y|-1 <|x|+|y|< &
Step (ii)

& & &
|x|<§ : |y|<§ =|x-0/<&,|y—0| < swhere 5==
Theref li V)=
erefore lim | f(xy)
xy 2 -y
Ans4 IFoS 2018. Consider the function f (x,y)= yx2+y2
0, X 4y2=0

X2+ y2#0

Finda &> 0 such that | f (x,y)— f(0,0)|<0.01 whenever x*+y* <&

Solution.

Step (i)

[T (x,y)-f(0,0)|= xy;(z;);—o‘= rzcosesinﬁr zzz z;:: Z%
:r_zsin4¢9<—zsxzzy2<o.01 p

x72<§y?§ x* <2¢;|X< <2z, |y|<\/z §=+2¢; 5=+2x0.01

2X4 _5X2 3 5
VIOV Y (x,y)-(0.0)
Ans6 CSE 2016. Let f(x,y)=1{ (x*+y?)

0 ; (xy)=(0,0)



Finda >0 st. |f(xy)- f(0,0)<0.01 whenever /X’ +y* <&

Solution.

2r* cos* @sin @ —5r° cos? @sin® @ +r°sin° O 0

[f(xy)~1(0.0)=

R 2
(r*cos®@+rsin’9)
X=rcosé,y=rsind

er? (cos4 @sin 0)—50032 @sin® O +sin® 6?|
B r*.1 ‘

< Z‘rcos4 dsin 0‘+‘—5r cos? @sin? €‘+‘rsin5 9‘ <2|r|-145|r|-1+|r|-1<8]r]

Using la+b+c|<|al+|b|+|c|; la—b+c|<|a|+|b|+|c|

<8x*+y? <£=0.01" «/ 001

CSE 2015. Discuss the limit of the function

CONY  (1y)#(00)

f(xy)=1 xX*+y

0 ; (x, y)=(0,0)
Solution.
Way 1:
2 2 1 -
X2 —xy| _|r?coso—r*cosossing| | (COS H—r%cose\,smej‘
f(xy)-0|= Ty ‘:

2 2 : =
r’cos’@+rsind ‘ r2(0032¢9+1sim9j ‘
.

“* I is present in denominator
When .. (X,y) = (0,0)=r*=x*+y* -.r >0 |f(x,y)-0|
May tend to infinity = |f (X, y)—0|>¢& when [x—0]<&, |[y—0|<&

oo lim o f(x,y) does not exist.
(x,y)—y(0,0) ( y)

Exam Point



If after implications | f (X, y)—¢| has either r in the denominator of sin §,cos ¢ in the denominator

then | (x,y)—(|>¢

1 1 1 1
eg. —— ;, —=2,——=2000,..... S.——may - o
sing] " 12 %000 sin@
Way 2:
im X —x\/_ - xXt-xdmex 1-m
(x)=(00)  X* +y (xmx) X% +mx’ 1+m

.. limit does not exist

CSE 2009. Let f :R? — R? be defined as

Y if (x,y)#(0,0)

f(xy)=4yx+y

0 if (xy)=(0,0)
Discuss the continuity if f (x,y) at (0,0)
Solution.

If f(x,y) is continuous at (0,0)

Then | (x,y)- f(0,0) <& whenever [x—0/<&,|y—0/<& (D)
Y gl feosd rsin6 | =|rcos@sin 6| = T sin26| < £‘zlwlx%y2 <g
X2+ y? rJcos? O +sin? 0| 2 2| 2

2 2
X +y2 <28 X2 +y?<ds®; X <4% Y’ <4%:>|y|<\/§g
Therefore (1) holds well .-.given function is continuous at (0,0)

X —X\/_ 0)

UPSC CSE 2015. Check the continuity of f(x,y)=4 x*+y?

o, (’y)=(0’0)

Solution.



.+ f(x,y) may be undefined or infinitely at x=0,y=0 so we need to check continuity of
f (x,y) at (0,0) only. At Rest of the points in RxR plane, f(x,y) will be continuous.
= Let’s check continuity at (0,0)
~+ for continuit lim f(x,y)="f(0,0
y (x,y)—>(0,0) ( y) ( )
But we have already shown in previous example that

lim X2 -x\y lim x2—xym-x _1-vm
(=00 X2 +y  (xmx) X2+mx 1+m

.. limit does not exist

Function cannot be continuous.
xy?ify>0

CSE 2019. Let f(x,y)= ¢ , _y
—xy“ :if y<0

) . of of ) . )
Determine which of | — and | — exists and which does not exist.
OX (01) (01)

Solution.
We know that

f(h,l)—f(O,l) hx1? —0x1?

. (@j _ im0 )-F(01) . _lim
ox h—0 h h—0 h h—0
(03)
= Iimnzl
h—0 h
cy=1.y>0,. f(xy)=xy

exists and equal to 1.

)
] L f(a,b+hg—f(a,b)

__0x(L1+h) —0x1?
=lim =0
h—0 h h—0




(ﬂJ also exists and is equal to 0.
(0.)

CSE 2009. Let f :R* — R be defined as

Y if (x,y)=(0,0)

f(xy)=1yx+y’

0 ; if (x,¥)=(0,0)
Is f continuous at (0,0)? Compute partial derivatives of f atany point (x,y) if exist.
Solution.

o I)in?0 ) f(x,y)=0=f(0,0) [From previous question]
X,¥)—>

. f(x,y) is continuous at (0,0)

(X+h) y Xy
_ h) X2+
[ﬂ} CIRBE f(x+h,y) f(x,y):“m\/x+ \/ y* 0
OX (%) h—0 h h—0 h 0
.. Let’s apply L’Hospital rule [w.r.t. h]
( (x+h)2+y2)xy—(x+h)yx ! (x+h)
2 (x+h)2+y2
2 2
_fim (x+h) +y 0
h—0
JX—i-yxy ,_2 x+y)y W
(x*+y )
. O°f o°f .
CSE 2014. Obtain (0,0) and (0,0) for the function
X0y ox
xy(3x* —2y?)
f(y)={ ey (V)7 (00)



. o o* f o* f
Also discuss the continuity of and at (0,0)
OXoy

8y8x
( 2 j [ ( JJ 0.0
6X8y (0,0) GX 5}/ ( ' )

f,(n.0)-1,(0.0)

=lim

=lim=| lim —lim
h—0 Q| k=0 k—0
i 3h2 — 2k?
1 h k[ h2+k2 j O 0 - 1 h'(3h2_2X02)
=lim=| lim =lim= - —
h—0 h k—0 k h—0 h h

Similarly, we can find
2
HINT: (a f j {Q(iﬂ
OYOX Jiog)  LOYNOX) o)

2

Let’s check continuity of

OyOX
o | ¢ {(x,y)=(0,0)
g(xy)= oo —{3: (xy)=(0.0)
Lo (@ ry)(ove ~2y’ —xy(3x ~2y°)-2x)
"X (X2+y2)2
o f B
R

Now check continuity of g(x,y) at (0,0)

sin™ (x+2y) (x.y)%(0,0)
IFoS 2016. Examine the continuity of f (x,y)= tan™ (2x+4y)

%51 (xy)=(0.0)




At the point (0,0)
Solution.

Putting x+2y =t for (x,y)—(0,0) =t — 0[Single variable function]

sin't 40
f(t)=4tan™2t’
2;t:O
1
- >
lim £ (1) =lim2 L i A=y

t—0 t—0 tanflt t—0 /(/1+t2)

- limf (t)=f(0).. f(t) ie. f(xy) isnot continuous at (0,0)

t—0

y(C-y)
IFoS 2010, Let f(x,y)=1 xiry? ¥ 2(00)

0 , if (xy)=(0,0)
Show that (i) f,,(0,0)= f,(0,0)
(i) f is differentiable at (0,0)

Solution.

Loo-(2) [2(2]

f (h,0+k)— f (h,0)

f,(0+h,0)-f, (0,0) 1{

tim Ll | f(0,0+k)—f(0,0)}
h—0 h h—)Oh k—0 k k—0
h-k(h*-k?) .
B R R _ h-(h?-0 3
_lim 2| lim—h®+K’ _lim2=0 =Iim1{¥O]limh—31 (1)
h—0 | k=0 k k-0 k h—0 h h+0 h—0 h

{22

_iim (@) -£(0.0) _ 1. f(kh)-f(h) . f(k0)-f(0,0)
—hILT;)l h _hl—rgﬁ{ m —1im }

k—0 k k—0



_h3
—lim=| —k“+h® —0=limT - Q)
h—0 h k h—-0 h
From (1) and (2)
fxy(o, 0)7& f, (0,0)
X4y X #
IFoS 2011. Show that the function f (x, y) ={ x—-y y is discontinuous at the origin but
0, X=Yy

posseses partial derivatives f, and f, there at

Solution.

Mental Exercise:

Let y = x — mx® be the path through which this (x, y) approaches to origin, then. Clearly y — 0 when x — 0.

Then,
3
~ . x3+(x—mx3)
im X,y)=lim
(x)-(00) (xy) x>0 X —X+mx®
X+ =32 0 +3x-m*xE —m’x®
lim 3
Xx—0 mx

2% =3mx® +3m*Xx” —m*xX°
=lim 5

Xx—0 mx
2

m

= It approaches to different values depending on the value of m.
= The function is discontinuous at the origin.

Thinking by another approach:

) li f(x,y)=1f(0,0)=07?
Let’s check (x,y)lg(]o,o) (X Y) ( )

&—o6 Definition:
r‘"*(cos3 0 +sin® 6’)
r(cos@—sind)

> &

[f(xy)-f(0,0)=

Xy
X=y

* €c0s#—sing is available in denominator [for some £>0]
~. Not continuous at (0,0) for [x—0|<&,|y—-0/<&

For partial derivatives:




-0
f(oo)_“mf(h 0)-F00) b0~
h—0 h—0 h
0®+h?
f,(0,0)=lim - CN=T(O0) ., 0-h
h—0 h h-»0 |
(x+ y)2
UPSC CSE 2012. Let 1 (x,y)={ xry? ' T 0¥)#(00)
1 if (x,y)=(0,0)
Show that ~ and % exist at (0,0) though f (x,y) is not continuous at (0,0)
h2
—-1
(ij i f(hO) f(OO):Iimhz :|im9:0
OX (0.0) h—o0 h—»0 h h—0 h
h2
o — =1
(g} i f@N)-F(0.0) w2
09) h—0 h—0 h

cos«9+sin 0)2
1

(rcos@+ rsino) |

|f(x,y)—-(0,0) =

|
r cos 0 +sin? 0 ‘ ‘22 [may be]

If we choose ¢ = %

We get | f (x,y)—f(0,0)|> & for [x—0/<&,|y—0/<&
Where ¢ towards on g

. f(x,y) is not continuous at (0,0)

2 2
of (0,0) and of (0,0) for the function
axdy ox

UPSC CSE 2014. Obtain
xy(3x* —2y?)
f(y)={ ey (07 (00)

0, (x,y)=(0.0)

: - o’ f o’ f
Also discuss the continuity of and at (0,0)
ooy oyox




(azfj zg(ij =Iimfy(h,o)—fy(o,o)
Oxoy ©0) ox\ oy 00 h—> h

_timd ] f(RK)=F(h0) f(O,k)—f(0,0)}
h—)Oh k—0 k k—0 k
I 3h? — 2k
a “'k[hukz j‘o‘o afh(an-2x0%)
=lim=| lim =lim= - —
h—0 Q| k=0 k h—0 h h
Similarly we can find
(o) 1515
Oy x (0.0) Oy \ O (0.0)
2
Let’s check continuity of
0% f :(x,y)#(0,0)

9(% y):%:{g; (x.y)=(0,0)
(x2 + yz)(gyx2 -2y° —xy(3x2 —2y2)-2x)
(x2+y2)2

.of
"X

of
oyox
Now check continuity of g(x,y) at (0,0)

UPSC IFoS 2016. Examine if the function f (x,y)= XZYyZ .(x,y)#(0,0) and f(0,0)=0 is

. . f . .
continuous at (0,0) Find Z—x and ﬂ at points other than main.

oy
Solution.
Method |
Xy rcos@-rsiné@
|f (X, Y)— f (070)| = 2ty _O‘ - r2 (c052 0 +sin? 9)




=|cos@sin | = < %-|sin 20)|

1sin 20
2

Ll
2

N |-

But if we choose g=}/5
Then
[f(xy)-f(0,0)>¢
For [x—0/<& ,|y—0/<&

lim )f(x,y);t f (0,0)

" (xy)o(00

. f(x,y) is not continuous at (0,0)
Method 11

ralong y =mx

lim -~ lim XM __ M depending on m
()=(00) X2 4y (xsinx)>(00) X* 4+ m°x* 1+ m’ i 5

oo lim  f(xy) does not exist
(x,y)—(0,0) (y)

- f(x,y) is not continuous at (0,0)
UPSC SCE 2012. Define a function f of two real variables in the x—y -plane by
s 1 5 1
X cos§+y cos;
= for (x,y)=(0,0
F(xy) =~y for (x¥)=(0.0)
0, otherwise

Check the continuity and differentiability of f at (0,0)

Solution.

X COS;-%-y COS;
[ (9= 1 (0.0) =)0




_1 +r3sin®@-cos
(rsme) rcoséd

- r2(00320+sin20) ‘

récos®@-cos

ri| cos®@-cos 1 +sin®@-cos 1
~ (rsiné (rcosé)

N—"

2

-

~ _ +sin®@cosé ]
rsin@ 2xcosé

= r(cos3 6-cos

1 ]
cos® #cos——+sin®@-cos
sind Xcosé

<|r|-(1+1) <22/ <2 +y* <&

<|rl-

Define a function f of two real variables in the x—y plane by

SRR A
x° cos — + y°cos =

X
f(xy)= x¥+y2 for (x,y)=#(0,0)

0, otherwise

To check differentiability of f(x,y) at (0,0)

Step (i)
Let f(x,y) is differentiable (0,0) .. by definition

f (h,k)—f(0,0)=df = Ah+Bk+hg+k-y where A:(i) , B:[@]
OX (0.0) oy (0,0)

and ¢,y both tend to zero as (h,k) —(0,0)

h—0 h h—0 h h—0

h® cos£+0—0
A:(afj =l f(h’o)_f(o'o)zlim Q =limh? cosoo =0 x some finite value
(0.0)



- From (1)

h?’cosl+k3cos1
hk2+k2 N _0=0xh+0xk+hg+k-y

Putting g =5 cosd,k =5sing ... for arbitrary :5 —0 when (h,k)—(0,0) - 6% =h* +k*

1 . 1 .
cos @ -cos +5sin@-cos = cos@-¢g+sin@-
b{ osing 50036’} b/( ¢ W)

' R.H.S. — 0 But L.H.S. may not be zero for arbitrary values at &

.. Our Assumption was wrong.

UPSC IF0S 2011. Show that the function f (x,y)=1 x-vy
0, X=Y

Is discontinuous at the origin but possesses partial derivatives f, and f, there at

Solution.
Let’s check i f(x,y)=1f(0,0)=07?
et’s chec (X'y)lir(lo’o) (x,y)=f(0,0)
&—o6 Definition:
3.3 r(cos®@+sin®0
I (xy)-(0,0)=—Y —0‘: ( )

X—y r(cos@—sind)
* €c0s#—sing is available in denominator [for some £>0]

~. Not continuous at (0,0) for [x—0|<&,|ly—-0/<&

h‘°‘+03_0
fX(O,O):Iimf(h’o)_f(o’o):lim h-0 __g
h—0 h h—0 h
0°+h®
fy(0,0)zlimf(o’h)_f(o’o)zlim 0-h _g
h—0 h h—0 h



Q6. If the three thermodynamic variables P,V,T are connected by a relation, f (P,V ,T) =0. Show

that, (Ej (ﬂj (ﬁj ~ 1. [2012 1c IFoS]
aT J,\ oV J,\ oP J;

Ans. Hint;

As f is the function of three variables P,V,T. So the total differential of f is given by;
of of of

df =—d, +—d, +—d, ...(1
PRV S R

Now, it’s given f(P,V,T)=0=df =0...(2)

So from (1) and (2), we have

of of of
Zd +—d, +—d. =0...(3
oP P oov Y o orT T )

Differentiating (3) w.r.t P, treating T as constant, we get
ﬂ1+ﬂ(ﬁJ +ﬂ.0 =0
oP ovV\oP ), oT

oP oV \ P ); oP ); f

Vv
- oP oT DS : .
Similarly, we get a_T & a_v and then multiplying three equations, we get the required proof as
\Y P

done.



CHAPTER- TAYLOR'S THEOREM, MAXIMA/MINIMA

Taylor’s theorem
Statement:
If f(x,y) is afunction which possesses continuous partial derivatives of order n in any domain

of a point (a,b), and the domain is large enough to contain a point (a+h, b+k) within it, then
there exists a positive number 0 <@ <1, such that

o . o 1(,o oY
f(a+h,b+k)=f(a,b)+£h&+kajf(a,b)+5[h&+k5j f (a,b)
1 o o\
+...+m(h&+kaJ f(a,b)+R,,

1

where R, =
n!

thrki f(a+6hb+6k), 0<0<1.
ox oy

Just have a look at proof, it’s an opportunity to revise your concepts.

Proof:
Let x=a+th,y=b+tk...(1), where 0<t <1 is a parameter, and

f(xy)=f(a+th, b+tk)=¢(t)
Since the partial derivatives of f(x, y) of order n are continuous in the domain under
consideration, ¢ (t) is continuous in [0,1], and also

t_df_afdx afdy_haf kaf h2+k£f;
oX oy

using (1) for h=dx/dt & k =dy/dt

AU vl Vil by

¢(”)(t)=( %w%) f

Therefore, by Maclaurin's theorem

_ (oya L gm " gy, 0
where 0<@<1.
Now on putting t =1, we get

_ (e L 1 o0yt m
#(1)=¢(0)+¢ (0)+2!¢ (O)+...+(n_1)!¢ (O)+n!¢ (0)

But ¢(1)= f (a+h,b+k), and ¢(0)= f (a,b)

To download visit https://mindsetmakers.in/upsc-study-material/ +91 9971030052
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¢'(0)=(h§+k%jf(a,b)

X
2
0 0
"(0)=|h—+k—| f(a,b
#0)-[n Skl ] t(an)
¢ (0)= n2 a2 f (a+6h,b+06k)
ox oy
Exam Point: .. f(a+h,b+k):f(a,b)+[hi+k£Jf(a,b)
ox oy
2 n-1
S N f(ab)+..+ L [h 22 f(a,b)+R,
210 ox oy (n-1)1 ox oy
where Rn=i£hg+k£J f(a+6hb+6k), 0<O<1.
nt\ ox oy

R, is called the remainder after n terms, and the theorem, Taylor's theorem with remainder or
Taylor's expansion about the point (a,b).

Note: Ifwe put a=b=0; h=x,k=Yy, we get

f(xy)=f (0,0)+(x§+y%) f(0,0)

n-1
0 0
— — f(0,0)+R
(xax+y ] ( )+ ]

1
(n-1)!

WhereRn:il[xier%j f(6x,0y),0<0<1, is called the Maclaurin's theorem or
n!

Maclaurin's expansion.
Note: It is easy to see that Taylor's theorem can also be put in the form:
_ 1.
f(a+h, b+k)=f(ab)+df (a,b)+5d f(a,b)+...
1

(n-1)!
The reasoning in the general case of several variables is precisely the same and so the theorem
can be easily extended to any number of variables.

—+

n— 1 n
d"f (a,b)+md f (a+6h,b+6k)

To download visit https://mindsetmakers.in/upsc-study-material/ +91 9971030052
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Maxima and Minima of Several Variables

Let f(x,y,z,...) beafunction of several independent variables X, y, z,....

Further, let f be continuous and finite for all values of X,y,z,.. in the
neighbourhood of their values a,b,c,... respectively.
Then the value f(a,b,c,...) is said to be a maximum or a minimum value of f(x,y,z,...) if
f (a+h,b+k,c+l,..)—f(a,b,c,...), maintains an invariant sign, negative or positive, for all
small values, positive or negative, of h,k,1,....

Necessary condition for existence of maxima minima
e Let f(x,y,z,...) beacontinuous and differentiable function of variables x,y,z,... .

Expanding f (x+ h,y+k,z+l, ) by extended Taylor's theorem, we have

h£+ki+li+...
f(x+hy+k,z+l,..)=[e™ ¥ * |f

2
=1+ h£+kg+lg+... +l h£+kg+lg+... +...|f,
ox oy oz 210 ox oy oz

or

f(x+h,y+k,z+|,...)—f(x,y,z,...)=[hq+kg+li+...j+ terms of second and higher
ox oy oz

orders. (1)

e Now for a maximum or a minimum, the difference

f(x+hy+k,z+l,..)-f(xy,z,..) ...(2)

must preserve an invariant sign. Since h,k,l,... are sufficiently small, the first degree terms,

namely, hi +k q+ I a +..., can be made to govern the sign of difference (2).
oXx oy oz

¢ Evidently, by changing the sign of each of h,k,I,..., the sign of the first degree terms can be

changed. Hence unless the first degree term on the right hand side of (1) is zero, the sign of the
left hand side can be changed by changing the signs of h,k,I,... .

e Therefore, a necessary condition for the existence of a maximum or a minimum is
of of | of

h—+k—+1—+...=0. ...(3)
oXx oy oz
Since h,k,l,... are arbitrary and independent, (3) holds if
Exam Point q=O,q:0,q:0, ....... 4
OX oy 0z
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If there are n independent variables, we have n simultaneous equations in (4). Solving them for
X,¥,Z..., we get the values of variables for which f(x,y,z,...) may have a maximum or a

minimum value.

Note. The equations in (4) are necessary but not sufficient for the existence of maxima or
minima. In the coming articles, we shall investigate sufficient conditions in the case of two and
three independent variables.

¢ An important theory of numbers to discuss for sufficient condition
Case 1. Two Variables. The quadratic expression |, =ax” +2hxy +by” in two variables x and
y can be written as

l, = l(azx2 +2ahxy +aby? )
a

_1 2 _h2)y2
_a{(ax+hy) +(ab h )y }
Therefore, if ab—h? is positive, the sign of I, will be the same as that of a.

But if ab—h? is negative, the expression within the curly brackets may be positive or negative
and therefore we cannot say anything about the sign of the expression |, .

When ab—h? =0, the case is doubtful.

Case 2. Three Variables. The quadratic expression in three variables X,y and z can be written
as
I, = ax® +by? +cz? + 2 fyz + 2gzx + 2hxy

ax?

( +aby?® +acz’ + 2afyz + 2agzx + 2ahxy)
{azx2 +2ax(gz +hy)+aby? +acz’ + 2afyz}
=1

ax+hy + gz} +aby® +acz’ + 2afyz - (gz + hy)2

l—\QJ||—‘QJ|I—‘Q)|H

:5{(ax+hy+ gz)" +(ab—h?)y?+2(af —gh)yz+(ac—gz)zz}.
Therefore, 1, will have the same sign as a if

(ab—h*)y* +2(af —gh)yz+(ac—g*)z* be positive,

ie., (ab—h?) and a(abc+2fgh—af > —bg? —ch®) be positive,

h

But ab—h? = a
h b
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O - Q

a h
and abc+2fgh—af?—-bg®—ch®=|h b
g f

Thus the expression 1, will be positive if

4 h a h g
a, dh b f

h b
g f c

are all positive, and will be negative if these are alternately negative and positive.

Lagrange’s condition for maxima minima of functions of two variables
https://www.youtube.com/live/ySxI6vhPs9Y ?si=OEv8x61zQJgvmpBw

Students can read below article just to have feel for how this maxima minima
method works so. After all they have to remember working rule to solve questions in their exam.

e Let f(x,y) beafunction of two independent variables x and y .
Further, let
2 2 2
ox oxey' oy

e As a set of necessary conditions for a maximum or a minimum to exist at (a, b), we have
ﬂ=0 and ﬂ:O at (a,b).
OX oy

¢ Then by extended Taylor's theorem, we have
_ 1 2 2
f(a+h,b+k)—f(a,b)_5(rh +2shk +tk? )+ R;, (1)

where R, consists of terms of the third and higher orders of small quantities.

Now by taking h and k sufficiently small, the second degree terms in (1) can be made to govern
to sign of the right hand side and therefore that of the left hand side also. If for all such values of
h and k, these terms be of a fixed sign, then we shall have a maximum or a minimum for
f (x,y) according as that sign is negative or positive.

o Therefore, by Case 1, the expression rh® + 2shk +tk* will be of the same sign as r, provided
rt—s’ is positive.

Exam Point: Hence if rt—s” is positive, we have a maximum or minimum
according as I is negative or positive.

This is Lagrange's condition for maxima and minima of a function of two variables.
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olf rt—s?<0, f(x,y) is not a maximum or minimum at x=a,y=b. In this
case, f(a+h,b+k)—f(ab) has one sign for some values of h and k (e.g., k=0,h=0),

while it has another sign for other values h and k (e.g., h=—ks/r,k =0). Such a point is called
a saddle point.

o If rt—s* =0, further investigation is needed to determine whether f (x,y) isa
maximum or minimumat x=a,y=b.

¢ (CSE & IFoS) Remember This Procedure
Working Rule Exam Point. In order to determine a maximum or minimum of a function

u=f(xy), we proceed as follows:
(i) Find of /ox and of /oy, and equate them to zero.
Solve these simultaneous equations for x and v .
Let the roots be x=4a,,y=b,, where i =1,2,... .

Find 0°f /ox?,0%f /oxdy and &°f /oy?, and substitute in them by turns x=a,y =b.. Calculate

the value of rt—s® for each pair of values.
(i)  If rt—s®>0 and r <0 for a pair of roots, f (x,y) isamaximum for this pair.

(i) 1 1t=5">0 and r>0, it is a minimum.
(iv)  If rt—s® <0, the function has a saddle point there.

(V) If rt—s®=0, the case is undecided, and further investigation is necessary to decide it.
We shall leave this case.

Lagrange’s condition for maxima minima of functions of three variables

Let a,b,c be the values of X, Y,z respectively obtained by solving the equations
a_gof oo
OX oy oz _
Also, let the corresponding values of
o’f o°f o*f o°f o°f O°f
ox* ' oy? ' 6z° 'oyor ' 6zox | oxoy
be denoted by A, B, C, F, G, H respectively.

Exam Point: If the expressions

A H G
A H
A , |H B F
H B
G F C

be all positive, we shall have a minimum value of f (x,y,z) and if they be alternately

negative and positive, we shall have a maximum value of f (x, Y, z).
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Note- These are Lagrange's conditions for maxima and minima of a
function of three variables. However, if none of these two conditions is satisfied, we
shall, in general, have neither a maximum nor a minimum.

Lagrange’s method of undetermined multipliers: finding maxima minima of a function
subject to given conditrions
https://www.youtube.com/live/bb7HK56fDdA?si=uxV7KAKzexEx2mnH

» The sufficient conditions that the function f (X, X,,...,X,) has an extreme value subject to the

side conditions ¢, (X,,X,,...,%,)=0,r=12,..,m are the same as for the function F to have an
extreme value without any condition on the variables.

e Remember
dF:ﬁdxl+ﬁdx2+...+ﬁdxn,
OX, OX, OX,,
2
0 0 0
and d’°F=| —+—+....— | F: where F=f +1¢ + T
2+l 2] Ah+

Then function F and hence f has a maximum value if d?F <0 and a minimum value if
d?F >0.

Working Rule. Let us consider the function f(x, y,z) subject to the conditions
¢ (xy,2)=0 and ¢,(x,y,2)=0. We follow the under mentioned steps to find maximum and

minimum values of f :

Stepl.Put F=f+A4¢+44,.
Step 2. Find the equations

oF ot 04 ;08 _
ax_6x+jiax+j28x 0.
ﬁzi_{_ %+ﬂ2%:0’
oy oy oy oy
and oF :ﬂ+ﬂl%+ﬂ?%:0

oz a oz 0z
Solve these equations for X, Y,z by using the given conditions,

Step 3. If x=a,y=b,z=c be a solution in Step 2, then find the value of d’F at this
point and conclude that at this point,
f is maximum if d°F <0,
and f is minimum if d’F >0,
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e It may be noted that

2
d’F = dx£+dy2+dzé F
OX oy oz

2 2 2 2 2 2
_9 de2+a Ijdy2+a '2:d22+2 oF dxdy + oF dydz+a P dzdx
OX oy oz oxoy 0yoz OZOX
o0°F O0°F
= dx® +2 dxdy .
Z aXZ Zaxay y

Categories of problems
Category 1. Problems in which the points of maxima/minima are obtained and the sign of

d?F is also determined at each of these points.
Category 2. Problems in which points of maxima/minima are not obtained and the sign of
d?F is not determined.
(i) Equation giving maximum and minimum values of the function is obtained.
(i) A relation among X, Y,z is obtained.
Category 3. Problems in which points of maxima/minima are not obtained but the sign of
d*F is determined.
(i) Equation giving maximum and minimum values of the function is obtained.
(i) A relation among X, Y,z is obtained.

Note. If u is positive, then the following rules may be helpful while solving the problems:

(1) u is maximum or minimum according as log u is maximum or minimum.
(i) u is maximum or minimum according as 1/u is minimum or maximum.
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Examples
Example 1. Discuss the maxima or minima of the function

3 3
U=Xxy+—+—.

Xy
Solution.
e For maxima and minima, we must have
ou a 8
—=y-—=0and a—uzx—a—zzo.
OX X oy y

Solving these equations, we get
x’y=a®=xy?, sothat x=y=a.

¢ Now at the point given by X=y =a, we have
2 3 2 2 3
OX X oxoy oy y
e Therefore, rt—s®>=2x2-1>=3>0.
Now, since r >0, by Lagrange's condition, the function u has a minimaat x=y =a.

The minimum value of u is given by
3 3
a~ a
U, =aa+—+—=23a".
a a

Example 2. Find the maximum or minimum values of
y=xy*(1-x-y).

Solution.

For maxima and minima of u, we must have

o 2xy* (1-x-y)-x*y* =0, ie., xy’(2-3x—2y)=0

and %UZZXZV(l—X—Y)—Xzyz =0ie, xy(2-2x-3y)=0.

e The factors x and y present in both these equations provide the solutions x=0,—c0 <y <o
and —o< Xx<o0,y=0,

Further, the other factors give the equations
2-3x-2y=0and 2-2x-3y=0.

Solving these, we get X :é, y=

2

Now, r:(3—l21:2y2—6xy2—2y3
OX
2 2
5= U = 4xy —6x’y —6xy’ and t:d—g:2x2—2x3—6x2y.
Oxoy oy

When x=0, —so<x<oo, we have r=2y*(1-y),s=0 and t=0. Therefore, rt—s*>=0. So
this case is doubtful and needs further investigation.
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When —o<x<o,y=0, we have r=0,s=0 and t =2x*(1—x). Therefore, rt—s*=0. So this
case is also doubtful and needs further investigation.

When x=g,y=2,wehave
5 5
2 2 3
o2 -0 2(2) 2] -2
5 5(5 5 125
2 2
324.3.3_6@ .E_G.E(Ej __16
55 5) 5 5{5 125

2 3 2
and t:Z(g) _2(2j _6(gj .E:_E_
5 5 5/ 5 125

2
So, rt—s? =[— 24 j( 24 j—( 16 j 320 , Which is positive.

125 )\ 125) | 125) " 15625

(S0

Now, since r is negative, by Lagrange's condition, the function u is maximum at x=—,y =

The maximum value of u is
[ZT(ZJZ( 2 2) i

U == | | = | | I-=—= |=——.
5 5 5 5) 3125

Example 3. Discuss the maximum or minimum values of u = x*+ y® —3axy .

Solution.
For maxima and minima of u, we must have

a—u:3x2—3ay=0, ie., xX’—ay=0 (1)
OX

ou ) . )
and E:Sy —3ax=0,i.e., y"—ax=0. ...(2)

Putting the value of x from (2) in (1), we obtain
(yz/a)z—ay:O, ie, y'—a’y=0,i.e., y(y3—a3):0, which gives y=0,a.
e From (1), when y =0, we get x=0, and when y=a, we get x=*a.
But x=-a,y=a do not satisfy (2). So we reject these values. Therefore, the only solutions of
(1) and (2) are x=0,y=0 and x=a,y=a.
e Now r:a—2L21=6x, S= ou =-3a and tzé—zl::Gy.
ox X0y oy
At x=0,y=0,we have r=0,s=-3a and t=0. So, rt—s*=-9a’<0.
Hence u is neither maximum nor minimumat x=0,y=0.
At x=a,y=a, we have r=6a,s=-3a and t =6a. So,

rt—s’ =(6a)(6a)—(-3a)" =36a’ —9a’ = 27a°.
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Since rt—s” is positive and r is positive or negative according as a is positive or negative, we

have maximum or minimum according as a is negative or positive. The maximum or minimum
3

value of u is =a’+a’-3aaa=-a’.
Example 4. Find the maximum value of u, where u =sinxsinysin(x+y).

Solution.
e Since the function u is periodic with period =~ for x and y both, it suffices to consider the

values of x and y satisfying 0<x<7z,0<y<~x
e For maxima and minima of u, we must have

ou . . .

vkl y{sin xcos(x+y)+cosxsin(x+y)} =0,

i.e., sinysin(2x+y)=0, ...(1)
and %uzsin x{sin ycos(x+y)+cos ysin(x+y)} =0,

i.e., sinxsin(x+2y)=0. ..(2)
¢ To find the values of x and y lying between 0 and r, and satisfying (1) and (2), we need to
consider the following pairs of equations:
Xx=0,y=0; 2x+y=7; 2X+y =27, 2y+X=2rx.
Solving these, we get the following pairs of values of x and y between O and 7:
x=0,y=0; leﬂ', y:l;z; xzzﬁ, y:gﬂ.
3 3 < 3

o°u .
Now, r = Fvi 2sinycos(2x+Y),

2

=sinxcos(x+2y)+cosxsin(x+2y)=sin(2x+2y)

2

and t:a—l::ZSin XCos(X+2y).
oy

At x=0,y=0,wehave r=0,s=0,t =0 so that rt—s*=0.
Therefore, at the point (0,0), the case is doubtful, and further investigation is needed.

At X=17r,y=17z,we have
3 3
.1 1
r :25|n§7zc057r=2(§\/§j(_1):_\/§,
S:Sinﬂﬂ':Sin(ﬂ'-l-lﬂ'):—sinlﬂ-:_i\/g
3 3 3 2

and t= 25in%7r0057r:26\/§j(—1)=—\/§.
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2
So, rt—sz=(—\/§)(—\/§)—(—l«/§j =3—§=%>O.Also, since r=—+/3<0,u is maximum at

At x:zn,yzgﬂ,we have
3 3
.2 1
r:25|n§7rc0527r:2(5\/§j(1)=\/§,
S=Sin§ﬂ'=Sin(2ﬂ'+gﬂ'j=Singﬂ'=E\/§,
3 3 3 2
.2 1
and t:25|n§7zc0527z=2(5\/§j(1).

So, rt—52:(\/§)(\/§)—G\/§j:3—%=%>0. Also, since r=+/3>0,u is minimum at

2,2
37 3

.

Example 5. Discuss the maxima or minima of the function
u= Zsin[%jcos(x;zy}rcos(x+ y).

Solution.
e The given function can be written in the form u =sin x+sin y+cos(x+ y),

which is more convenient for the purpose.
e For maxima or minima of u, we must have

ou .

— =C0SX—Ssin(x =0, (1

™ (x+y) (1)
ou .

and Ezcosy—sm(x+y)=0, ..(2)

These equations give cosx=cosy, i.e., X=Y. Putting y=X in (1) (or in (2)), we
get, cosx—sin2x =0, i.e., cosx—2sinxcosx =0,

I.e., cos(1—-2sinx), so that cosx =0,sin x:l.
2
Now cosx =0 gives X:2n7ri%7r,
. 1 . nl i .
and sinx =2 gives x=nz+(-1) gﬁ,where n is any integer.

o%u .
e Further, r = Fvi —sinx—cos(x+Y),
X
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ou =—cos(x+Y) tze—zu:—sin y—cos(X+Y)
oxoy oy

S= 5

When x:y=2n7r+%7z,we have
r=0,s=1t=0 sothat rt—s*>=-1<0.

When x=y=2n7z—%7r,we have
r=2,s=1t=2sothat rt—s*=2x2-1=3>0.

Since r=2>0,u is minimum at x:y:2n7r—%7r.
Lastly, when x =y =nz+(-1)" %7[ , we have
r=-1, s:—l,tz—l so that rt—sZ:§>O.

2 4

Since rt—s” is positive and r is negative, u is maximumat x =y =nz +(-1)’ Pk

Example 6. Find a point within a triangle such that the sum of the squares of its distances from
the three vertices is a minimum.
Solution.

eLet (x,¥:).(%:Y,).(%,Y;) be the co-ordinates of the vertices of the triangle and let the co-
ordinates of the required point be (x, y).
If u denote the sum of the squares of the distances of (x, y) from these vertices, then

u :{(x—xl)2 +(y- yl)2}+{(x—x2)2 +(y—y2)2}+{(x—x3)2 +(y- y3)2} .
For maxima and minima of u, we must have
ou
&:2(x—x1)+2(x—x2)+2(x—x3):0

ou
and 5:2(y—y1)+2(y—y2)+(y—y3):0.
Solving these equations, we have

1 1
x:g(x1+x2+x3) and y=§(yl+y2+y3)

2 2 2
Now rzé—l::G, S= au =0 and t:a—l:=6, so that
OX OXoy oy
rt—s® =36, which is positive.
Since r is positive, by Lagrange's condition the function u is minimum at the point

(X1 * );2 ke ; Lt éz Y j; which is nothing but the centroid of the triangle.
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For three variables
Example 1. Show that the function u=(x+y+ z)3 —3(x+y+2z)—24xyz+a’ has a minimum at
(11,1) and maximum at (—1,—-1-1).

Solution.
e For maxima and minima of u, we must have

ou 2
A _3 ~3-24yz=0.
™ (x+y+2) yz

e, 8yz=(x+ y+z)2—1, (D)
ou 2

—=3(X+Yy+2z) —-3-24xz=0,

X _3(xe v+

ie., 8xz:(x+y+z)2—1, .(2)
and %:3(x+ y+z)2—3—24xy=0,

i.e., 8xy:(x+y+z)2:1. ...(3)
From (1), (2) and (3), we have

YZI=XZ=Xy,le, X=y=2.

Then (1) gives 8x* =9x° -1, i.e., X* =1 or x=+1.

Therefore, (1,1,1) and (—1,—1,—1) are the points of maxima or minima.

e Now to discuss maxima or minima, we have

2 1 111
A:%=6(x+y+z):{ Bat  (LL)

~18at (-1-1-1)
0% 6at  (L,1,1)
and F = =6(Xx+y+2)—24x=
dyéz 6at (-1,-1,1)

By symmetry, we have
A=B=C=18and F=G=H =-6 at (111)

and A=B=C=-18 and F=G=H =6 at (-1,-1,-1).
Now we can see that the values of the expressions

A H G
A H
A ,/H B F
H B
G F C

are 18,288,3456 respectively at (1,1,1)
and —18,288,-3456 respectively at (—1,—1,-1).
Hence by Lagrange's conditions, there is a minimum at (1,1,1) and maximum at (-1,—-1,-1).
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Example 2. Find the maximum value of
Xyz
(a+x)(x+y)(y+z)(z+b)’
where all the letters denote positive real numbers.
Solution.
e Taking logarithms, we have
logu =log x+log y+log z—log(a+x) —log(x+y)—log(y+z)—log(z+b).
Differentiating partially with respect to x, we get

u=

lou_1 1 1 ay — x°
uox x a+x x+y x(a+x)(x+y)’
2
sothata—u: (ay x)u (1)

x  x(a+x)(x+y)

_ 2 b _ 2
Similarly, a_u: (ZX 4 )u and 8_u: ( yor )u :
y(x+y)(y+2) oz z(y+z)(z+b)
¢ Now for maxima and minima, we have
ou 0 ou ou

- - 1_=01_= I

OX oy 0z

so that ay —x* =0, zx—y* =0, by—z*=0.
These equations give

x_y_z_b
a x y z
Therefore, each of these fraction is
ya 1/4
:[iligj :(Ej =y say. *
axyz a

Hence x=ay,xy=ay’ =ay® and b=zy =ay*.
Substituting these values of X,y and z in the given equation, we have
ay-ay’-ay’

YTy ar (i) art (Lry) arf (1)

1 1 _ 1 - @

:a(1+7/)4 a{1+(b/a)]/4}4 {al/4+b1/4}

e Now we decide whether this value of u is maximum or minimum. For this, we proceed to find
the second order derivatives of u.
From relation (1), we have

x(a+x)(x+ y)g—i:(ay—xz)u.

Differentiating partially with respect to x, this gives

2
x(a+x)(x+ y)%+w'g—i:(ay—x2)2—i—2xu,
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where ' is some function of x and y . Substituting the values of X,y and z obtained above
and using du/ox =0, we get

Pu_ 2

o @y(l+y)

Similarly, we can show that

A=

. 2 _ 2
a3]/3(1+7/)6’ a3y5(1+}/)6,
1 1
T34 6’G=O’H: 3,2 5°
a’y (1+7/) a’y (1+}/)

From these values, we find that
A = a negative quantity,

A H 5 3 . .
=AB-H = . wm-aa positive quantity
H B a’y (1+7)
A H G
and H B F|= —% = a negative quantity.
¢ F ¢ ?@r@+r)

Hence by Lagrange's conditions, the value of u found in (2) is maximum.
Example 3. Find the maximum and minimum values of

(ax+by+cz) eV
Solution.
Let u=(ax+ by+cz)e’“2x2*ﬂ2y2’7 = Taking logarithm on both sides, we have

logu = log (ax+by +cz)—(a*x* + 2y? +7°2%). (1)
For maxima and minima, we must have

a_g gy

OX oy 0z

Differentiating (1) partially with respect to x,y and z respectively, we get
Tu__ & ppx-o, (2)
uox ax+by+cz

1ou b

e . — Y YRR (3)
uoy ax-+hy+cz

and lou ¢ -2y%2=0 (4

u oz - ax+by+cz
These equations give

= (2)
(04

x(ax+by+cz):2

y(ax+by+cz):2LﬁZ, ...(3)
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and z(ax+by+cz)=i. ..(4)

2}/2
Multiplying (2", (3", (4") by a,b,c respectively and adding the resulting equations, we obtain
2 1({a* b* ¢
(ax+by+cz) ==| S+—+= |,
2\a” By
2 2 2
i.e., ax+by+cz==+ 1 a_2+b_2+c_2 =+1, say. ....(5)
2\a” p° vy
It follows from (2'), (3') and (4") that
a b c
X=—0—, Y= , 2= ...(6
20° A y 23° A4 27° (©)
a b c
and Xx=————, y=— , Z=— . (7
20° y 23°A 27°2 ()
Now from (2), differentiating partially with respect to x, we have
16 1(éauY a ,
— | | T a2
uox® u”{ox (cx+by+cz)
2 2
so that Aza—l::—u a—2+2a2 , 8s 8—U:O.
OX (ax+by+cz) X

Case 1. Since u is positive for the values of X, Y,z obtained in (6), we find that A is negative.
Similarly, we can show that

A H G
A H
>0and|H B F|<0
H B
G F C

for the values of X, Y,z obtained in (6). Hence u is maximum for these values.
Case 2. Since u is negative for the values of X, Y,z obtained in (7), we find that A is positive.
Similarly, we can show that

A H G
A H
>0and|[H B F|>0
H B
G F C

for the values of X, Y,z obtained in (7). Hence u is minimum for these values.
Now putting the values of X,y,z from (6) and using (5), the maximum value of u is

PO Y - | G o

max ~ 2 aZ ﬂZ 7/2 p 47/2 a2 ﬂz }/2
1(a®> b* )| 4 1(a*> b*> ¢

=Nol 2 Tz (8 TN oal 2T etz
2\a” By 2e\a” pB° vy

Similarly, putting the values of X,y,z from (7) and using (5), the minimum value of u is
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oo rfa b e
min ze aZ ﬂZ 7/2 -

Assignment
1. Find the conditions of optimality of a function of two variables.

2. Find the maxima and minima values of the following functions:
() u=xy(1-x-y)

(i) u=x’y*(1-x-y)

(i) u=y* + X’y +x*

3. Discuss the maxima and minima of u in the following cases:
(i) u=x*y*—5x*>—8xy—5y°

(i) u=x"+y* —2x* +4xy —2y®

(iii) u=x*+2x*y —x* +3y°

(iv) u=xy*(3x+6y-2).

ANSWERS
2. (i) Maximum at (%%j ; neither maximum nor minimum at (0,0),(0,1) and (1,0).
(i) Maximum at X = 1 = maximum value = LT

AR 432"

(iii) Doubtful case at (0,0).

3. (i) Maximumat x=y=0.

(i) Minimum at x =42,y =F/2 .
Doubtful case when x=0,y=0.

U 1 1
(iii) Minimum at x:iEx/é, y=——.

4
1 1
iv) Minimumat x==,y=—.
(iv) A
1 3 3 1
Maximumat X=——,y=— and X=—,y=——.
2 y 2 2 y 2
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Examples on Lagrange’s method of undetermined multipliers

Mentor’s advice: In the following all questions, answers include Geometrical
interpretation. Students are advised to learn these interpretations as well because, in UPSC
CSE & IFoS, language of questions are direct and based on geometry as well.

Category 1.

Example 1. Find the minimum value of x* + y*+z* subject to the condition
ax+by+cz=p.

Solution.

e Define a function F, where F = (x2 +yi+ 22)+/1(ax+by+cz -p).

For maxima and minima of F, we have
oF

—=2x+a1=0, ..(1)

OX

aF_2y+b/1 0, (2)
oF

and —=2z+c¢cA=0 ..(3
& (3)

e Multiplying (1) by a, (2) by b, (3) by ¢ and adding the resulting equations
column wise, we have

2(ax+by+cz)+A(a’ +b2+cz):0

ie., 2p+A(a’+b’+c?)=0, since ax+by+cz=p,

so that /”L=—2p/(a2+b2+cz) (4
e Therefore, for maximum or minimum values of F, using (4) in (1), (2) and (3),
we have
ap bp cp
X= VY = L= ..(5
a’+b®+c’ y a’+b*+c? a’+b*+c’ ®)

2
e Now d°F =(dx£+dy£+dzgj F
OX oy oz

2
Z@ F z dey
:2(dx +dy? +dz? ),smce azF/6x8y=0 etc.
e Since d*F >0, the function F and therefore x*+y®+2z? is minimum for the values of X, Y,z

given by (5).
Also, the minimum value of x*+y*+2z° is
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a?p? b2 p? c?p?
T2 e 22+ 2 | h2 22+ 2 h2, 22
(a+b +c?) (a+b +c) (a®+b +c)

p*(a® +b? +¢?) p?

(a2+b2+cz)2 Sateb’ et

Example 2. In a plane triangle, find the maximum value of u=cos AcosBcosC .
Solution.

e Since A, B, C are angles of a triangle, we have

A+B+C=r. ..(1)

¢ Now define a function F, where
F =cos AcosBcosC +A(A+B+C—7z).
For maxima or minima of F, we have

oF/0A=—sin AcosBcosC+1=0, ...(2)
OF/oB =—cos AsinBcosC+4 =0, ...(3)
and oF/oC =—cos AcosBsinC+4=0 ...(4)

Equating the three values of A obtained from (2), (3) and (4) we have
sin Acos BcosC =cos Asin BcosC =cos AcosBsinC.

Dividing by cos AcosBcosC, it follows that

tanA=tanB=tanC,

1 -
sothat A=B=C :gzz, using (1).

e To identify whether F is maximum or minimum for these values of A, B, C, we see that

2
d2F=(dAi+dBi+dCiJ F
oA 0B oC
Z ZZ—dAdB

=-XC0S Acos B cos CdA? + 23 sin Asin B cos CdAdB

——Lvan2 1 35dAdB  since A=B=C =1~
8 2 3

=—%(dA2+dBZ+dC2)+§dAdB+dBdC+dCdA. ...(5)
e But dA+dB+dC =0, for A+B+C =, so that

(dA+dB+dC)’ =

= dA’ +dB* +dC? + 2(dAdB + dBdC +dCdA) =0

= dA? +dB’ +dC* =-2(dAdB +dBdC + dCdA)
Therefore, from (5), we have
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d?F =—1(o|A2 +dB? +o|c:2)—§(o|A2 +dB? +dc2)
8 8
= —l(dA2 + dB? +dC2).
2

. . ) . 1 )
Since d°F <0, the function F and hence u is maximum when A=B=C = 57:. The maximum

value of u is given by
1 1 1 1
Uy =COS=7TCOS=mTCOS=7T =—,
3 3 3 8
Example 3. Find the dimensions of the rectangular parallelopiped of maximum volume that can

be cut from the ellipsoid.
2 2 2

X2 y? oz
S+ =1
a? b®> c?
OR

Prove that of all rectangular parallelopipeds inscribed in the ellipsoid whose equation is

X2 y2 Z2

@ te Tt

the parallelopiped having volume 8abc/3+/3 is the greatest.

Solution.

olet (x, y,z) be the co-ordinates of a vertex, lying in the positive octant, of the rectangular
parallelopiped. Then the length of the sides of inscribed parallelopiped are 2x,2y,2z.

Therefore, the volume V is (2x)(2y)(2z), i.e., V =8xyz ,....(1)

subject to the condition that the point (x,y,z) lies'on the'ellipsoid

2 2 2

—+y—+z—2:1. (2)

Therefore, we need to find the maximum value of V subject to the condition (2).

olet
XZ 2 ZZ
F :8xyz+l[¥+§+c—2—l}.
For maxima or minima of F, we must have
a—F:8yz 2/1)(_0 ﬁ_sz 24y =0, o 8xy+2/12Z =0.
oy r'a oz C
Therefore, 2X = Zy = 22 :—i. ...(3)
a‘yz bxz cxy A
Multiplying by Xyz these equations give
X _y _z Z e, 2/y y?/b>  z2%/c?  x’/a’+y® /b +7°/c?
a® b*> c? 1 1 1 1+1+1
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x_y_z_ 1 .
so that — =—=—=. using (2

a b c 43 g(2)
Whence x=a/+/3,y=b//3,z2=c/3. ..(4)
Using these values of X, Y,z , we have from (3),

4a’yz  4abc

ﬂ/:— = — 'EERl 5

" N ()
¢ Now to identify the maxima or minima, we have
d’F = (dx§+dy%+dz§J F= Z—d X2 + Z—dxdy

b2

_ZA[CZ dy O::Z j+16(zdxdy+xdydz+ydzdx)

2 2 2
B 8abc(dx dy dzj 16 cdxdy +adydz + bdzdx),

- \/g a2+b2+c2 +£(

8abc |dx® dy® dz® ( dxdy dydz dzdx j
- 2 +— -2 +
J3 ab bc ca

a®> b* ¢

But the differentiation of (2) gives

2x dx 2ydy 270z . N dy dz

" + b2 < = OB\, % A b —0 , using (4).
Squaring this equation, we get

d d dz)’

( XZ) ( );) ( 22) +2(%Q+ﬂ$+%%j:0
a b C ab bc ca

2 2 2
dx* dy +dz __Z[dxdy+dydz+dzdx

which gives + =
9 a? b> ¢ ab bc ca

using (4) and (5)
....(6)

j, since (dx)’ = dx? etc.

Using this equation in (6), we get
16abc( dx* dy® dz?
+——+ :
J3 Lla? p oo
Obviously, d?F <0. Therefore, F and hence V is maximum at the point given by (4). The

maximum value of V is:
b ¢ 8abc

SRl

The dimensions (i.e., the lengths of sides) of the rectangular parallelopiped of maximum volume
are 2a/\/§,2b/\/§,26/\/§.

Example 4. Find the maximum value of u=(x+1)(y+1)(z+1), where a’b’c* = A. Interpret
the result geometrically.

d’F =—
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Solution.
¢ Taking logarithms, the given condition becomes
xloga+ylogb+zlogc=1log A (1)

o Now define the function F, where
F=(x+1)(y+1)(z+1)+A(xloga+ylogh+zlogc)=log A.

e For maxima or minima of F, we must have
oF /ox=(y+1)(z+1)+Aloga=0,

OF /oy =(x+1)(z+1)+Alogb=0,
and oF /oz =(x+1)(y+1)+Alogc=0.

These equations can be written as

(y+1)(z+1)=—Aloga, ..(2)
(x+1)(z+1)=-2logb, ...(3)
and (x+1)(y+1)=—Alogc. (4

e Multiplying (2) by x+1, (3) by y+1, (4) by z+1 and equating the three values of u thus
obtained, we get
(x+1)loga=(y+1)logh=(z+1)logc

(x+1)loga+(y+1)logh+(z+1)logc

1+1+1
_ log A+(loga+logb+logc) using (1)
3
1
=log( Aabc).
3
¢ Therefore
log ( Aab log ( Aab log ( Aab
w41 109(Aabe) | _log(Aabc) ., _log(Aabe) 5
3loga 3logb 3logc

Now to identify whether the values of X,y,z given by (5) provide a maximum or minimum
value of F, we have
2 2 2
d?F = dngrdngrdz2 F =za de2+22 ok dxdy
OX oy 0z OX Oxoy
= 2{(z+1)dxdy +(x+1)dydz +(y+1)dzdx}, since &°F/ox* =0 etc,
2log( Aab
_ 2log(Aabc) dxdy  dydz dzdx) using (5)
3 logc loga logb
= 2(log alogbdxdy +log blog c dydz +log c log a dzdx), ....(6)
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log (Aabc)

where u= .
H 3logalogblogc

e But differentiation of (1) yields
logadx+logbdy+logcdz=0

Squaring this equation, we get
3 (log a)2 (dx)2 +2>logadx-logbdy =0

i.e., 2Zlogaloghdxdy = -2 (log a)2 dx*, since (dx)2 =dx? etc.

Using this relation in (6), we find that
d’F = —,u{(log a)2 dx* +(log b)2 dy” +(log 0)2 dzz}
Evidently, d’F <0 provided the positive real numbers a,b,c and A are such that #>0.

Therefore, the function F and hence u is maximum at the point given by (5), provided x>0.
Using (5) the maximum value of u is given by

B {Iog(Aabc)}3
~ 27logalogblogc

max

Geometrical Interpretation. Consider a rectangular parallelopiped whose sides are parallel to
the co-ordinate axes and are of lengths x+1,y+1,z+1. Clearly, the end points of one of the

diagonals of the parallelopiped will be (-1,—1,-1) and (x,y,z). Then
u=(x+1)(y+1)(z+1) = volume of the parallelopiped.

Also, a*b’c’ = A denotes some surface.
Hence geometrically the problem aims at finding out the maximum volume of the rectangular
parallelopiped whose sides are parallel to the co-ordinate axes, one end of one of whose

diagonals is (—1,—1,—1) and the other end (X, y,z) moves on the surface a*b’c’* = A.

Example 5. Find the maximum value of x"y"z" with the condition x+y+z=a.
Solution.

elet u=x"y"z".

The function u will be maximum if its logarithm is also maximum.

Therefore, taking the logarithm of u, we have
logu=mlogx+nlogy+ plogz.

¢ Now define a function F, where
F=(mlogx+nlogy+plogz)+A(x+y+z-a).
For maxima or minima of F, we must have

OF Moo FoN 0 F_Pij o
oX X o 'y oz 1

These equations give
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m/x=n/y=p/z=-2

sothat ~=Y-Z_**y*z__ 1
m n p M+N+p m+n+p
Thus X=L,y=L,z=L. (1)
m+n+p m-+n+p m+n+p

e To discuss whether F is maximum or minimum for these values, we have

2
0 0 0 82F
O*F =[dX&+dy5+dZEJ 2 Z—dXdy
2
‘—(mzdx2+lzdy2+£2dzzj,since °F _oetc
X y z oxoy

2 2
dxz +dy2 dz” ] using (1).
ma’ na’ pa’

-{m+n+pf(

Since d*F <0, the function F and hence the function u has a maximum value at the point given
by (1). The maximum value of u is:

m n p
u_ —[__ma na pa ~ m™n"pPa™™?
™A m+n+p) \m+n+p) {m+n+p (m+n+p)m+”+‘"

Example 6. Determine the greatest quadrilateral which can be formed with four given sides
a, B,y,0 taken in this order.

Solution.

Here we first construct the function to be maximized and the side condition.

e Let x be the angle between the sides of lengths « and £, and y that between the sides of
lengths y and & . Evidently, the area of quadrilateral ABCD will change by changing x and .
So, the area will be function of x and V.

e Now, if u denotes the area of the quadrilateral ABCD, we have (from geometry),
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u:%(aﬂsin X+y5siny). ..(1)

Also, from AABC, we have
(AC) =a?®+ p* —2ap cosx.
and from AADC, we have
(AC) =y +52-2y5cosy.

Equating the two values of (AC)’, we get

o’ + % —2acosx=y* +5° —2y5¢C0s Y,
i.e., affcosx—yocosy+c=0, ...(2)

1 s
where ¢ = 5(7/2 +6° —a* - ), which is a constant.

Equation (2) gives us a relation between x and y. Our problem is to find out the maximum
value of the function u of variables x and y, as given in (1), subject to the condition (2).

e et us define a function F, where
F :%(a,b’sin X+y5siny)+A(afcosx—y5cosy+c)
For maxima and minima of F, we must have

aF/ax:%aﬁ’cosx—/laﬁsinx:O, ...(3)

and aF/8y=%y5cosy+ﬁychiny:O. (8
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From (3), A= %cotx, and from (4), A= —%cot y.

Equating these two values of 4, we have cotx=—coty so that
either cot x =cot(—y) or cotx=cot(z—Yy).
Thus either Xx=-y or Xx=7—Y. But X=-Y is not possible as both x and y must be positive.

e Therefore, X=7-Y,i.e., x+y=x. Now

Y o2 oy Xy
:_%aﬂ(sin X+ 24 cos x)dx? —%75(sin y+2A4cosy)dy’+0

2 2 2 2
dZF{dxﬁmyﬁj F=2F a2 a1 29F guay
OX

= —%{aﬂ(sin X+ cot xcos x) dx” + 5 (sin y +cot y cos y)dyz}

1
= _E(aﬁ cosec x dx* + 5 cosec y dy’ )
=a negative quantity,
since cosecx and cosecy are positive for 0<Xx,y <.

Therefore, the function F and hence u is maximum when x+y=z. Thus the area of the
quadrilateral is greatest when x+y =, I.e., when it can be inscribed in a circle.

Examples of Category 2.
Example 8. Find the maxima and minima of u=x*+y?+z* subject to the conditions

ax® +by® +cz* =1 and Ix+my+nz=0. Interpret the result geometrically.
Solution.
e et us define a functions F as

F :x2+y2+22+/11(ax2+by2+czz—1)+2,2(lx+my+nz),

For maxima and minima of F, we must have

OF Jox = 2x+ 2axA, +14, =0, (1)
oF Joy =2y +2byA, +mA, =0, (2
and oF/0z=2z+2cz4, +nA, =0. ..(3)

Multiplying (1) by x, (2) by Y, (3) by z and adding the resulting equations column wise, we
have

2(X* +y? + 2 )+ 24, (ax® +by? +c2° )+ 4, (Ix+my+nz) =0,

ie., 2u+24 +4,-0=0, which gives 4, =—U.
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Substituting this value of 4, in (1), we get

2x—2axu+14, =0, which gives X:L

2(au-1)
o mAi, nA4,
Similarly, y=—%— and z=—-+2—.
imilarly, y 2(bu—1) and z 2(cu—1)

Putting these values in the relation Ix+my+nz =0, we have
1’4, m?A, n°A,
+ +
2(au-1) 2(bu-1) 2(cu-1)

2

|2 m n?

+ +
au—-1 bu-1 cu-1
This equation gives the maximum and minimum values of u .

ie., =0, since 4, #0.

e Geometrical Interpretation. Here x*+y?+2z® is the square of the distance of any point
(x, y,z) from the origin. Thus we have discussed maxima and minima of the square of the

distance of the origin from the point of intersection of the central conicoid ax”+by*+cz* =1 by
the central plane Ix+my+nz=1.

Example 9. Find the maximum and minimum values of u=x*+y?+2z° when px+qy+rz=0
2 2 2

and ¥+§+§—2 =1. Interpret the result geometrically.

Or

Using the method of Lagrange's multipliers find the length of the axis of the section of ellipsoid
2 2 2

X—2+y—2+z—2=1 by the plane px+qy+rz=0

a~ b° ¢

Solution.

e et us define a function F, where
2 2 2 X2 y2 22
F=(X’+y*+z )+21(px+qy+rz)+@(¥+?+?—lJ.

For maximum and minimum values of F, we must have

OF Jox = 2x+ pA, +2x1,/a> =0, (1)
OF /oy =2y+q4 +2y4, /b =0, (2
and OF /07 =2z +r A +221,/c* =0, ...(3)

Multiplying (1) by x, (2) by Y, (3) by z and adding the resulting equations column wise, we
get

2 2 2 X2 y2 Zz
2(x +yi+z )+ﬂi(px+qy+rz)+2@(¥+ﬁ+c—2j:0,
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i.e., 2u+ 4 -0+24, =0, which gives 4, =-u.
Substituting this value of 4, in (1), we get

2
2X+ pA, —2xu/a®> =0, which gives x:Laz.
2(u-a*)
- Aqb* Arc?
Similarly, y=———— and z=——.
P o (u-?) 2(u—c)

e Putting these values in the relation px+qy+rz =0, we have
2,2 22 2.2
Apa2+ ﬂlqb2+ %rczzo,
2(u—a ) 2(u—b ) 2(u—c )
2,2 2182 2.2
ie., pa2+ qb2+ rCZ=0.
u—a“ u-b° u-c
This equation gives the maximum and minimum values of u .

Geometrical Interpretation. A point (x, Y, z) satisfying the given condition lies on the section
2 2

2

of the ellipsoid x_2+y_2+z_2 =1 by the central plane 20px+qy+rz=0, and u=x’+y’+2° is
c

the square of the distance of (x,y,z) from the centre (0,0,0) of the ellipsoid. In this problem,

we have discussed determination of the axes of the section of ellipsoid by the central plane
px—qy+rz=0.

Example 10. Find the maxima and minima of u=x*+y®+z* subject to the conditions
ax? +by? +cz? + 2 fyz+2gzx+ 2hxy =1 and Ix+my+nz=0.

Solution.
e et us define a function F, where

F :(x2 +y2+22)+/11(ax2 +by2+c22+3fyz+29x+2hxy—1)+lz(Ix+my+nz),

For maxima and minima of F, we must have

OF /ox =2x+2 (ax+gz+hy)+ 4l =0, ...(1)
oF oy =2y +24 (by+ fz+hx)+4,m=0, ..(2)
and oF /oz =2z+24 (cz+ fy+gx)+A,n=0. ...(3)

Multiplying (1) by x, (2) by Y, (3) by z and adding the resulting equations column wise, we
obtain
2(xX*+y? +2% )+ 24, (@ +by? +cz* +2fyz+ 2g2x+ 2hxy )+ 4, (Ix+my +nz) =0,

ie, 2u+24 +4,-0=0, which gives 4, =-u.
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e Putting this value of 4, in (1), we get
2x—2u(ax+gz+hy)+4,1 =0,
i.e., 2(au—1)x+2uhy+2ugz—14,=0, ...(4)

on changing signs.
Similarly, equations (2) and (3) yield
2uhx +2(bu—1) y+2ufz—m4, =0, ....(5)

and 2ugx+2ufy+2(cu—1)z—n4, =0. ....(6)

Also the given relation Ix+my+nz =0 can be written as
IX+my+nz—-0-4,=0. w(7)
Eliminating 2x,2y,2z and —A, from equations (4), (5), (6) and (7), we have
au—1 uh ug |
uh  bu-1 uf m 0
ug uf cu-1 n
I m n 0
Dividing R,R, and R, by u and then multiplying C, of the resulting determinant by u, we
obtain

a-1/u h g I

h  b-lu f m
V.

g f c-Ju n

I m n 0

This equation gives the maximum and minimum values of u.

Example 11. Find the maxima and minima of u=Xx°+Yy?+2z*> subject to the conditions

ax® +by® +cz® + 2 fyz + 2gzx+2hxy =1 and Ix+my+nz=0.

Solution.
Let us define a function F, where

F :(x2+y2+zz)+ﬂl(ax2+by2+022+3fyz+29x+2hxy—1)+2,2(Ix+my+nz).

For maxima and minima of F, we must have

OF /ox = 2x+22 (ax+gz+hy)+ 4l =0, (1)
OF /oy =2y+24 (by+ fz+hx)+1,m=0, (2
and OF /oz =22+ 22, (cz+ fy+gx)+4,n=0. .(3)

Multiplying (1) by X, (2) by Yy, (3) by z and adding the resulting equations column wise, we obtain
2(x2+y2+22)+221(ax2+by2+c22+2fyz+Zgzx+2hxy)+/12(lx+my+nz):0,
ie, 2u+24, +4,-0=0, which gives 4, =—U.
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Putting this value of A, in (1), we get

2x—2u(ax+gz+hy)+4,1 =0,

i.e., 2(au—1)x+2uhy+2ugz—14, =0, or(4)
on changing signs.

Similarly, equations (2) and (3) yield

2uhx+2(bu—1)y +2ufz—m4, =0, ....(5)
and 2ugx+2ufy+2(cu—1)z—n4, =0. ....(6)

Also the given relation Ix+my+nz =0 can be written as
IXx+my+nz—-0-4,=0. w(7)

Eliminating 2X,2Y,2z and —A, from equations (4), (5), (6) and (7), we have

au—1 uh ug |
uh  bu-1 uf m
ug uf  cu-1 n|
| m n 0
Dividing R;,R, and R, by u and then multiplying C, of the resulting determinant by u , we obtain
a—1/u h g I
h b-1/u f m
=0.
g f c-1u n
I m n 0

This equation gives the maximum and minimum values of u'.

Example 12. Show that the maximum and minimum radii vectors of the section of the surface
2 a2 Xy 7
(X +y +Z ) :—2+—2+—2
a~ b c
a’l’ N b*m? N c’n®
1-a’r* 1-b’r* 1-c*r?
Solution.
We need to find the maximum and minimum values of I, where r? = x* + y* +z°.

by the plane IX+my+nz=0 are given by the equation

Clearly, r will be maximum or minimum according as r? is maximum or minimum.

Let us define a function F, where

F=(x*+y +7° RV R L | PN
= Y +2°)+ 4| (X + Yo+ 27 it [t , (IX+my +nz).

o

For maxima and minima of F, we have
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2—'):(:2x+/1{2(x2+y2+22)2x—%}+ﬂzl =0, (D)
%::Zy+ﬂ{2(x2+y2+22)2y—k2)—ﬂ+/12m=0, (2)
and 2—5:22+2{2(x2+y2+22)22—%}+/12n=0. (3)
Multiplying (1) by X, (2) by Yy, (3) by z and adding the resulting equations column wise, we get
2(x2+y2+22)+A1[4(x2+y2+22)2—2(;—z+g—j+z—jﬂ+ﬂz(lx+my+nz)=0,

e, 2r? ol ryraf o[ XYL T _
ie, 2r°+ 4| 2r' +2 (x +y +z) IR +4,-0=0,
a

since 4(X* +y’ +22)2 =2r'+2(X* +y? +zz)2,

e, 2r’ +/11(2r4+2><0):0,which gives 4, =-1/r%.

Substituting this value of A, is (1) we have

1 2X
2X—r—2[2r2-2X—?}+ﬂQ|=0,
e, 2X 1—(2— 2 j + 4,1 =0, which gives X—L2r2
o a’r? ’ - 2(a’r*-1)

A,mb?r? 47 anc’r?

Similarly, y=—"—-——and z=—"—"——.
2(br*-1) 2(c*r? 1)
Putting these values of X,y and z inthe relation IX+my+nz =0, we get
XZIZaZrZ . lszbZrZ . lznZCZrZ _0
2(a’r*-1) 2(b*r*-1) 2(c*r*-1)
which on multiplying by —2//12r2 gives
a’l® b’m? c’n?
1-a’

+ + =
r’ 1-b’r* 1-c*r?

Example of Category 3.
Example 13. Find a plane triangle ABC such that u=sin™ Asin" Bsin® C has a maximum
value.

Solution.
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e If a function is maximum, then its logarithm will also be maximum. therefore, taking the
logarithm of the given function, we have
logu =mlogsin A+nlogsinB+ plogsinC.

Also, since A,B,C are the angles of a plane triangle, we have
A+B+C=r. (1)

¢ Now define a function F, where
F =mlogsin A+nlogsin B+ pIogsinC+ﬂ(A+ B+C—7r) :
For maxima or minima of F, we have

oF/oA=mcot A+ 1 =0, ...(2)
oF/oB=ncotB+A4=0, ...(3)
and oF/oC = pcotC+A4=0. (4

Equating the three values of A4 obtained from (2), (3) and (4), we get
mcot A=ncotB = pcotC,

ic. tanAztanthanC_ .(5)

m n p

e To identify whether F is maximum or minimum for the values of A, B, C given by (5), we see
that

2
d’F = (dAaiA+dBi+dC —] Z " A+ ZzidAdB

oB ON?
—{(mcoseczA) dA? +ncosec’B ) dB® +( pcosec C)dCZ} since d2F/0AGB =0 etc.

Obviously, d’F <0.
Thus the function F and hence u is maximum for the values of A, B, C given by (5).

Example 14. Divide a number n into three parts X, Y,z such that u=ayz +bzx+cxy shall have
a maximum or minimum value and determine which it is. (a,b,c may be taken as the sides of a

triangle).

Solution.

Since n is divided into three parts X,Y,z, we have

X+y+z=n. ...(1)

Now define a function F, where
=(ayz+bzx+cxy)+ A(x+y+z—n).

For maxima or minima of F, we have

oF/ox=bz+cy+A1=0, ...(2)
oF /oy =az+cx+ A4 =0, ...(3)
and oF/oz=ay+bx+1=0. ...(4)
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Multiplying (2) by x, (3) by Yy, (4) by z and adding the resulting equations column wise, we
obtain

2(ayz+bzx+cxy)+A(x+y+2)=0,

i.e.,, 2u+nA =0, which gives 1=-2u/n.

Substituting this value of A, equations (2), (3) and (4) can be written as
Ox+cy+bz—2u/n=0,

cx+0y+az—2u/n=0,

bx+ay+0z—2u/n=0.

Also, (1) is: X+y+z—-n=0.

Eliminating X,y,z and -1 from these four equations, the maximum or minimum value of u is
given by

0 ¢ b 2u/n

c 0 a 2u/nl_
b a 0 2u/n
111 n

..(5)

o Now we proceed to show whether it is a maximum or minimum value of u. We have

d’F = (dxa—+dy5+d28—j F= Z
= 2(cdxdy +adydz +bdzdx), since 82F/6x =0 etc.

= 2{cdxdy +(ady +bdx)dz]

{cdxdy ady+bdx)(dx+dy)} , since dx+dy+dz=0, from (1)

=-2{bdx’ +(a+b—c)dxdy +ady’}.

o Therefore d’F will have the same sign as -2 if
ba—%(ajtb—c)2 >0,

i.e., 4ab—(a®+b? +c® +2ab—2bc—2ca) >0,
i.e., 2ab+2bc+2ca—a’*—b*-c®>0,

ie., a(b+c—a)+b(c+a-b)+c(a+b—c)>0.

The above inequality will be true if we assume that a,b,c are such that a triangle could be
constructed with these sides so that b+c—a,c+a—b and a+b—c are all positive. With this

assumption, we find that d*F < 0.
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Hence the value of u given by (5) is maximum under the assumption that a,b,c form the sides a
triangle.

Example 15. Find the minimum value of u=x*+y*+2z* subject to the conditions
ax+by+cz=1=a'x+b'y+c'z.

Solution.

e Let us define a function F, where

F=(x*+y*+2*)+ 4 (ax+by+cz—1)+ 4, (a'x+b'y+c'z-1).

For maxima and minima of F, we have

OF/ox=2x+Aa+A,a'=0, )
oF/oy=2y+Ab+Ab'=0, ...(2)
and oF/oz =2z+ ACc+ AC'=0. ...(3)

Multiplying (1), (2), (3) by X,Y,z respectively and adding the resulting equations column wise,
we get 2(x2+y2+22)+/11(ax+by+cz)+17(a'x+b'y+c'z):0,
e, 2u+4+4,=0.

Further, multiplying (1), (2), (3) by a,b,c respectively and adding the resulting equations
column wise, we get 2(ax+by+cz)+/11(a2 +b? +cz)+/12 (aa'+bb*+cc')=0,

ie, 2+AXa’+4,3aa'=0 ....(5)

Similarly, multiplying (1), (2), (3) by a',b',c" respectively and adding the resulting equations
column wise, we get 2(a'x+b'y+c'z)+ 4 (aa'+bb'+cc')+ 4, (a”+b?+c?)=0,

i.e. 2+ AXaa'+A,%xa” =0, ...(6)

Eliminating 4,4, from (4), (5) and (6), the maximum or minimum value of u is given by
2u 1 1 u 1 1

2 xa’ Xaa|=0,ie,|1 Za’ zaa'=0,dividing C, by 2.

2 aa' Xa” 1 Xaa' za”

To identify whether it is a maximum or minimum value of u, we see that

2
d’F = dxijté'yijtdzi F
OX oy 0z

O°F O°F
= dx® +2 dxd
Z aXZ Zaxay y
= 2dx? +2dy? + 22?, since 6°F/oxdy =0 etc.

=2(dx* +dy* +dz°).
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Obviously, d?F > 0. Hence the value of u determined above is its minimum value.

Miscellaneous Examples.

Example 16. Obtain the extreme values of u=x>+y>+z>+3kxyz, k=2, where X,y,z are
subject to the condition X+y+z=1, and show that the symmetrical extreme value is a
maximum or minimum according as k >or< 2.

Solution.
e et us define a function F, where

F :(x3+y3+z3+3kxyz)+/1(x+y+z—1).

For extreme values of u, we must have

OF [ox =3(X* +kyz)+ 4 =0, (1)
oF /oy =3(y* +kax)+ A =0, ...(2)
and OF /6z =3(2° +kxy)+ A =0. .(3)
Subtracting (2) from (1), we get

(x—y)(x+y—kz)=0 (4
and subtracting (3) from (1), we get

(x—z)(x+z—ky)=0. ....(5)
Equations (4) and (5) give the following:

Xx—y=0, x+y-kz=0, ....(6)
and x—z=0, x+z-ky=0. w(7)

Solving these equations, taking one form the pair (6) and one from the pair (7), and using the
given side condition, we obtain the following four solutions:

. 1
.. Z 1
or (ii) X_y_k_—l_j'
or (iii) x=z=L:i, k#2
k-1 k+1
.. X 1
or (ii) y_z_k_—l_k_+1

For instance, (ii) is obtained by solving
X—Yy =0 (the first equation of (6))
and x—ky+z =0 (the second equation of (7))

to get ~— ==~
T T
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e, X=y= z __X+y+z _ 1 , using the given side condition.
k-1 1+1+(k-1) k+1

The solution (i) is symmetrical in X,y,z and gives the extreme value u=(k+1)/9. While the

solutions (ii), (iii) and (iii) are non-symmetrical, but give the extreme value u :(k3 +1)/(k +1)3

in each case. It is worth noting that if k=2, there is only one solution, viz. (i), and the two
extreme values are equal.

e Further, we have

2
d’F = dxijtdyﬁerzé F
OX oy oz
O°F O°F

= dx® +2 dxd

Z aXZ Zaxay y
:6(xdx2+ydy2+zdzz)+6k(zdxdy+xdydz+ydzdx)
= 2(dx® +dy? +dz* ) + 2k (dxdy + dydz +dzdx) , in Case (i).

But the differentiation of the given relation x+Yy+z =1 gives

dx+dy+dz=0.

Squaring this equation, we have

2(dxdy + dydz + dzdx) = —(dx2 +dy? +dz? )

Using this relation in (4), we have

d*F =2(dx® +dy® +dz® ) -k (dx* +dy? +dz?)

=(2-k)(dx* +dy* +dz°).

It follows that d°F <0 where k>2 and d*F >0 where k <2.

Hence the value of u in the symmetrical case is a maximum or minimum according as k >or< 2

1 1 1 .
Example 17. If u=a’x*+b’y* +c’z*, where =+ =+==1, show that an extreme value of u is
X y z

given by ax=Dby =cz and this gives a true maximum or minimum if abc(a+b+c) IS positive.

Solution.
e et us define a function F, where

F :(a3x2+b3y2+c322)+l(1+1+l—1j
X Yy z
For an extreme value of u, we must have
ﬁ:2a3x—12:0; a—F=2b3y—12:0; ﬁ:2032—&2:0.
OX X oy oz z

Equating the values of A obtained from these equations, we get
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2a°x® =20%y* =2¢%° = 1, ..(2)
so that ax =by =cz = i (say).

These equations give

wo M Mo, _H

f :—1 :—_ ....2
R A . 2)
. : : .1 11
¢ Using these values in the given relation —+—+==1, we get
X y z
3+2+£=1,which gives u=a+b+c.
HoHH
Substituting this value of # in (2), we have
a+b+c a+b+c a+b+c
X= Y= 2= . ...(3)
a b c

¢ Now to identify whether u is maximum or minimum for these values of X, Y,z , we have
2 2 2
aF =[x L rdy Lzl | F=> 2 e 123 OF gxay
OX oy oz OX Oxoy
= 2(&3 +isjdx2 +2[b3 +13de2 +2[c3 +i3]dz2, since &°F/oxay =0 etc.
X y z

=6(a’dx® +b°dy’ +c’dz?), e (d)
since by (1), 4/x* =2a% A/y® =2b% 4/z% = 2¢°.

. . .1 1 1
e But differentiating the relation —+—+==1, we have
X y z

%+%+¥:0.

Using (3), this equation gives

2 2
a’dx +b*dy +c’dz =0, so that dz = —[Mj :

C2
Substituting this value of dz in (4), we have

2 2.4, \2
d°F = 6{a3dx2 +bdy® +¢? [Mj }

4 2182 4
:6{(a3+a—jdx2+ 2’ dxdy+(b3+b—]y2}.
c c c

e For a true maximum, we must have
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4 21,2 \2
(a3+a—j(b3+b—]—(ab j >0,
C C C

33 41,4 4.4
ie., ath? + 3P (a+b)+a? _atz) >0,
c c c
a3 3 a2b2
ie., (a+b+c)>0 ie., ?{(abc(a+b+c))}>0,

i.e., abc(a+b-+c)>0,since a*h?/c? is positive.
Hence the result.

Example 18. Prove that if X+ Y+ z =1, the function u =ayz +bzx+cxy has an extreme value equal to

abc/(Zbc+2ca+2ab—a2 —b? —cz).

Prove also that if a,b,c are all positive and c lies between a+b+2,/(ab), this value is a true

maximum and that if a,b, ¢ are all negative and ¢ lies between a+b+2,/(ab) , it is a true minimum.

Solution.
Let us define a function F, where

F =(ayz+bzx+cxy)+A(x+y+z-1).

For an extreme value of u, we must have
oF/ox=bz+cy+A4=0,
oF/oy=az+cx+A=0,

and oF oz =ay+bx+A=0.

Subtracting (3) from (1), we get

(bz+cy)—(ay+bx) =0, which gives z :X+%y.

Further, subtracting (3) from (2), we get

(az+cx)—(ay+bx)=0, which gives z = y+TCx.

Equating the two values of z, we have
x+ﬂy—y+ﬂx ie X - y
b a  a(b+c-a) b(c+a-b)

By symmetry, we have

X _ y ~ z

a(b+c—-a) b(c+a-b) c(a+b-c)

_ X+Yy+z

- a(b+c-a)+b(c+a-b)+c(a+b—c)
1

= ,since X+y+z=1,
2bc+2ca+2ab—a®*—b*—c? y
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= i, (say).

Then x=pa(b+c—a),y=ub(c+a—b),z=uc(a+b-c).
Using these values, an extreme value of u is
=aub(c+a—b)uc(a+b—c)+buc(a+b—c)ua(b+c—a)+cua(b+c—a)ub(c+a-b)

= p*abc{(c+a-b)(a+b—c)+(a+b-c)(b+c—-a)+(b+c—a)(c+a-b)|
= y*abc(2ab + 2bc + 2ca—a* —b* —c?)
:abc/(Zbc+an+2ab—a2—bz—cz).

0 ) 0 aZF 0°F
Now d°F =| dx—+dy—+dz— | F = X242 dxd
[ x oy aJ Lo O 22 O

(cdxdy +adydz +bdzdx), since 6°F/ox* =0 etc.

{cdxdy +(ady+bdx)dz}

{cdxdy —(ady+bdx)(dx+dy)}, since dx+dy+dz=0,from x+y+z=1
=—{2ady’-2(a+b—c)dxdy+2bdx’}.

2
2
2

Therefore, d°F will have the same sign as —2a, if
(2a)(2b)—(a+b—c)2 >0,

ie., {2 (<';1b)}2—(a+b—c)2 >0, provided ab >0 (8)
ie., {2 (ab)+(a+b—c)}{2 (ab)—(a+b—c)}>0,

e, [{a+b+2 (ab)}—c}[c—{a+b—2 (ab)ﬂ>0,

which is true if ¢ satisfies
a+b-2,/(ab) <c<a+b+2,/(ab). ....(5)

Thus if ¢ lies between a+b—2,/(ab) and a+b+2,/(ab), then d*F <0 when a>0 and d’F >0

when a<0.
Hence u has a true maximum of minimum according as a is positive or negative, and ¢ lies between

a+b—2,/(ab) and a+b+2,/(ab).

It should be noted that the condition ab >0 in (4) is satisfied when both a and b are either positive or
negative. In case, both a and b are positive, it follows from (5) that ¢ is also positive. While if both a
and b are negative, ¢ is also negative. Thus for the feasibility of (5), a,b,c should be either all positive
or all negative.
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Example 19. Show that u = yz+zx+ Xy has no extreme value when considered as a function of three
independent variables X, Y,z but has a maximum when the three variables are connected by the relation

ax+by+cz=1and a,b,c are positive constants such that 2(ab+bc+ca)>(a*+b*+c?).

Solution.
With usual notations, we know that the function u will have a minimum value if the expressions
A H G
A H
A, ,/H B F
H B
G F C

be all positive, and a maximum value if they be alternatively negative and positive.
o'u o(ou) 0
Now A=— =—| — [=—(z+Y)=0.
ox~ ox\ox) Ox
Since A is neither negative nor positive, the function u has neither a maximum nor a minimum value.
Thus u has no extreme value. (First Result)

When X, Y,z are connected by the relation
ax+by+cz=1, ..(1)

we define a function F, where
F =(yz+2x+xy)+A(ax+by+cz-1).
For extreme values of u, we must have

oF/ox=y+z+al=0, ..(2)
oF/oy=z+x+bA=0, ...(3)
and OF/0z =x+Yy+cA=0. (4)

Multiplying (2) by x, (3) by Yy, (4) by z and adding the resulting equations column wise, we get
2(yz+zx+xy)+A(ax+by+cz)=0,

i.e., 2u+A =0, which gives u :—%/1. ....(5)

Further, adding (2), (3) and (4), we obtain
2(x+y+z)+(a+b+c)A1=0,

so that X+ y+z+%(a+b+c)/1:0.

Putting one by one the values of y+2z,z+ X, X+ Yy obtained from (2), (3) and (4), this equation yields

x—a/1+%(a+b+c)/1=0, ....(6)
y—b/1+%(a+b+c)/1:0, (7
and z—c/1+%(a+b+c)/1=0. ...(8)
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Multiplying (6) by a, (7) by b, (8) by ¢ and adding the resulting equations column wise, we obtain
(ax+by+cz)—(a2+b2+cz)ﬁ+%(a+b+c)ﬂ,(a+b+c):O,
ie., 1+/1{%(a2 +b? +¢* +2ab+ 2bc + 2ca) - (a’ +b’ +cz)} =0,

which gives A = 2/(a2 +b%+c? —2ab—2bc— 2ca).
Using this value of A in (5), the extreme value of u is
]/(2ab+2bc+2ca—a2 —b?—c?).

2 2 2
Now d2F =[x L vy 4z | F=T 2  ax2 423 OF guay
OX oy 0z OX OXoy
= 2(dxdy +dydz +dzdx) , since 8°F/x* =0 etc.

= 2(dxdy + (dx +dy)dz)

= Z{dxdy —(dx+ dy)(Mj}
c

since, from (1), adx+bdy+cdz =0, so that dz =—(adx+bdy)/c.
:—E{Zadx2 +2(a+b—c)dxdy + 2bdy2}.
c

Since a,b,c are positive, d*F will be negative if (2a)(2b)—(a+b—c)2 >0,
ie., 2(ab+bc+ca)>(a’ +b? +c?).
Hence u is maximum under the given conditions.

Example 20. If two variables x and Yy are connected by the relation ax®+by* =ab, show that the
maximum and minimum values of the function X+ Yy®+ Xy will be the values of u given by the
equation 4(u—a)(u—b)=ab.

Solution.

We have U = X* + y* + Xy subject to the condition ax*+by* =ab.
Let us define a function F, where

F :(x2 +y2 4+ xy)+ﬂu(ax2 +hby? —ab).

For maxima and minima of u, we must have

OF/ox =2x+y+24ax=0, (1)
and OF /0y =2y +x+21by =0. (2)

Multiplying (1) by x, (2) by y and adding the resulting equations column wise, we get
2(x2 +y° +xy)+2ﬂ,(ax2 +by2):0,
i.e, u+Aab=0,0or A=—-u/ab. ...(3)
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Further, let us write equations (1) and (2) as

2(1+2a)x=-y and x=-2(1+2b)y.

Since both x and Yy cannot be zero, it follows that

4(1+la)(1+lb):1 e (4)

Putting the value of A4 from (3), this gives
4(1-u/b)(1-u/a)=1,
or 4(u—a)(u—b)=ab, ...(5)

which gives maximum and minimum values of u

2
Now d2F =| axZ+dy 2 | F
OX oy

2 2 2
_9 de2+d 'Z:dy‘7'+2a F
OX oy OXoy
=2(1+Aa)dx* +2(1+ Ab)dy” + 2dxdy
=2(1+2a){dx+2(1+ ib)dy}z, by (4).

dxdy

Thus d?F is positive or negative according as 1+ 4a (or 1+b) is positive or negative.
From (5), we obtain

4a’ —4(a+b)u+3ab=0,

i.e, 2u= (aer)i{(a—b)2 +ab}]/2

Therefore, supposing a and b to be positive, we see that with the upper sign,
2u>(a+b)+[a—b|,

i.e., u<a or b whichever is less.

Further, since u+Aab =0, we find that

if u>a(a>b),then 1+ b <0,

and if u<b (b<a), then 1+ Aa>0.

It follows that the value of u with the upper sign is the maximum, while the value with the lower sign is
the minimum.

Again, since 2(1+la)X:—y, we observe that when 1+ Aa<0, X and Yy have the same sign, and

there are two points in the first and the third quadrants at which u is maximum. Similarly, u is minimum
at two points lying in the second and the fourth quadrants.
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PYQs: Taylor’s, APPLICATIONS- MAXIMA-MINIMA, TOTAL DIFFERENTIATION

1

QL. Using differentials, find an approximate value of f (4-1,4-9) where f(x,y)=(x*+x"y)?.
[2c P-2 UPSC CSE 2019]

Q2. If x=3+0.01 and y=4+0.01, with approximately what accuracy can you calculate the

polar coordinates r and @ of the point P(x, y) ? Express your estimates as percentage changes of

the values that r and & have at the point (3,4). [3b 2009 IFoS]

Q3. Find the maxima and minima for the function
f(x,y)=x"+y°—3x—12y+20
Also find the saddle points (if any) for the function. [2017 2c IFo0S]

Q4. Find the relative maximum and minimum values of the function
f(x,y)=x"+y*—2x*+4xy—2y*. [3b P-2 UPSC CSE 2016]
Q5. Find the maxima and minima of the function f (x,y)=x’+y®-3x-12y+20.

[2016 1c P-2 IFoS]
Q6. Locate the stationary points of the function x*+y*—2x*+4xy—2y® and determine their

nature. [2013 2b IF0S]
Q7. Find the points of local extrema and saddle points of the function f of two variables defined

by

f(x,y)=x"+y°—63(x+y)+12xy. [3a UPSC CSE 2012]

Q8. Let f(x,y)=y*+4xy+3x*+x>+1. At what points will f(x,y) have a maximum or
minimum? [3c P-2 UPSC CSE 2013]

Q9. Find the dimensions of the rectangular box, open at the top, of maximum capacity whose
surface is 432 sg. cm. [2012 3b IFoS]

Q10. Show that the function defined by
f(xy.2) =3|0§](X2 +y*+ ZZ)—ZX2 -2y*-22%,(x,y,2)#(0,0,0) has only one extreme value,

log Ee%j [2011 3d IFoS]

Q11. Find the maxima, minima and saddle points of the surface Z = (x2 — yz)e(_X ik .
[3d P-2 UPSC CSE 2010]

LAGRANGE'S MULTIPLYER'S METHOD

Q1. Using Lagrange's undetermined multipliers method, find the volume of the greatest
2 2 2

rectangular parallelepiped that can be inscribed in the ellipsoid %+Z—+é—2 =1. [2blFo0S 2022]

2

Ans. Refer Example 3: Category-1
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Q2. A wire length | is cut into two parts which are bent in the form of a square and a circle
respectively. Using Lagrange's method of undetermined multipliers, find the least value of the
sum of the areas so formed.

Solution. Let side of square is x and radius of circle is r. So the given condition is:
¢ 4x+2zxr=1...(1)

And, we have to find least value of A= X" +7zr?....(2)
I.e. we have to find minima of A subject to condition (1).

Let’s find F = A+ A¢ = x> + 21> + A(4x+ 2721 —1)
On putting equals zero oF / 0x & oF / oy ; we get g =r

I
2(4+ )

2 2 2 2
Therefore, minimum value of A is { ! } +7 ! = | ; {1+ Z} = |
A+ 1 2(4+7) (4+n7) 4] 4(4+n7)

Note. If not asked by Lagrange’s method, then it can be interpreted as : finding minima of

So from (1), we get 8r+2zr =1 =r =

2
| —27zr
A= w +7r%; A is one variable function. So put da/dr as zero, get I = . Now check
4 2(4+ )
2
sign of d*A/dr?, it’s positive. So minimum is I
44+ )
[2bUPSC CSE 2022]

Q3. Find the shortest distance between the line y =10-2x and the ellipse

X2 y2

—+—=1

4 9

using Lagrange's method of multipliers. [2blFoS 2021]

Hint. Let (X, y)be a point on ellipse and u be the perpendicular distance from (X, Yy) on the given
2 2

2x+y+10  2x+y+10 X°y

, p=—+-—=1
V22 417 J5 / 4 9

Q4. Find an extreme value of the function u=x*+y?+z*, subject to the condition
2x+3y+5z=30, by using Lagrange's method of undetermined multiplier. [4c UPSC CSE

2020]
Ans. Refer Example-1: Category-1; take a=2, b=3, ¢=5 and p=30

straight line: where u =

Q5. Using Lagrange's multiplier, show that the rectangular solid of maximum volume which can
be inscribed in a sphere is a cube. [2b 2020 IFoS]
Ans. Refer Example-3: Category-1; take a=1,b=1c=1.
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Q6. Find the extreme values of f (X,y,z)=2x+3y+z suchthat x*+y?=5 and x+z=1.

[3a 2020 P-2 IF0S]
Q7. Find the maximum value of f(x,y,z)=x"y?z* subject to the subsidiary condition
x> +y?+2° =c?, (x,y,2>0). [4a P-2 UPSC CSE 2019]
Ans. Take help from Example-5: Category-1;

Q8. Determine the extreme values of the function f(x,y)=3x*-6x+2y’—4y in the region
{(x y)eR?:3x* +2y” <20} . [2019 2a IF0S]
Ans. Refer Example-20: Miscellaneous

Q9. Find the minimum value of x*+ y*+z* subject to the condition ax+by+cz=p.

Ans. Refer Example-1: Category-1
[2018 3a P-2 IFoS]

Q10. Find the maximum and minimum values of x*+y?+z* subject to the condition

X2 y2 Z2

=+l 45 =1.[2017 3b P-2 IF0S]
4 5 25

Ans. Refer Example-3: Category-1; take a* =4,b*> =5,¢c* =25

Q11. Find the maximum and minimum values of x°+y®+z° subject to the conditions
2 2 2
X

X Y tZ _1and x+y-2=0.[3a UPSC CSE 2016]
4 5 25

Ans. Refer Example-3: Category-1; take a* =4,b* =5,¢* =25

Q12. Using Lagrange's method of multipliers, find the point on the plane 2x+3y+4z =5 which
is closest to the point (1,0,0) . [2016 3b IFoS]

Ans. Refer Example-1: Category-1; take u=x>+y*+2*; a=2,b=3,c=4;p=5

Q13. Which point of the sphere x*+y?+z°=1 is at the maximum distance from the point
(2,1, 3)?

[3b UPSC CSE 2015]
Hint: Take U=(X—2)"+(y-1*+(z2-3)*; ¢ x*+y*+2° =1
On putting first order partial derivatives equal to zero, and managing terms as
(A+D)x=2,(1+)y=1(1+1D)z=3; Onsolving, we get x=2,y =1,z =3; get max. at this point.

Q14. Find the absolute maximum and minimum values of the function f(x, y):x2 +3y°—y

over the region x*+2y? <1. [4b P-2 UPSC CSE 2015]
Ans. Refer Example-20: Misselleneous
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Q15. A rectangular box, open at the top, is said to have a volume of 432 cubic metres. Find the
dimensions of the box so that the total surface is a minimum. [2015 3c IFoS]

Sol: Let the dimensions of the rectangular box be x, y and z.

Then volume, V = xyz

surface area of the rectangular box (open at the top) = xy + 2z (x +y) = 432

F=xyz+A(xy+2z(x+y)—432

For points of maxima/minima;
yz+r(y+2z)=0
Xz +A(x+22)=0
Xy +2Ah(X+y)=0

On subtracting second from one;
=2>Y-Xz+A(y-X)=0= (y—-X)(z+A)=0=y—-x=0, ..y=X

Now multiplying second equation (by 2 and the subtracting the resulting equation from third
equation, we get

X(y —22) + 2A(X +y =X —22) = 0=>(X + 2A)(y — 22) = 0=y = 22
.. The dimensions of the box are of the form; x=y =2z
Fromxy + 2z (x +y) = 432=127 = 432=7=6

Hence, the dimensions of the box are (12, 12, 6) cm respectively.

Q16. Find the height of the cylinder of maximum volume that can be inscribed in a sphere of
radius a.
[3a UPSC CSE 2014]

Q17. Find the maximum or minimum values of x°+y?+z® subject to the conditions
ax’ +by?+cz? =1 and Ix+my+nz=0. Interpret the result geometrically.

Ans. Refer Example-8: Category-2
[3b UPSC CSE 2014]

Q18. Find the minimum value of x*+y®+2* subject to the condition xyz =a® the method of
Lagrange multipliers.

Hint:

F=(*+y*+2z°)+A(logx+logy+logz—3loga)

On putting first order partial derivatives equal to zero, and managing terms as

To download visit https://mindsetmakers.in/upsc-study-material/ +91 9971030052



https://mindsetmakers.in/upsc-study-material/

x=y=z; So taking x=y=z=a; As it satisfies given condition as well.
d’F =8—/1(i2+i2+i2j=8—(—2a2)(32) >0.
Xy oz a
Min. value is 3a”
[4b P-2 UPSC CSE 2014]
Q19. If xyz =a® then show that the minimum value of x*+y®+2z” is 3a°.
Ans. Refer Example-3: Category-1; take a’ =1,b* =1,¢® =1; take U = xyzand proceed. Finally

put required values as u—a’.

[2014 2b IFo0S]
Q20. Using Lagrange's multiplier method find the shortest distance between the line y =10-2x
2 2

and the ellipse X?+y3 —~1. [3a UPSC CSE 2013]

Same as [2bIFoS 2021]
Hint. Let (X, y)be a point on ellipse and u be the perpendicular distance from (X, Yy) on the given

2 2
straight line: where u = 2x+y+10 = 2X+ y+10, ¢:X_+y_:1
J22 47 J5 49

Q21. Find the minimum distance of the line given by the planes 3x+4y+5z=7 and x—-z=9

from the origin, by the method of Lagrange's multipliers.
Ans. Refer Example-15: Category-3
[2d P-2 UPSC CSE 2012]

Q22. Find the points on the sphere x*+y*+z° =4 that are closest to and farthest from the point
(3,1,-1). [3b UPSC CSE 2011]
Hint: Same as [3b UPSC CSE 2015]

Q23. Find the shortest distance from the origin (0,0) to the hyperbola x* +8xy +7y? =225.
Ans. Refer Example-12: Category-2 [2d P-2 UPSC CSE 2011]

Q24. Show that a box (rectangular parallelepiped) surface area is a cube.
Ans. Refer Example 3: Category-1

[2b UPSC CSE 2010]
Q25. A rectangular box open at the top is to have a surface area of 12 square units. Find the
dimensions of the box so that the volume is maximum. [2010 2a P-2 IFoS]

Q26. Find the extreme value of xyzifx+y+z=a.[2010 3b IFoS]
Ans. Refer Example 3: Category-1

Q27. A space probe in the shape of the ellipsoid 4x*+y?+4z°=16 enters the earth's
atmosphere and its surface begins to heat. After one hour, the temperature at the point (x, y,z)
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on the probe surface is given by T(x,y,z)=8x*+4yz—16z+600. Find the hottest point on the

probe surface.
Hint: finding maxima of T subject to the condition 4x*+y*+4z° =16.
[3c UPSC CSE 2009]

Solutions(hints). NOTE- Some PYQs are left unsolved here just to avoid repetition. Those
are already solved in examples of respective chapter with supporting examples.
[Lagrange’s method, maxima minima]

Hints for few answers

1. Hint for Taylor’s question
We know that

If f(x,y) is a function which possesses continuous partial derivatives of order n in any domain
of a point (a,b), and the domain is large enough to contain a point (a+h, b+k) within it, then
there exists a positive number 0 < @ <1, such that

o 9 1(. 6 . 8Y
f(a+h,b+k)=f(a,b)+[h&+k5jf(a,b)+5(h&+k5j f (a,b)

1 Ly A
+...+(n_1)![h&+kaj f(a,b)+R,,

hi-i-ki f(a+6hb+6k), 0<O<1.
oXx oy

1

where R, =
n!

Now for given question, take a=4,h=0.1,b=5k =-0.1

2 2 2
Now find f(2,5),(ij (ﬂ] '(6 :] ,[6 ZJ ’(6 f ]
ox (4,5) 8y (4,5) ox (4,5) 6y (4,5) 8X5’y (4.5)

Since h and k are small so neglecting higher powers after third term.
Use above values in

o 9 1(.o6 aY)
f(a+h,b+k)=f(a,b)+[h&+k5jf(a,b)+5[h&+k5j f (a,b)

Ans. 2 Use polar coordinates in above answer.

Ans.Show that the function defined by
f (X, y,2) =3log (¢ +y* + %) —2x* = 2y* = 22%, (X, ¥, 2) # (0, 0, 0)

3
has only one extreme value, log | —
e

Sol: The given function is
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f(x,y,2)=3log (x* + y* + 7%) — 2x> — 2y* — 2%, (X, ¥, 2) # (0, 0, 0)
for maxima/minima;
fog_2X gy - O

— = 6X°=0
X +y*+17° X +y*+17°

2 2 2
_ 6x[l—x(x +y2+z )]:O
(x2+y2+22)

= 1—x(x2+y2+22)=0
X(x*+y?+2°)=1

Similarly, f,=0 = y(X’+y*+2°)=1

Andf,=0 = 2(x*+y +7°)=1

. . 1
From above equations, we have; x=y=zie. Xx(x+x +x’)=1= x =5

So, x=y=z=@

Hence, the value of f (x, y, z) at the point (% 31—1/3 %) is given by

il il 1 1 ! 1 133k
) e e ) 5"s s

=3Iog(32—3:3j—2=3log31’3—2=§I093—2 = log 32=Iog(§2j

Therefore, the only extreme value of f (x, y, z) is log (%)
e

Ans. A rectangular box, open at the top, is said to have a volume of 32 cubic meters. Find the
dimensions of the box so that the total surface is minimum.

Sol: Let x, y, z are dimensions of this box
So volume is V=xyz=32...(1)
Surface area is S=xy+2yz+22x....2)

Way1l: By Lagrange’s method-
Finding minima of (2) under the condition (1): Refer Category 3 example 14

Way 2: By treating this problem as finding maxima/minima of functions of two variables.
S= xy+2y-g+2x—g = xy+64[1+lj
Xy Xy Xy

G5, 84 05 e
oX X2 oy y?

64

oS _ —0 gives y_6_?:0, X—on.Wegetx:4,y=4
X

s _o 08
OX oy

To download visit https://mindsetmakers.in/upsc-study-material/ +91 9971030052


https://mindsetmakers.in/upsc-study-material/

0°S 128 o°S 0°S 128
SO, I’=—2=—3, S= =1, t=—2=—3

OX X oxoy oy y

For stationary points, (4,4); rt—-s>=4-1=3>0 &r>0

. (4, 4) is a point of minima.

32 _9
4x4

Xx=4,y=4, z=

Ans. Determine the extreme values of the function f(x, y) = 3x* — 6x + 2y* — 4y in the region {(x, y) €
R?: 3x% +2y* <20}

f(x, y) = 3x* — 6x + 2y* — 4y . So for points of maxima/minima
k=0=26x—6=0=>x=1; fy=0=24y—-4=0=>y=1. . P(1,1)istheonly critical point
notice; 3(1)°+2(1)>=5<20 = The point P(1, 1) lies in the given region.
f(1, 1)=3-6+2—4=-5 0

r—s’= (6)(4) —0°=24 >0 and
r="f,=6>0at P(L 1). So, point (1,1) is a point of local minima.
Let us check at boundaries of the ellipse i.e. 3x* + 2y? = 20

o f(X, y) = 32 — 6X + 2y? — 4y=20 — 6X — 4y=20—6X + 24/2/20 - 3x?
Let ¢(x)=20-6x+2+220-3%°

—6X
¢'(x)=—6+2«/§¥=0 ;givesx=+2 5y =TF 2
2420 -3%°

At (2, -2), (-2,2), (2,2), (-2,-2); get the maximum value of f(x,y).
Ans. At (-2,-2); value is 40.

Ans. Find the maxima and minima for the function' f (x,y)=x’+y*~3x-12y+20. Also

find the saddle points [if any] for the function

Step (i): To get points of maxima / minima

We put §:0:>3x2—3:0:>x:i1
X

A o 0=3y—12-0= y=+2
oy

Stationary point are: A(1,2),B(-12),C(1,—-2),D(-1-2)

Step (ii)
2 2 2
r:a z :6x,t=a : =6y, s= of =0
OX oy Oxoy

(I’)A =6><1=6,('[)A =6x2=12

~. At the point A(1,2)
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r—s*>=6x12—-0°=72>0 also r >0
. A'is a point of minima

s =128 -3x1-12x2+20

(r), =6x(-1)=—6, (t), =6x2..rt—s*=-72<0
. B(-1,2) is saddle point

(r), =6x1=6, (t)_ =6x(-2) ..rt—s*<0

-.C(1,—2) is saddle point

(r), =6x(-1)=-6, (1), =-12, .. rt—s>>0 and r<0 .. Maxima

Ans.: Find relative maximum and minimum values of the function

f(xy)=x"+y'—2x* +4xy—2y*

Step (i): To find point of maximum / minimum

We put (;i=0:>4x3—4x+4y=0
X

q=0:>4y3+4x—4y=0
oy

On adding (1) and (2)
=4x*+4y* =0
=x*=-y°

=X=-Y

Putting x=-y

—4y* +4y+4y =0

—4y® +5y=0

4y(—y2+2):0

y=0, y?=2, y=+/2

Points are A(OO)B(—\/E\/E)C(\/E\/E)

Step (ii)
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2 2
81:—12x2—4,t=8z=12y2—4,s= =4

X2

r=

rt—s? =(12x* -4)(12y* —4) -4’

=16[ (3x* ~1)(3y* ~1)-1]

(rt— 2)A 0 : Doubtful care

( 32) >0; (r), >0..B isaminima
B

(rt sz) >0; (r), >0 ..C isaminima
C

o=(~2) +<ﬁ>4 2e{) +4(~)-2( )

fo =

Ans. Find relative maximum and minimum
f(xy)=x"+y*—2x* +4xy -2y

How to investigate doubtful care??

[Although its not easy]
** Point (0,0) is a doubtful case

We would like to get the sign of f(x,y)—f(0,0)

Where (x, y)denote arbitrary point in nbd of (0,0) i.e. x and y are small closer to zero

Let’s do it:
f(xy)—f(0,0)=x"+y*—2x*+4xy—2y* -0

=x"+y*—(2x° —4xy +2y?)
:(x4+y4)_[(ﬁx)z_zxﬁx.ﬁw(ﬁyﬂ
= (x* +y*)~(V2x—2y)
=(x*+y*)-2(x-y)

f(x,y)-f(0,0)<0

= the point (0,0) is a point of relative maxima

To download visit https://mindsetmakers.in/upsc-study-material/

values of

+91_9971030052

the

function


https://mindsetmakers.in/upsc-study-material/

Ans.: Show that the function u=(x+y+z)’~3(x+y+z)—24xy*+a‘has a minimum at

(11,1) and maximum at (-1,-1,-1)
Step (i) Already given in question

(i) At the point (1,1,1)

(A)(l,l,l) =6(1+1+1)=18>0

Finding B, C, F, G, Has o°f /oy®,0°f | 06z°,0° f | oyoz, 0% | 6z0x,0% f 1 oxdy at the point (1,1,1).
Then observing

A H| (18 -6
= >0
AT
A H G
H B F|>0
G F C

Therefore, it’s minimum at given point.
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Chapter- Implicit Functions, JACOBIANS

JACOBIANS
https://www.youtube.com/live/\VzMxocY 1M9k?si=3sRael-m8ocxdkt X

If u,u,,....,u, ben differentiable functions of n variables x,x,,...., X, , then the determinant

T RANE]

ou, ou, ou,
o &
ou, ou, ou,
ou, ou, ou,
oX, OX, oX,

is called the Jacobian or the Functional Determinant of the functions u,,u,,.....,u, with respect
to X, X,,...., X, and is denoted by

Some Properties

Jacobians have the remarkable property of behaving like the derivatives of functions of one
variable. A few of the important relations are given here and the proofs depend upon the algebra
of determinants.

For n=1, the determinant is simply % or % , the derivative of y, with respect to x;; the first
Xl

of the notations for a Jacobian is suggested by a certain analogy between the properties of the

Jacobian and the derivative.

Theorem 1. If u,u,,...,u, are functions of vy,,v,,.....y, and y,,¥,,.....y, are themselves
functions of X, X,,...., X, , then

LA

A(uy, Uy, ... ,un)= AUy, Uy lly) O(Yis Yoo Yy ) M
(X Xgreen X0 ) O( Vs Yaueon Yo ) O(X Xpyeee X))

For n=1, the theorem reduces to the usual notation
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du; _ du, dy,
dx, dy, dx,

The proof of the theorem depends on the "row by column” rule of multiplication of determinants
combined with the rule for the derivative of a function of a function.

r

Thus for determinants on the right hand side of (1), r" row of the first is ——,—,...., :

ayl 8)/2 aYn
Y Yy Ny

, o, =22 50 that the element in the r™ row and the s column of
OX, OX, OX

au, ou, ou §th

column of the second is

S

the product is
o Oy O %, - OU OYy
oy, OX, 0Y, OX, oy, OX,

ou, . which is the element in the r'" row and the s column of the Jacobian on

and this is equal to

S

the left hand side. Hence the theorem.

Corollary. If x. =u,, r=12,...,n and assuming the existence of inverse functions x,Xx,,...., X
(that is, assuming that the equations which define vy,,Y,,....,y, as functions of x,Xx,,....,X
determine X, X,,...., X, as functions of y,,y,,...., y,) we find

O(X) Xg1ever X)) .a(yl, ot _ O Xy X1 e X))
Yy Yaren Ya) O(X0Xp0en X)) O(X %000 X))

£y (2

since ?:O,for i=jand =1, fori=|j

X;

Theorem 2. If y,,Y,,...., Y, are determined as functions of X, X,,....,X, by the equations

B (% X0 X Y1y Yoo ¥ ) =0, F=1,2,....,0
then

Ohithest) _ (g0 O(hathornth) O(VioYor-Yn)

(% Xy Xy) 7 D(Yar Yo Vo) D0 Ko X,)
[Theorem 1 is a particular form of this theorem.]
Differentiating the equations ¢, =0 with respect to x,, we get

E)

%+%%+%%+....+%%:O
OX, Oy, OX, 0Oy, OX oy, OX,

or
O Ny 0% Ny | 0% Nn_ OF
oy, OX, 0Y, OX, oy, OX, OX,
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so that the element in the r'" row and the s column of the determinant which is the product of

the two determinants on the right of (3) is — Z¢' , from which the result follows.
X

S

Theorem 3. (i) If Y. .., Y0 Y, are constant with respect to x,X,,....,X,, or (ii) if
Vi Yoo Yo, @re constant with respect to X .;, X, ..., X, , then
O(Y1r Yoreeor YY) _8(y1,y2,....,ym) O(Yamarr Yoszreeoes Vo) @

O (X, X Xipyeer X ) O (X Xgrerer Xy ) @Koty Xepozrevees X )

() %:0, when r=m+1m+2,..,n;s=12,..m
X

S

¥ N Nl W N
0%, OX, OX,  OXp oX,
Yo N . N N P

o, OX, OX,  OXy. oX,

Oy YoreonYo) |V W Do N D

(X, Xy Xy) | O OX X, OX ., X,
aym+l aym+l — aym+1 6'merl ' amerl

0%, OX, OX,  OXy. oX,

ox, X, OX, O @ago0nox
¥ N M KN e
0%, OX, OX,  OXyq OX,
Vo Yo o Vo W
0%, OX, OX,  OXpq OX,
=0 0 0 amerl aym+l
aXerl 8Xn
0 0 0 8ym+2 aym+2
OXna oX,
0 0 o o o
aXerl 8Xn
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_ (Y2 Yarer V) O(Ymeas Yoz Vi)

O(Xp Xpreees Xy ) O (Xars Xz eees X )
(if) may also be proved similarly.

Corollary. In particular,
O(Yiseees Vs Xppagseeons Xo ) _ O(Yises Vi)
O(Xpseveer Xy Xgrewon X ) O(Xpyeeen X))

.(5)

Theorem 4. If u, v are functions of §, 1, ¢ and the variables &,7,4 are themselves functions of
the independent variables x and y, then

8(u,v):6(u,v).8(§,n)+a(u,v).6(77,5) a(u,v).é(g,f)
o(xy) o(&m) a(xy) o(m¢) a(xy) (&) a(xy)

...(6)

We have
ou _aou a§+ ou 877 ou og (7)
X 85 OX On oX ag OX
ou_au 85 ou 877 ou og ®)
&y 0f oy a77 oy 64’ oy

d(u,v)

and if we substitute these values in the Jacobian p (x y) , We get
d(u,v) =a_u6(§,v) +a_u o(n. )+a_u§(§,v) ©
a(x,y) oLo(xy) onao(xy) ofa(xy)

which is a linear expression of the Jacobians of (£,v),(n,v) and (&,v) with respect to x and y.

ov
Now in each Jacobian on the right of equation (9), substitute the expressions for x and il

oy
which are similar to (7) and (8).
Each of these Jacobians will be given as a linear expression of the Jacobians of (&,77), (7.¢)
and (£,&) since those of (&,&), (m,17) and (£,¢) have two identical parallel lines and so
vanish. Thus we see that the terms which involve the Jacobian of (£,7) are
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Similarly, we obtain the remaining two terms and the formula is established.

Exam Point: (Applications of Jocobian) — PYQs 60 — 70%. CSE & IFoS

if AUy Uy ...l
DXy, Xp 1o Xy )

X2, Xn).

=0Then we say uz, Uz ... upare functionally related (or dependent on x,

Ui, Uz, ....Un Will be some functions of each other
If J is non zero; then, us, Uy, ....usare functionally independent.

Examples
Examplel. If x=rsingcosg,y =rsin@sing,z=rcosé, then show that
8 X! 1 -
o(xy.2) =r’sing
8(r,9,¢)
sindcos¢ rcosdcos¢g —rsindsing
o(x.y,z) | . . .
e — —~=Isin@dsing rcos@sing rsingcosg
o(r,6,¢)

cosd —rsinég 0
Taking r common from C, and rsin@ common from C,

sinfdcos¢ cos@écosg —sing
=r’sin@|sinfdsing cos@sing CoS¢
cosd —-sin@ 0

Adding (cos¢)R, to (sing)R,,

sinfcos¢ cos@dcosg —sing
sing cosd 0 |=r’sing
cosé —sing 0

_r’sing

sing

Example2. 4. If y+Y, 4.4V, =X, Vot Yo+t Vo =XXsoo Y, + Vg +oeF Y, =X %50 X0,
Y, = X%X,...X, , then show that

a(y1’y21""yn)_ n-1,,n-2 2
8(X1,X2,---Xn) _Xl X2 "'Xn—ZXn—l

e Solving for y,,Y,,..... ¥, , we get
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Yy =X — XX =% (1-X,)
Yo = XX =X XX =X X, (1_ Xs)

yn—l = X1)(2"')(n—1 (1_ Xn )

Y, = XXy X,
(Y Yo Vi) _
O (X1 Xpee X))
1-x, —-X 0 0
X, (1—x;) X, (1-X;) —X, X, 0
X,% (1= X,) X% (1-%,) X%, (1-X,) 0
XoXgo X (1= ) X Xgee Xy (17%) XKoo Xy (1=X,) v XXXy
XoXge o X, X, X, X, o X, X Xge X, e XXX,

Adding R, to R, ,,then R , to R ,,..., then R, to R and expanding by last column
= (XXX ) (XXX ) - (X0 ) (%)

=5 X{171X272---X§72Xn71

Example3. The roots of the equation in A
(/1—x)3+(/1—y)3+(/1—z)3 =0

are u, v, w. Prove that
o(u,v,w) ) (y-2)(z=x)(x-y)

o(x,y,z) - (v—w)(w—u)(u-v)
e Here u, v, ware roots of the equation

1
A —(x+y+ z)/12+(x2+y2+22)/1—§(x3+y3+z3):0

Let X+y+z=¢, x2+y2+zz=n,%(x3+y3+zs):§ (1)
CUAVHW=X+Y+Z2=& VWHWU+W =X +y’ +22 =7, UVW:%(X3+y3+z3):§
(2)
Hence from (1),
5 1 1 1
MzZX 2y 2z
8(X,y,2) X2 y2 22
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=2(y-2z)(z=x)(x-y) ...(3)
and from (2),

11 1
o(&m.¢)

222 lv+W WHU U4V
a(u,v,w) VW WU uv

=—(v—w)(w-u)(u-v) e (4)

Hence from (3) and (4) and using theorem 1, we get

a(u,v,w)_ o(u,v,w) a(é,n,.{)__2(y—z)(z—x)(x—y)
o(x.y.z) 0(&md) o(xy.2) (v—w)(w-u)(u-v)

u . . . .
Exampled. If y, :Ff, r=12,.,n,and if uand u, are functions of the n independent variables

Xy, Xy, ..oy X, Prove that

y Moo v

X, 0%, oX,

u ou, ou, ou,

MiIDEET

ox, OX, OX,

a 1 y * 4

(XX Xy) U™ U ox % ox,

U ou, ou,  ou,

"oox o, X,

e Now
oy, 1lou, u, ou u .

D 2% L A "oy, =— (given
OX, U X, U®0x, -y u (givem)

1o u ou low u ou

uox Uu’ox uox, Uu®ox,

1ou, u, du 1ou, u, ou

O(¥srYzr o) =|u ox, u? uox, u®ox,

O(Xs Xgeveer X)) ,
la, v Lou u,
uox, Uu’ox uox, u®ox,

. 1 : .
Taking out m from each column and bordering the determinant, we get
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1 0 0
y O wou  oou uou
X U ox X, U ox,
(Yo VoY) _ 1| QM Uy U Uy Uy U
O(X, Xgre X,)  UT| T OX U X oX, U ox,
y M U ou oy, au
"o U ox oX, U OX,
Operating C, +18—UC1, C3+Ea—uCl,....,C,H1+£a—uCl
u ox, u oX, u ox,

p tow o ta

u ox, u ox,

ou, ou,

U B 3

. 0%, OX,

s ou, ou,

u UZ [ e —c

ox, oX,

au, au,

un
oX, oX,

1
Taking . common from R,

ou ou ou

ook 0%, X,

Poox 0%, ox,

U ou, ou,  au,

"oox ox, X,
Example 5. |fu:M’ V:M,and W:X2-|-y2+z2 find a(X,y’Z
X y z o(u,v,w
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y® +17° 2y 27
-2 2y zz
X X
o(uv,w) | 2x | X+ 2z
o(x,y.2) y y?
2X 2y X2 +y?
i b 1-=—
z z z
. y z
e Applying C, —>C1+;C2+;C3
X +y?+17° 2y 2z
X’ X X
o(u,v,w)  [x*+y®+2? L X% + 72 2z
o(x,y,z) Xy y* y
X2 +y*+7° 2y 1_x2+y2
Xz z z°

Taking x*+y? +z° common from C,; multiplying R by x*,R, by xy and R, by xz,

1 2Xy 2XZ
2 2 2
:(x2+y—+z) 1 xy—i(x2+zz) 2xz
X2 Xy - Xz y
X
1 2yz xz—;(x2+y2)

Operating R, —R, and R, —R,,

1 2xy 2Xz
:(x2+XZ/;Z+22) . _x(x2+;/2+22) .
0 0 ——(x2+y2+zz)
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Q.1. If u=cosx,v=sinxcosy,w=sin xsin ycos z, then show that

a(u,—v,w) = (—1)2 sin® xsin® ysin z
o(x,y,2)

Q.2. If u=acoshxcosy,v=asinhxsiny, then show that

d(u,v) _ la?— (cosh 2x —cos2y)
o(xy) 2
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Q.3. If X+y+z=u,y+z=uv,z=uvw, then show that

0% y.2) _ o,

o(u,v,w)

Q4. If a, B,y are the roots of the equation in t, such that
u v w
+ + =
a+t b+t c+t

then prove that

o(uv.w) _ (B-r)(r-a)(a-p)

o(a, B.y) (b—c)(c-a)(a-b) °

Q5. Ifu= x/(l— rz)]/2 V= y/(l— rz)]/2 W= z/(l— rz)J/2 where r? = x?+y® +z2, then show
that

3 u, Vv, w _ 1
[X, Y, ZJ_(l_r?_)s/z'.

PYQs Jacobian

. 9(xy,2)
QL. If Xx+y+z=u,y+z=uv,z=uww, then determine ————. [1dIFoS 2022]

o(u,v,w)
2 2 2 2 H 7 a(u’v)
Q2.If u=x"+y°,v=x"—y°, where x=rcosé,y=rsiné, then find 6(r 0).
[3aUPSC CSE 2021]
Q3. Using the Jacobian method, show that if f'(x):1 L - and f(0)=0, then
+X

f(x)+f(y)="1 (1“ i’/j [4c (i) UPSC CSE 2019]

Q4. Show that the functions u=x+y+z,v=xy+yz+2zx and w=x*+y>+2°-3xyz are
dependent and find the relation between them. [2018 4b 1FoS]
Q5. Let u(x,y)=ax’+2hxy+by?andv(x,y)=Ax*+2Hxy+By?. Find the Jacobian

_o(u)
o)

Q6. Show that the functions:
u=x>+y’+z°
V=X+Yy+2Z

, and hence show that u,v are independent unless % = % = % :

[2017 1d IFoS]
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W= YZ+ ZX+ Xy
are not independent of one another. [2012 1d P-2 IFoS]
Q7. The roots of the equation in A

)_ ,(y=2)(z=x)(x~y)

o(u,v,w
a(x,y.2) (v—w)(w-u)(u-v)

(i—x)3+(}t—y)3+(/1—z)3 =0 are u,v,w. Prove that

Q8. Show that the function u,v,w given by u=——v =Y and w=—"— are not
y—z Z-X X—y
independent of one another. Also find the relation between them.

Let’s start analyzing now

o o au,

axl axz ....... axn

o, o, au,

J((u1’u21 ----- un)J_ axi axz ...... axn
(Xl D CRTN X, ) ..........
ou, au, ou

X 0X, X,

Jacobians
} With PYQs discussion.

Asymptotes

Questions:-  The roots of the eq" in &; (A—X)® + (A —y)® + (A— 2)* = 0 are u, v, w. Prove that
o(u,v,w) _ -2(x-y)(y-z)(z—x)

o(x,y,z)  (v—w)(w—u)(u-v)

Ans:- -+ u, v, ware roots of (A—x)°+ (A—y)® + (A—2)®=0

Mo (x+y+2) A2 - (%Y D) }»—%(x3+y3+z3):0
We know that;
u+tv+w=(X+y+2)
uv + vw + wu = (X% + y2 + 7%)
uvw = %(x3 +y3+ 729
Note:-
Here neither u, v, w nor X, y, z are explicit functions.

u=d¢1(xy,2)
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vV=02(xY,2)

w=d3(X,,2)
or
X =f1(u, v, w)
y="f2(u, v, w)
z="13(u, v, w)
Let’s come out....... solution for it.

Let n=x+y+z|, |§=x2+y2+22|, ¢=%(x3+y3+z3)

= N, &, ¢, are explicit functions of x, y, z. So calculating Jacobians is easy pass.

Also we have now

m=u+v+w|, [E=uv+vw-+wul, [¢=uww|

=, &, ¢, are exclusive functions of x, y, z.

M on om
oXx oy oz

5 1 T O |
(nEe) o 2 & =12x 2y 2z/=-2x-Y)(y—-2)(z—x)

o(x,y.z) |ox oy @z N ——

X y z
a
ox oy oz
8( <t9¢) 1 1 1
n! ’ _ _ B B B
a(U,V,W)_(V\j—WW) (ou\:vV) (VJ:/U) (u=w) (w—u) (u-v)

: a(uv,w) a(uyvw) d(nEd) -2(x-y)(y-2)(z—x)
Required (% y.2) = S(n5d) 2% y.2) = w5 V)
Ex.4.: Ifu= XZH;ZHZ ,v=X2ﬂ;JrZ2

W= X +y’+7° Find o(x,y,2)
z ' o(u,v,w)
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1><2x—i2(x2+y2+22) 1x2y 12
X X X X
o(u,v,w
Ans:- Q: 1, 2x 1><2y+i2 12
a(x.y,z) y y y y
1><2)c l><2y lez—%(xz—i-yZ—i—zz)
z z z z
y* +17° 2y 2z
- 2 2y zz
X X X
2 2 2 2
1_y +22 2x l_z +2x 2z
X y y
2y (YY)
z z z°
X2 +y?+17° 2y 2z
x? X X
2 2 2 2 2
c1—>cl+lc2+ic3; il 1—X +ZZ =
X X X.y y
eV 2} 2y 1_x2+y2
X.Z z 23
R2-R1y, Rs—Ri1
1 2xy 2Xz
_ X +yi+7? N —x(x2+y2+22) 0
x'yz y
—X
6 —(X*+y* +7°
S (¢ ry 7))

(x2+y2 +zz)

x2.y?.z2°

Another type of problems :-
(Applications of Jocobian) — PYQs 60 — 70%.
P AUy Uy ...y
DXy, Xy 1o Xy )
X2, .... Xn).
Ui, Uz, ....Un Will be some functions of each other

=0Then we say us, Uz ... unare functionally related (or dependent on x,
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If J is non zero; then, ug, Uz, ....unare functionally independent.

Examples: Show that the functions u = x? + y? + 22,
V=Xx+Yy+z w=Yyz+ zx + xy are not independent of one another.

Ans:- we know that if Jacobian of u, v, ww.r.t, X, y, z is zero then u, v, w will be functional
dependent otherwise independent.

u=x2+y*+2% VEX+Y+Z W=YyZ+2X+Xy
2X 2 22

o(u.v, d

B Sk b A B | 1 1 (=0

o(x.y.z)

Z+Yy Z+X X+Yy

So, u, v, w are not independent. hence proved.

Q: Show that the function u=x +y +z,v=xy +yz + zx, w = X3 + y* + 23 — 3xyz are dependent
and find the relation between them;
1 1
y+2 Z+X X+Yy
3x* —3yz 3y*-3zx 3z° -3xy

= (2 +x) {3(22 = xy)} — 3(y> — 2x), (x +'y) =3 (22 —xy) (y + 2) + 3 (x* —yz) (x +y) + 3 (y* - 2x)
(y+2)

_o(u,v,w) _
o(x,y,2)

oudu du
OX 0y oz

~3(¢-y2) (z+x)
= 3{2%x — X2y — 22y + X2y + Y27 — 12X — xy? + X% + Xy — Y’z X%z + y7°}
=0

X+ y + 28 -3xyz= (x+y+2) {X* +y* + 22— xy —yz-2x}

w

Wﬁ?j@uﬁﬁ?{&fhﬁ@gﬁéﬁ‘%&mﬁ%ﬁﬂﬁ?}

e (w? 30| w=p(u.v)
Hint:
X+Yy+1z
Xy + YZ + ZX Just observe and try to manage terms to get relation between u, v, w.

xX*+y* +2%—3xyz
No standard rule here; Hit and trial works.

As this is not a linear relation between u, v and w. So the function u, v, and w are
independent.
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Q. Using the Jacobians method, show that if f '(x) = 1% and f(0) = 0, then f(x) + f(y) =
+ X

[ X+y
1-xy

Approach:- Our target is to show f(x) + f(y) is some function of

X+Y
1-xy

Exam point

= Letifu=1f(x) +f(y),v= H then u and v are functionally dependent. (i.e. Jacobians

of u, v must be zero)

a
Now check owuv) _ x o
oxy) |ov v
oX oy
1 1
f'(x f’
) ) 1+ x? 1+ y?

=( 1 u+wq [1 u+wq= 2 2|70
R A+ — > 1+ N Lol 1+y 1+x
d-xy)  (1-xy) z=xy  (1-xy) =) a—x)|

-+ Jacobians of u, v is zero.

Su=g(v)
) +1(y) = ¢[ 9 j

1-xy

-+ using f(0) = 0; we can get f(X) = #X)

. — X+y
So; f(x) + f(y) = f(l—xyj

Q. Letu(x y) =ax?+ 2hxy + by? and v(x, y) = Ax? + 2Hxy + By?

Find the Jacobian J = J :% and hence show that u, v are independent unless
a_b_h
A B H’
a
Ans. o(u,v) _ ox oy
o(xy) |[ov ov
ox oy
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_ | 2ax+2hy  2hx+2by
2AX+2Hy 2Hx+ 2By

= 4(ax + 2hy) (Hx + By) — 4(Ax + Hy) (hx + by)
= 4{aHx? + xy(hH + gB) + hBy?) — (Abx? + xy (Hh + Ab) + bHy?}
= — 4{(aH — Ah)x? + (aB — Ab)xy + (Bb — bH) y?}

Now if J = 0; then u and v will be dependent. Which Possible only when
aH —Ah=0
aB-Ab=0;:=
Bh—-bH =0

> | o

b_h
B H

Therefore u and v are independent unless;

>
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Some Basics required at different topics to study in mathematics optional.
1. Tangents and Normals:-

Polar Form:-

¢ ; angle between the tangent and radius vector for the curve r = f (9)

rd@
Ctlang=——
¢ dr

. y=0+¢
1dr
. Ccotg=——
¢ rdo

.OT = Polar sub tangent = rzi—f,

.ON =Polar subnormal = d—;

2
.PT =Polar tangent =r 1+(ri—fj

. Perpendicular from the pole on tangent p=rsing; known as Pedal equation of a curve.

2. Derivatives of Arc length

0

ds <— sy

Cartesian Form:- —~7

Simply ds® = dy® +dx®
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2
%Z 1+(d_j
dx X
2
Or E= 1+ o
dy dy
Parametric Form:- x=f (t), y=g(t)

{57
dt dt dt

2 (drj2

Polar Form:- —=,[r" +| —
dé

2

ﬁz 1+(rd—6’j
dr dr

V 4

d

arc AP =s, arcPQ=0os
In APNQ
PN _ Chord PQ N PN _ Chord PQ
sinNQP  sin PNQ sin NQP sin oy

. pN = COrdPQ G NP
sindy
The radius of curvature of p= Jlimo PN
W —
p=lim Msin NQP
=0 sin oy
= mﬁ. .5W .sin NPQ
w05y SInow
But as o — 0 Chord _PQ —1 and _5W —1.
sin oy sinoy
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Also ZNQP =7 /2 ~+ ZNQP =%—4PQT ' where ZPQT'—0

So we found |p=—

any equation containing s and y ; for any curve is called intrinsic equation for that curve
this formula is called intrinsic formula for radius of curvature.

Cartesian From:-
dy
dx
d 2
X ds

-2

=tany

dy d ds
=sec’y — =(1+tan? =
2 Vi =( V) e “dx

p:

d?y/dx’
ds® = dy? + dy?
2
. ()
dax dx
2 3/2
{1+(dx/dy) }
Also p = > >
d°x/dy

For Pedal Equations:- Let Pedal equation of curve is r = f (p), where p is the length of normal
from origin to the curve,

p=rsing ‘.%zsin¢+rcos¢d—¢
dr dr
=rd—9+r£.% °_-sin¢:rd_g
ds ds dr ds
=r(%+d—¢] -:cos;zﬁzﬂ
ds ds ds
d dy
=r—(0+¢)=r— vy =0+
ds( ¢) ds v ¢
%:r/p p=ds/dy
dr
o dr
. p dp
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Central orbit (Dynamics)
- Toobtain p intermsof r and &

_rei .11 2,1 2
p=rsing f—y = ycosec ¢—F(1+C°t $)
2
iz=i2+i4(£j °.'sin¢=rd—9 & cos¢:ﬂ
p° r° r'\dé ds ds

] . ) 1 du 'Y
Sometimes it is convenient to use U to denote 1/r . Then we have F =u’ +(@j

Polar form Equation of Radius of Curvature:

: 1 1 1(drY
- Let equation of curve be r = f (¢) we know that F ==+ —

r- r-\de
. - 2dp 2 4(drY
Differentiating w.r.t r ,we get _Fﬁz_ﬁ_r_‘{@j

1 .drd (drj
+=2——| —
r dé dr\ do
1dp 1 Z(dr)z 1 d°r
- | — (= (gt WM 0 _
p’dr r* r*\dé r* do?
2 2 3/2
ar  (r+(dr/dey)

d 2 2
P r2+2(drj —r d—rz
dé do
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Asymptotes and Curve Tracing
https://www.youtube.com/live/SczBjJrwdXc?si=4hX0gjVx98x9D16h
https://www.youtube.com/live/ANATY QZhMGI1?si=0hvXie9CLqgYv kt2

Curve Tracing:

To trace the curve f (x, y) =0, we need to know:
(1) symmetry

(i) tangents at origin (if curve passes from origin)

(iif) Asymptotes parallel to axes, arbitrary asymptotes as well sometimes
(iv) points on axes; where curve cuts. Observing from what points the curve passes.

1. Symmetry
(1) Replace x by —x to get symmetry about y -axis

(i) Replace y by —y to get symmetry about x -axis
So y? (2a—(—x)) :(—x)3 , curve changed. So no symmetry about y -axis and

(—)’)2 (2a—x)=x’, curve remains unchanged.

.. So it is symmetric about x -axis.

Note:

If the curve remains unchanged on exchanging x and y then the curve is symmetrical about the
line y=x.

E.g. x®+y® =3axy is symmetrical about the line y = X.

But y° +x®=3ayx = x>+ y° =3axy

2.Tangents of Origin:
Multiple Points:
The points through which more than one branches of the curve pass, is called a multiple point.

Double Points: Two branches of curve pass through this point.
(a) Node:

When two tangents at a double point are real and distinct, the point is called a node.
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E.g. In the above figure we have two tangents y = x and y =—X at origin. So origin is a node
here.

(b) Cusp: When the two tangents at a double point are real and coincident then that point is
known as cusp.

Here x-axis is the only tangent for the curve at origin. So origin is a cusp here.

Note:
To get tangents of origin we equate the lowest degree terms to zero.

3.Asymptotes:
A straight line at a finite distance from the origin to which a given curve approaches infinitely near

as we move along the curve to an infinite distance.
E.g.
Here x=a is an asymptote to some given curve y = f (x)

e In other words, a straight line is said to be an asymptote, if for distance of any point
p(x,y) on the curve from the s.t line tends to zero as the point p moves to infinite along

the curve.

Finding Asymptotes (if exists) of some Algebraic curve f(x,y)=0
E.g. Find asymptote for the curve
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Important Note to move further:
(1) The equation a X" +a,x" " +..+a_,x+a, =0 (1)
will have one root as x =0 if a, =0.

Putting x:1 in...(1)
y

ay'+ay"+..+a_,y+a,=0 ..(2)
equation (2) has one rootas y =0 if a;, =0.
Now it is clear that equation (1) may have one root tending to infinity is that a, =0.

(2) The asymptote (if exists), it must meet the curve in at least two points at infinity i.e. to have
two roots as infinity for the equation (1), the condition is a, =0 and a, =0.

Method to find asymptotes
Let's consider a curve f(x,y)=0...(1); which is algebraic expression of nth degree.

Let y=mx+c...(2) is an asymptote of equation (1)

Putting this value of y in the given curve we get an equation of the form

a X" +ax" +ax"?+..+a, =0 (3)
Here a,,a,,...a, are constants (containing m and c)

Now, since y=mx-+c is an asymptote, it must meet at least two points of the given curve.

Thus, two roots of equation (3) must be infinity
i.e. we must have

8, =0 e (4)

a,=0 .(5)

Now find values of m from equation (4) and get values of ¢ for different values of m by using
in (5).

Example. Find all asymptotes of the curve
X4+ 2X°y —xy? + 2y +4y? +2xy +y—1=0 (1)
Ans. Putting y=mx+c in equation (1)

x® +2x% (mx+c) - x(mx+c)’ —2(mx+c)3 +4(mx+c)’ +2x(mx+c)+(mx+c)-1=0
= x¢ -+ 2mx® + 20x% —x(m*x’ + 2mxc +¢* )

—2(m®x® +3m*xc+3mxc? +¢* )+ 4(mx* +2mxc +¢%) +2(mx? +cx)+mx+c—1=0
= {3 +2mx¢ —m?x® —2m*x*} +{ 2cx* — 2mex® —BmPex® +4m?x” + 2mx? |
{—C?x+BmC”X +8mxc + 20X + mx} +{-2¢° + 4¢® + ¢ 1} =0

= (1+2m—m?—2m*)x* +{2c - 2mc—6m’c +4m’ + 2m{ X +...= 0

Now coefficient of x°; a, =0=1+2m-m?’-2m*=0 (1)
=>m=1-1-%.
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Now

coefficient of x?; a, = 2c—2mc—6m*c+4m”+2m=0 ..(2)
Putting m=1; 2c—2c—-6¢c+4+2=0=c=1.
Putting m=—1 in equation (2); 2c+2c—-6¢c+4-2=0 =c=1

Putting m=—Y% in equation (2); 2c+c—%c+4-%+2(—1/2)=0:>3c—3?C=0 =c=0

Therefore, there are 3 asymptotes of the given curve given by
y=X+1; y=-x+1and y=-%x.

Another Method.

Let the equation of the curve be
n-2,,2

(3X" +a X"ty +a,x" Y +..+a,y" )+ (B X" +b,x" Py +..+ by ) +

(€ X2 +CX" Py +..4Cy" ) +..=0
The above equation can be put in the form

AL 22

y in ¥
where ¢, ( XJ represents a term of nth degree in 4 3

Let y=mx-+c be an asymptote of (1) putting % =m +§ in (1), we get

X"g, (m+§)+ x“¢n_l[m+§j+...:0 (2
Applying Taylor's expansion in (2)

n C n— C
X {¢n(m)+;¢n(m)}+x 1{¢n_1(m)+; n_l(m)}+...:0
Arranging the above expression in descending powers of x

n n- ! n— C2 " '
X"¢, (m)+x 1{ngﬁn(m)+ H(m)}+x 2{z¢n(m)+c¢nl(m)+ nz(m)}+...:0 ..(iii)
Now as y =mx+c is an asymptote so 2 roots of equation (3) must be infinity.
ie., ¢, (m)=0 ...(4)
¢ i, (m)+ 4, ,(m) =0 ()
Note:

The equation (4) is of nth degree so it has n values of m.
If any k values of n are repeated, we say the given curve has k parallel asymptotes.

Working Rule
(1) Find ¢, (m) by putting x =1 and y =m in the nth degree term.
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Similarly find ¢ _, (m) by putting x =1 and y=m in (n—1)th degree term of the given curve
and so on.
(2) Solve ¢, (m)=0. Ifall roots of m are real and distinct get value for ¢ from the equation (5).

Note: If we get two parallel asymptote, i.e. two values of m are same we find the value of ¢ from

the equation
2

S g (m)+cg,,(m)+4,,(m)=0

2!

Example. Find asymptotes of the curve y® —x?y —2xy? +2x° —7xy +3y° +2x* +2x+2y +1=0.
Solution.

Find ¢, (m);

Putting x=1,y =m in 3rd degree term of (1)

¢ (m)=m°—m-2m?+2 and ¢, (m)=-7m+3m*+2
Now ¢ (m)=0 =>m’-2m?-m+2=0
=m?(m-2)-1(m-2)=0
=(m+1)(m-1)(m-2)=0

=m=-112

Now find ¢ from this equation

C¢n (m)+ n—1(m)=0

= c{3m? —4m—1}+2-7m+3m’ =0

Now for m=1, ¢c{3-4-1}=0=-2c=2=c=-1

For m=-1; c=-2
For m=2; c=0
- Asymptotes are y=X-1; y=-Xx-2; y=2X

Asymptotes parallel to axes

To get an asymptote parallel to the x-axis put the coefficient of the highest power of x in the
given expression as equal to zero.

Similarly, asymptotes parallel to the y-axis can be obtained by putting put the coefficient of
the highest power of y in the given expression as equal to zero.

Example. Find asymptotes of the cissoid y*(2a—x)=x".

Solution.
There is no asymptote parallel to x-axis

As, coefficient of x*=1#0
Asymptote parallel to y-axisis; 2a—x=0=x=2a.
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Now we are ready to have examples for Curve Tracing
Example 1. Trace the curve y?(2a—x)=x’.

Solution.

Symmetry
(1) Replace x by —x to get symmetry about Y -axis

(i) Replace y by —y to get symmetry about x -axis
So y? (2a—(—x)) = (—x)3 , curve changed. So no symmetry about y -axis and

(—)’)2 (2a—x)=x’, curve remains unchanged.

. S0 it Is symmetric about x -axis.
Note:

If the curve remains unchanged on exchanging x and y then the curve is symmetrical about the
line y =x.

E.g. x*+y® =3axy is symmetrical about the line y = X.

But y®+x* =3ayx

= x> +y® =3axy

(if) Tangents of origin

Equating the lowest degree term to zero.

LY x2a=0=y*=0=y=0

.. Real and coincident tangents (so, origin is cusp). Tangent is x -axis.

(iii) Asymptotes parallel to axes
Parallel to y -axis:2a—x=0=x=2a

Parallel to x-axis: As, 1=0 (not possible). So no asymptote parallel to x-axis
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4

(iv) Points on the axes (cut by curve)
on x -axis; put y =0 in the given curve, we get x=01i.e. one point on curve is (0,0)

ony -axis put x=0=y*(2a—-0)=0=y=0i.e. (0,0)
There is no point on the curve in the 2nd and 3rd quadrant.

3
- forx<0; y= ,/2 X (complex numbers)
a—x

Therefore, based on above four observations, the given curve is traced as:

Example 2. Trace the curve x®+y® =3axy.

(i) Symmetry

It is symmetrical about the line y = x because by putting y = X in given equation, the curve
remains unchanged.

(i1) Tangent/s at origin

Equating the lowest degree term to term
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We get 3axy =0=xy=0
=x=00r y=0
Two Real and distinct tangents
.. Origin is NODE
(iii) Asymptotes Parallel to Axes:

Parallel to y -axis; 1=0 (not possible)

Parallel to x-axis; 1=0 (not possible)
.. There is no asymptotes parallel to coordinate axes.

By Method of finding asymptotes, we get that

X+Yy+a=0 is an asymptote. (try by the method of finding asymptotes)

(iv) Points on the axes:
On x-axis; put y=0, we get x=0i.e. (0,0)
on Yy -axis; put x=0, we get y=0i.e. (0,0)
In 3 quadrant, .. x<0,y<0, R.H.S. >0 but L.H.S. <0, 3" quadrant. So no part of the curve
lies in third quadrant.

X+Yy+az

Q. Trace the curve (1) a’y* = x*(2a—x)

) Xz(az +y2): yz (az _yz)

X*(1+ x*

)y’ ) ; )
(1-x)

4) ¥y’ =(a+y) (b°-y°), b>a

Ans. (1) a’y* =x°(2a—x)

(i) It is symmetrical about x -axis

(i) Tangent at origin; a’y*=0=y =0,y =0 i.e., x-axis

Two Real and coincident tangents at origin. .. Origin is a cusp.
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(ii1) Asymptotes parallel to x-axis
No asymptotes parallel to x -axis

Asymptotes parallel to y -axis
No asymptotes parallel to y -axis.
And also the curve passes through origin.

Points:

a’y’ =x*(2a—x)
3 —

yoi x°(2a—x)

a
Hence No part of the curve will lie on 2" and 4" quadrant.
Putting x=2a, y=0

A
b 4

X* (1+x°)
(3) Trace the curve y* = —
—X
(i) Symmetry:
Replacing x by - x, y by -y; curve remains unchanged.

.. Symmetrical about both axes.

(i) The curve passes through origin? Yes.
Tangent at origin

Putting the lowest degree term equal to zero;

y*—x*=0 = y ==x; Two real and distinct tangents at origin. .. Origin is a node.
(iii) Asymptotes parallel to y -axis; 1-x* =0 = x=+1
(iv) Curve cuts no points on the axes, except (0,0).
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x=-1 x=1

No point of the curve lies out side |x| <1. As, if |x|>1,y is imaginary.

Q. Trace the curve x°y* =(a+y)’(b°~y’),b>a

(i) It is symmetrical about Yy -axis as putting x by - x the curve remains unchanged.
(ii) Tangents at origin

Putting x=0,y =0 in the equation 0=a’b* origin does not satisfy the equation.
i.e., The curve does not pass through origin

.. No tangent at origin.

© X= i(1+§j~/b2 —y?

y
dx a —2y > 2[ a}
A PP | S IS (ENRYE]
dy {( yj[z,/bzyZJ y’
2 2
dx b*—a ..ﬂzi a

i.e., There are two tangents at (0,—a). So the point (0,—a) is a node.

(iii) Points on axes:
The curve cuts
e Yy-axisat (0,—a) and (0,%b)

e Does not cut x-axis at any point

(iv) Asymptotes parallel to x-axis
Parallel to x-axis. y=0 i.e., y-axis only
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Note. For above, Tangents parallel to x -axis at (0,b) and (0,-b)
o — 00 and dy —0.
dy dx

Q. (2) Trace x*(a’+y*)=y*(a’~y)

Symmetrical about both the axes. curve passes through origin.
y =+X are tangents at origin.

The curve passes through the points (0,a) and (0,~a) and no parts of the curve will lie above

(0,a) and below (0,—a) points.
(9.2)

(0,—a) y=-a
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PYQs: ASYMPTOTES, CURVE TRACING
Q1. Trace the curve y*(x* —1) = 2x — 1. [UPSC CSE 2023]

Q2. Trace the curve y*x* = x*—a’, where a is a real constant.
[4bUPSC CSE 2022]

2

Q3. Find all the asymptotes of the curve (2x+3)y =(x-1)

[1d UPSC CSE 2020]
Q4. Find the asymptotes of the curve x> +3x°y—4y® —x+y+3=0.[3a 2020 IFoS]

Q5. Find all the asymptotes of the curve x* —y* +3x*y+3xy’ +xy =0.

[4d 2013 IFo0S]
Q6. Determine the asymptotes of the curve

X2+ X7y —xy? —y* +2xy +2y* —3x+y=0.
PYQs Analysis:

Answer 1. Trace the curve y?(x* —1) = 2x — 1. [UPSC CSE 2023]
Curve is symmetrical about x-axis.
e Curve does not pass through origin.
ex’—1=0= x=1, x=—1are two real asymptotes parallel to y-axis.
and y? = 0 = y = 0 is a real asymptote parallel to x-axis

e Interpretation;

o-‘-y:OatX:%(.‘.O:Z)(l:X: %)

2x-1
*vy=E i\}xz—l

Soy is imaginary if %< X< 1-—x>1;yisnotimaginary

ox=0;y=1= /lizil

= curve passes through (0, 1) & (0, -1).

eForx —»>om;y—0
(observe/solve)
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(_17 O) 13 0
O
2
0, 1)
Answer 2. Trace the curve y?x* = x* — a? = (y> — 1)x* = — a% where a is a real constant.

Following observations can be done from y?x? = x? — a:

(i) - on replacing by or by ; curve remains unchanged. So it is symmetrical
about both axes.

(i) -+ (0, 0) does not satisfy given equation. So curve does not pass through the origin.
+L.HS=0,RHS=-a%

(iii)  Parallel asymptotes; To the Y-axis

Coefficients of y* =0 ; |x*=0| = |x=0] is an asymptote parallel to y-axis

Coefficients of X

1-y*=0=y=1,y=-1aretwo asymptotes parallel to x-axis

(iv) points:
Equation clearly indicating that we should think for x = #a.
yal=a -l = % —
a

... curve (1) passes through the points (a, 0), (-a, 0)
¢ Equation also indicates that if we put y = 0; we get
X =+a
o If x < a; y imaginary or x > —a; y imaginary

So, No part of curve lies between —-a<x<a
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Answer 3. Find all asymptotes of the curve (2x + 3)y = (x — 1)
- given curve is (2x + 3)y = x* + 1 — 2x
= x2-2xy —2x—-3y+1=0
Now; ¢»(m) =1 -2m, ¢1(m) =—-2—3m
To get values of m; putting ¢p(m) =0

To get values of c;
C-¢fa(m) + ¢1(m) = 0
c(-2)-2-3m=0

. —20—-2-3x 1:0:>c= Z
2 4

Therefore given curve has exactly one asymptote; |y ==——

Answer 4, Find all asymptotes of the curve (x> + 3x%y —4y®) + (x +y) +3=0

To get asymptotes;

(¢ +3x%y —4y’) + (x +y) +3=0

(M) =1 +3m—4m®, g(m) =0, d(m) =—1+m

To get slopes (values of m):

Put gs(m)=0=1+3m-4m*=0; (m—-1) @2m +1)*’=0

m=1, —i, —l.

2 2

e Form=1; .. cisgiven by c-¢s(m) + gm) =0=c-(3-12m?) =0.. c=0;

oY =X+0 =y =Xxis one asymptote;
1 1

Form=-=, —=;
2 2
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CZ

c is given by: e @3'(m) + c-'(m) + gu(m) =0

2
%(—24m)+c><0+(—1+m)=0

2
W8 —24{—3) vo+[-1-L]=0;c2x6-21=0; [c=-11
2 2 2 2 2'2

Sy =(U2)x-1/2, ooy = (-1/2)x + Y2 are two asymptotes.

Answer 5. Find all asymptotes of the curve;
X -yt + 3%y + 3xy?+xy =0
Given curve is;
(¢ =y + By + 3xy*) +xy =0
sogu(m) =1 —m?, ga(m) = 3m + 3m? g(m) =m, ¢gi(m) =0
To get values of m;
#m)=0;1-m*=0; m=1,-1,i,i
so real asymptotes are with the slopes m =1, -1
To get values of c;
C@la(m) + gs(m) = 0
c(-4m®) +3m(1 +m) =0

form=1;41c+6=034c=6;0:§

form=-1;4c=0=c¢c=0
Therefore all real asymptotes of given curve are:

—x+§ =—X
y oY :

Answer 6. Determine the asymptotes of the curve;
X+ 5%y —xy? -y + 2xy + 2y - 3x+y=0
Given curve is;
(¢ + X%y —xy? = y¥) + (2xy + 2y?) + (-3x +Y) =0
LMy =1+ m—m?—m’, g(m) = 2m + 2m?, gu(m) = -3 + m
For values of m;
1-m-m*-m®*=0givesm=1,-1,-1
form=1;c-#3(m) + g(m) =0
c-(1-2m—-3m?) +2m+2m?=0
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C(1-2x1-3x1)+2x1+2x12=0=c(4)+4=0

form=-1; c=1

62—2|¢s’(m) +C-'(M) + ¢a(m) = O:>§(—2 —6m)+c(2+4m)—3+m=0

2 2
%(—2—6x—1)+c-(2+4><—1)—3+(—1)=0; %(4)—26—4=0

2¢°-2c-4=0;c*-c-2=0;c°~(2-1)c—-2=0;c°*2c+¢c—-2=0
cc-2)+1(c-2)=0;(c-2)(c+1)=0;

Ans. |y=x+Ly=-Xx+2,y=—x+1|
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TEST- Differential Calculus
Time allowed: Three Hours Maximum Marks : 250
Question Paper Specific Instructions:

1- There are eight questions divided in two sections.

2- Candidate has to attempt five questions in all.

3- Question nos. 1 and 5 are compulsory and out of remaining, three are to be
attempted choosing at least one question from each section.

4- The number of marks carried by a question / part is indicated against it.

5- Answers must be written in the medium authorized.

6- Assume suitable data, if considered necessary, and indicate the same clearly.

7- Unless and otherwise indicated, symbols and notations carry their usual
standard meanings.

8- Attempts of questions shall be counted in sequential order. Unless struck off,
attempt of a question shall be counted even if attempted partially. Any page or
portion of the page left blank in the Question-cum-Answer Booklet must be
clearly struck off.

SECTION-A
QL. Each question is of 10 marks.
a. Discuss the kind of discontinuity, if any of the function is defined as follows:

X_—|X| when x=#0
f(x)=1 x
2 when x=0

b. A function f is defined as follows

f(x): x"cos(%j, X#0
0, x=0

What conditions should be imposed on p so that f may be
(i) Continuous at x =0 (ii) Differentiable at x=0

c. Discuss the continuity and differentiability of the function f defined by
2X+1; if xisrational
=1, e
X —=2x+5; if xisirrational

d. Verify Rolle's theorem for the following function f (x)=(x-a)" (x—b)", where x<[a,b]

and m, n are positive integers.
e. Show that the maximum rectangle inscribed in a circle is square.

Each question is of 25marks
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Cn
n+1

Q2. a. If C, LGy =0.Then C,+C,x+C,x* +...+C_x" =0 has at least one real
2 3

root between 0 and 1.

b. Find the maximum value of u, where u =sinxsinysin(x+y).

2 2 2 2 2 2 2 2 2 P
Qalfu= XY+ XHYHZ g w2 XY T gy (xy.2)
X y z o(u,v,w)

b. Tracing the curve x*+ y® =3axy.

Q4. a. Show that under suitable condition there exits at least one real number where a< & <b

(@) 10)_ [f@) ()
‘g(a) g(b)“(b )‘g<a) 0'(x)

b. Find Taylor’s Series expansion for the function f(x)=1log(1+x), -1<x<oo about x=2

with Lagrange’s form of remainder after 3 terms.

SECTION-B
Each question is of 10 marks
Q5.a..If

Xy
f(xy)=1X+y (xy)=(0,0)
0, (x¥)=(00)

show that both the partial derivatives exist at (0,0) but the function is not continuous there at.

3 3
b. |If u=tan‘1u, show that xa—u+ya—u:sin2uand find the value of
X—y oX oy
2 2 2
x2ﬂ+2xy ou +y28—u

ox? OX Oy oy?
c. Check continuity and differentiability of the function
3 _ ys
: : 0,0
uy)- Ly (k)20
0, (x,y)=(0,0)

d. Show that log(1+ x) lies between
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2 2

x—X— and x—X—, Vx>0
2 2(1+x)

e. Let P(x)= (%J +(%j —1 for all xeR. Then prove or disprove that P(x) is strictly

decreasing for all xeR.

Each question is of 25 marks

Q6.a. Examine the function sin x+cos x for extreme values.

b. Define a function f of two real variables in the x—y -plane by

3 e, 3 ane L
x> cos =+ y*cos =
X for (x,y)=(0,0)

f(xy)=

X2 +y°

0, otherwise
Check the continuity and differentiability of f at (0,0)

Q7.a Discuss the maximum or minimum values of u = x®+ y* —3axy.

b. Prove that of all rectangular parallelopipeds inscribed in the ellipsoid whose equation is
2 2 2

%+§+§—2 =1, the parallelopiped having volume 8abc/3\/§ is the greatest.

Q8.a If two variables x and y are connected by the relation ax®-+by? =ab, show that the

maximum and minimum values of the function x*+ y*+ xy will be the values of u given by the

equation 4(u—a)(u—b)=ab. [25 marks]

b. By using the differentiation, show that tan x> x >sinx,Vx (0, 7/2).
c. Prove or disprove in (0,7/2)[12.5+12.5 marks]

(i) cosx <cos(sinx)

1-x°

(i) —

<log(2+x)
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SOLUTIONS
Ql.a

The function is continuous at all points expect possibly the origin.
Letustestat x=0.

Now

. . X4+X . . X=X
lim f (x)=lim=—==2; lim f(x)=lim=—==0
x—>0— Xx—0— X Xx—>0+ X—>0+ X

Thus the function has discontinuity of the first kind from the right at x=0.

b. Solution:
. T
(i) f(0+0)—L|Lr01h cos(1/h)

—0)=(=1)° limh?
f(0-0)=(-1) limh cos(1/h)
Tomake f(0+0)=f(0-0)= f(0), condition required is
H 1 N H -1
(ii) Rf (0)_L'L'3hp cos(1/h)
1 _(_ p-1y. p-1
Lf '(0)=(-1) limh cos(1/h)
So for differentiability condition required is

c. Solution: .+ x* —=2X+5=2x+1< X*—4x+4=0 < x=2

We have x°—2x+5#=2x+1 except when x=2 that means we have to check continuity at
x =2 only (except x =2; they are unequal; (since rational =5 = irrational).

Hence f is continuous at x =2 only.

Further, it follows that x =2 is the only point at which f may be differentiable.

In this regard, we see that

(2x+1)-5 2;  whenxisrational
X—2 (x*—2x+5)-5 N
- =X ; Wwhenxisirrational

Therefore, in either case, we have

HX-f(2)
X—2 X—2
Hence f is differentiable at x =2 and f'(2)=2.

d. *~ m and n are positive integers, on being expanded by Binomial theorem, (x—a)m and

(x—b)" are polynomials in x.
So f(x) is differential and continuous in (a,b) further f(a)=f(b)=0

.. All conditions of Rolle's theorem satisfied.
.3 atleastone ce(a,b) st f'(c)=0
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F1(x)=0
=(x~a)"" (x~b)"" {n(x~a)+m(x~b)} =0
=(x—a)"" (x— b)"l{(m+n)x (na+mb)}=0

na+mb

= X=a,b,

na+mb
Out of these values of x,
m+n

e In fact, it divides the interval (a,b) internally in the ratio m:n. Hence Rolle's theorem is
verified.

e =X +y =y =r’—x*=y=r’-x (D)

.+ Area of rectangle = 2xx2y = A=2xx24/r>—x? *- r constant

is the only point which lies in the (a,b).

. A :
For maximum Area ; 3— =0=>r=4/2x, .. y=X from (1) = ABCD is a square.
X

Ans. 2 a. Solution.
Try; intuition comes from Rolle’s theorem. But on which function??

Lets consider a function

2 3 n+l
f(x):Cox+Clx LLX L
2 3 n+1

f (x) is polynomial ... continuous in [0,1] and differentiable in (0,1)

Also f(0)=Cyx"+Cx; +...+C x™" =0

f(1)=C,+C, x1*+C,xL*+..+C x1" =C, +%+%+...nci‘1=0 in (1)
ie. £(0)="f(1)=0

- f(x) satisfies all three conditions of Rolle’s theorem

.3 at least one point (real number) C €(0,1) sit

f'(C)=0

=C,+CC+C,C*+..+C,C"=0

v f1(X)=Cy +Cx+C,x* +...+C X"

C is a real root of the equation C, +C,x+C,Xx* +...+C X" =0 between 0 and 1.
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b. Solution.
Since the function u is periodic with period = for x and y both, it suffices to consider the

values of x and y satisfying 0<x<z,0<y<r
For maxima and minima of u, we must have

ou . . .

vkl y{sin xcos(x+y)+cosxsin(x+y)} =0,

i.e., sinysin(2x+y)=0, ...(1)
and %uzsin x{sin ycos(x+y)+cos ysin(x+y)} =0,

i.e., sinxsin(x+2y)=0. ..(2)
To find the values of x and y lying between 0 and r, and satisfying (1) and (2), we need to
consider the following pairs of equations:
Xx=0,y=0; 2x+y=7; 2X+y =27, 2y+X=2rx.
Solving these, we get the following pairs of values of x and y between O and r:
1 1 2
x=0,y=0; X—§7Z', y_§”’ X—§7[, y—gn.

o%u .
Now, r = PVl 2sinycos(2x+Y),
X

2
=sin xcos(x+2y)+cosxsin(x+2y)=sin(2x+2y)

o°u :
and t=—— = 2sinxcos(Xx+2y).
oy
At x=0,y=0,wehave r=0,s=0,t =0 so that rt=s*=0.
Therefore, at the point (0,0), the case is doubtful, and further investigation is needed.

At x=17r,y=17z,wehave
3 3

r= Zsinéncomz 2(%\@}(—1) -3,

S =Siﬂ%ﬂ'=3in(ﬂ'+%ﬂ')=—Sin%ﬂ'=—%\/§

and t= 25in%7r0057r:26\/§j(—1)=—\/§.

So, 1t :(_@)(_ﬁ)_(_iﬁf 3 3
2 4

>0. Also, since r =—+3<0,u is maximum at

N|©

X—lﬂ' y=—nx
3 3

At ngﬁ,)/:gﬂ',we have
3 3
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r =25in§7r00527r=2(%\/§j(1)=\/§,
S =Sin§ﬂ25in(2ﬂ'+gﬂ'j=Singﬂ'=£\/§,
3 3 3 2
. 2 1
and t = 25|n§7z00527z=2(§\/§j(1).

So, rt—52:(ﬁ)(ﬁ)—(%ﬁj:3—2=%>0. Also, since r=+/3>0,u is minimum at

2
X=—my=—rm.

3 3
Ans.3 a
y? + 27 2y 27
1-> 7 4 i
X X
o(uv,w) | 2x L x* +2° 2z
o(x,y,z) y y?
2X 2y X* +y?
il £y 1-2 7
z z z

X2 +y?+7° 2y 77
G X X
o(uv,w) (X% +y?+2? L X% + 22 2z
o(x,y,2) Xy y? y
X2 +y° +7° 2y 1_x2+y2
Xz z 7°

Taking x*+y®+2° common from C,; multiplying R, by x*,R, by xy and R, by xz,

1 2Xy 2XZ
2 2 2
=—(X 2+y b ) 1 xy—f(x2+zz) 2xz
X2 Xy - Xz y
X
1 2yz xz—;(x2+y2)

Operating R, —R, and R, —R,,
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2 2 2
=(x+3/+z)0 ) 0
X'yz y

(x2 +y? +zz)3

x2y272
8(X, y,z) ~ x2y27°

. G(U,V,W) (X2+y2+22)3
3. b solution

x* +y® =3axy is symmetrical about the line y = x.But y*+ x> =3ayx = x* + y* = 3axy Tracing
the curve x* +y® =3axy.

(i) Symmetry
If is symmetric about the line y = X because by putting y = x the curve remains unchanged.

(if) Tangent/s at origin

Equating the lowest degree term to term

We get 3axy =0=xy=0

=x=0o0ry=0

Real and distinct tangents

.. Origin is NODE

(iii) Asymptotes Parallel to Axes:

Parallel to y -axis

1=0 (not possible)

Parallel to x-axis

1=0 (not possible)

.. There is no asymptotes parallel to coordinate axes.
By Method of finding asymptotes we get that
X+Yy+a=0 is an asymptote.

(iv) Points on the axes:

x-axis ; put y=0, we get x=0

i.e. (0,0)

y -axis; put x=0, we get y=0

i.e. (0,0)

In 3" ODE, .. x<0,y<0,R.H.S.>0but L.H.S.<0,3“O0DE
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3 3 _
X*+y° =3axy Ay —x

X+y+az

Ans4.
Solution.

Applying Rolle’s theorem on a function ¢(x) s.t ¢'(x) can give required answer. So let’s try to

construct ¢(x)

Let

(N MRS == MR

Now if (i) f(x) and g(x) are continuous in[a,b] then ¢(x) will also be continuous.

(i) if f(x) and g(x) are differentiable in (a,b) then ¢(x) will also be differentiable in (a,b)
O ateoa e a0

Similarly ¢(b)=0

i.e. p(a)=¢(b)

"+ ¢(x) is continuous in [a,b]
#(x) is differentiable in (a,b)
#(a)=¢(b)

.. All condition of Rolle’s theorem are satisfied in [a, b] by #(x)
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.3 at least one real number &e(a,b) s.t ¢'(&)=

N

f
g(x) g(b)

Rough Work to construct ¢

Lt 1] i e

(b-a)fg(a) (b)) |o(a) g'(b)

and ¢(a)=¢(b)

To get é took x and to get ¢(a)=¢(b) took g

b. Solution.

*+ Expansion around x=2 = power of (x—2)
sa=2and h=x-2
(x=2)°
() =848+ Bnddnbda) B P 2))

BBl mAR DD@EDDDDDM no8hooon0o000D000n

1ird Term Remainder term after 3termswhere 0<9<1

+ f(x)=log(1+x) .. f(2)=log(1+2)=1log3

()= o (2)=r
oy 1 wior_ 1
fr(x)= ey (2)=-3
2 -
(x)= (1+x) : (2)_(1+2)3

Use all values in (1).

Ans5 a. Solution- Putting y = mx, we see that

lim f (x,y)=
il (xy) 1+m?

so that the limit depends on the value of m, i.e., on the path of approach and is different for
the different paths followed and therefore does not exist. Hence the function f (x, y) is not

continuous at (0,0).
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Again
f(0+h,0)-f(0,0) . 0

f,(0,0)=lim =lim==0
h—0 h h—0 h
b. Solution:- -+ tanuis a homogenous function of degree 2.

By Euler’s theorem
xa—u(tan u)+ ya—u(tan u)=2tanu

OX oy
xsec? ua—u+ y sec? ua—u: 2tanu

OX oy

xa—u+ya—u=sin2u (1)

OX oy

o’u  au o%u

] .. ou
Differentiating (1) w.r.t. X,y separately, we get Xx—+— + +0=2cos2u—
g(1) Yy separately, we get x— +— yaxay ™

Multiplying (iii) by x and (iv) by Yy ,then adding columnuise, we get
3(x°+y*) 3(x+y°
22 D) S

ul Tax 7oy X -y _(x3+y3)
ou ou

= X—+Y— =1.u Euler’s theorem is verified
oX oy

Q) ** U isahomogenous function in X, Y,z of degree 2.

ou ou ou
— =ay+Cz,—=ax+bz,—=by+cx
OX oy 0z

xa—u+ yﬁ—u+zg—u=2(axy+byz+czx):2u
z

ox oy
Hence Euler’s theorem is verified
c. Solution- Put x=rcosd,y=rsiné .

3 3
:z_zz :‘r(cosfe—sine’&')‘£|r||cos@|3+|r||sin6’|3£2|Ir|=2\/X2+y2 <&,
+
if
2 2
X<ty <t
8 8
or, if
M <== Iy <=
22" 22
NCIRYE & a
x2+§2_0 <&, when |X|<m,|)’|<m
3 3
- lim X =Y _o

(x9)=(00) X* + y°
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= lim f(x,y)=1(0,0)

(xy)-(0.0)
Hence the function is continuous at (0,0).
Again
f,(0,0)=lim f(n.0)=f(0.0) _yp,h=0_,
h—0 h h—0 |
f,(0,0)=1lim FOK)=1(0.0) =k __y
k—0 k k-0 k

Thus, the function possesses partial derivatives at (0,0).
If the function is differentiable at (0,0), then by definition

df = f (h,k)— f (0,0)= Ah+ Bk +hg+ky ..(1)
when A and B are constants (A=f,(0,0)=1B=f (0,0)=-1) and ¢,y tend to zero as
(h,k)—(0,0).
Putting h= pcosé,k = psin@, and dividing by p, we get

cos® @ —sin® @ =cos@—sinH+¢cosf+wsind ...(2)

For arbitrary & =tan™ (h/k), o — 0 implies that (h,k)—(0,0). Thus we get the limit,
cos®* O —sin®*@ =cosd—sin@
or (cos@—sin 9)(c0520+sin2H+cos¢9+sin¢9):cos¢9—sin¢9

or cos@sinf(cos&—sin ) =0

which is plainly impossible for arbitrary 4.
Thus, the function is not differentiable at the origin.

2
d. Solution- Consider f (x)=log(1+x) —[x —X?]

L fr(X) ==~ (1=x) =X >0, vx> 0
1+x 1+x
Hence, f(x) is an increasing function for all x>0.
Also
f(0)=0

Hence for x>0, f (x)> f(0)=0
Thus

2
log (1+x) > x—X?, for x>0

Similarly by considering the function
2

F(X):X_2(1+x)

—log(1+x)

it can be shown that
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2

2(1X+ X)

log (1+x) < x—

, Vx>0

e. Solution.

(3] 5]
o 00=( 2 to0.( 5] (12 o (2]

(D)
d X X

-.-&(a )=a"log, a

log, o is negative if 0<ar <1

(ij >0;xeR
13

(gj >0'xeR ...(2)

13

5 12
‘»log. — <0,log. — <0
d 13 9e 13

Using (2) in (1), we get
P'(x)<0 forall xeR
P(x) is strictly decreasing for all x e R [Proved]

6.a Solution- Let
f (x) =sinx+cosx
f '(x) =cosx—sin x
f "(x)=—sinx—cosx
f'(x)=0 when tanx =1, so that

T
X=Nr+—

where n is zero or any integer.

" 1 . 1 1
f''\nz+=x |=—<sin|nr+=x |+cCOS| Nt+=1
( 4 j { [ 4 j [ 4 j}

=(-1)™ (sin % +C0s %j =(-1)""V2
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[ sin(nz +a)=(-1)"sinazandcos(nz +a) =(-1)" cos a}
Also f (nﬂ'+%ﬂ'j =sin (nﬂ'+%ﬂ'j+ cos(nwf%ﬂj =(-1)'V2
When n is zero or an even integer, f"(nz+7/4) is negative and therefore x = n7z+17r makes

f (x) a maxima with the maximum value /2 .

. . 1 : . 1
When n is an odd integer, f"(l’lﬂ'-ﬁ-zﬂ'j Is positive and therefore X = n7z+z7z makes f(x) a
minima with the minimum value /2 .

b. Solution.

I N
x> cos — +y°cos =

X
£ (%)= H(O0) =] -0

ricos®@-cos———+r3sin®0-cos
(rsino) rcosd

r2(00329+sin20) ‘

ri| cos®0-cos 1 +sin®@-cos 1
~ (rsiné (rcosé)

2

N—"

-

~ _ +sin®@cosé ]
rsin@ 2xcosé

= r(cos3 6-cos

1 ]
cos® @ cos——+sin* @ cos
sind Xcosé

<|r|-(1+1) <22/ <2 +y* <&

<|rl-
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Define a function f of two real variables in the x—y plane by

3 e L 4 3 e &
x°cos — +y®cos =

X
f(xy)= x¥+y2 for (x,y)=(0,0)

0, otherwise

To check differentiability of f (x,y) at (0,0)
Step (i)
Let f(x,y) is differentiable (0,0) .. by definition

f (h,k)—f (0,0)=df = Ah+Bk+hg-k-y where A=[ 0| p=[&
OX
(0,0) (0,0)

and ¢,y both tend to zero as (h,k) —(0,0)

1
3 h®cos=+0-0
A_(qj :“mf(h,o)hf(o,o) _ 0
(0,0)

= =lim = limh?cosoo =0 x some finite value
8)( h—0 h—0 h—0
=0
h® cos =
f(0,h)-f
B:(ﬂ] _lim QN)=F00) . o
h—0 h—0 h

(0,0)

- From (1)

h? cosi+k3 cos1

o N _0=0xh+0xk+hg+k-y

Putting g = cos@,k =5sind ... for arbitrary :5 —0 when (h,k)—(0,0) .- 6% =h* +k*

1 . 1 .
cosd-cos +sin@-cos =/ (cos@-g+sind-
ﬁ[ osing 50036’} K( ¢ W)

' R.H.S. — 0 But L.H.S. may not be zero for arbitrary values at &

.. Our Assumption was wrong.

7.a Solution.
For maxima and minima of u, we must have

g—§:3x2—3ay:0, ie, xX*—ay=0 (1)
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and %U:Syz—3ax:0, i.e., y>—ax=0. ..(2)

Putting the value of x from (2) in (1), we obtain
(yz/a)z—ayzo, ie., y*—a’y=0,ie, y(ys—as):O, which gives y =0, a.
From (1), when y=0, we get x=0, and when y=a, we get x=ta.
But x=-a,y=a do not satisfy (2). So we reject these values. Therefore, the only solutions of
(1)and (2) are x=0,y=0 and x=a,y=a.
2 2 2

Now r:8—2=6x, S= ou =-3a and t:a—l:=6y.

OX oxoy oy
At x=0,y=0,we have r=0,s=-3a and t=0. So, rt—s*=—9a*<0.
Hence u is neither maximum nor minimumat x=0,y=0.
At x=a,y=a, wehave r=6a,s=-3a and t =6a. So,

rt—s?= (6a)(6a)—(—3a)2 =36a’—9a* =27a°.

Since rt—s” is positive and I is positive or negative according as a is positive or negative, we

have maximum or minimum according as a is negative or positive. The maximum or minimum
value of u is =a’+a’—3aaa=-a’.
b. Solution.

Let (x, y,z) be the co-ordinates of a vertex, lying in the positive octant, of the rectangular
parallelopiped. Then the length of the sides of inscribed parallelopiped are 2x,2y,2z. Therefore,
the volume V is (2x)(2y)(22), i.e.,

V =8xyz , (1)
subject to the condition that the point (x,y, z) lies onthe ellipsoid

XZ y2 ZZ

¥+F+C—2:1. (2)

Therefore, we need to find the maximum value of V subject to the condition (2). Let

2 2 2
F =8xyz+/1£X—2+ y +Z—2—1j.
a

[
For maxima or minima of F, we must have
ﬁ:8y2+£2x:0,ﬁ:8x2+&2y:0,ﬁ:8xy+2—/122:0.
OX a oy b 674 C
Therefore, 2X = 2y = 22 =—£. ..(3)
a‘yz Db°xz c°xy A

Multiplying by X, Y, z, these equations give
X2 y2 Z2 . X2/y2 B y2/b2 B ZZ/CZ B XZ/aZ +y2/b2 +22/C2

—=2_=—"e.,
a? b ¢ 1 1 1 1+1+1
X y z 1 .
sothat — ==~=—=—"—. using (2
a b c 3 9
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Whence x=a/~/3,y=b/3,2=¢/3.

Using these values of X, Y,z , we have from (3),

/1:_4a2yz B

4ahc

x 3

Now to identify the maxima or minima, we have

d’F = dx£+dy£+dzg
x oy e

|F-xot

j+16(z dxdy + xdydz + y dzdx)

s ;t[dxz oly2 dz
a b c?
_ 8abc dx2+dy2 dz?
J3la vl

_ 8abc jdx® dy’
J3 | a? b

dz

c

2

)

16
+_

B

2
+ o

dxdy N dydz

ab

But the differentiation of (2) gives

2x dx N 2ydy 2zdz

a’ b? c?

=0,ie

Squaring this equation, we get

(c)” _ (dy)"

L (dz)

a’ b2 c?
2

dx® dy

A

O

dx dy

ab

which gives —-+
a

dz*
+
C

2

4

Using this equation in (6), we get

d°F =—

dy?

dz

16abc (dx2

V3 | @

b2+

c

)

2

bc

az —O , using (4).

s

dzdx

dzdx
+

ca

c a

(cdxdy +adydz + b dzdx),

)

dxdy . dydz N

ca

(4

.(5)

using (4) and (5)
....(6)

j, since (dx)’ = dx? etc.

Obviously, d*F <0. Therefore, F and hence V is maximum at the point given by (4). The
maximum value of V is:

v -g 2. b ¢

BB

Ans8 a. Solution.

We have u = x>+ y*+xy subject to the condition ax*+by* =ab.

_ 8abc

33

The dimensions (i.e., the lengths of sides) of the rectangular parallelopiped of maximum volume

are 2a/~/3,2b//3,2¢/3..

Let us define a function F, where

F= (x2 +yP xy)+ﬂ.(ax2 +by? —ab) .
For maxima and minima of u, we must have

OF/ox=2x+y+21ax=0,

and oF/oy =
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Multiplying (1) by x, (2) by y and adding the resulting equations column wise, we get
2(x*+y? +xy)+24(ax® +by?) =0,

i.e, u+1ab=0,0or A=-u/ab. ...(3)
Further, let us write equations (1) and (2) as

2(1+2a)x=—-y and x=-2(1+1b)y.

Since both x and Yy cannot be zero, it follows that

4(1+Aa)(1+Ab) =1 ...(4)
Putting the value of A from (3), this gives

4(1-u/b)(1-u/a)=1,

or 4(u—a)(u—b)=ab, ..(5)
which gives maximum and minimum values of u

2
Now d°F :(dxieryi] F
OX oy

0°F

2 2
=aFdx2+OI de2+2 dxdy
OXxoy

aXZ ayZ
=2(1+ Aa)dx® +2(1+ Ab) dy* + 2dxdy
=2(1+2a){dx+2(L+2b)dy}", by (4).

Thus d*F is positive or negative according as 1+ Aa (or 1+.4b) is positive or negative.
From (5), we obtain

4a’ —4(a+b)u+3ab=0,

ie, 2u :(aer)J_r{(a—b)2 +ab}1/2

Therefore, supposing a and b to be positive, we see that with the upper sign,
2u>(a+b)+[a-b|,

i.e.,, u<a or b whichever is less.

Further, since u+Aab =0, we find that

if u>a(a>b), then 1+ b <0,
and if u<b (b<a),then 1+1a>0.

It follows that the value of u with the upper sign is the maximum, while the value with the lower
sign is the minimum.
Again, since 2(1+/1a)x:—y, we observe that when 1+ 4a<0, x and Yy have the same sign,

and there are two points in the first and the third quadrants at which u is maximum. Similarly,
u is minimum at two points lying in the second and the fourth quadrants.
b. Solution

Consider a function f (x)=tanx—x (D)

o f'(x) =sec’ x—1>0 for xe(0,7/2) = f (x) is increasing strictly
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= f(x)> f(0) for x>0 =tanx—x>tan0—0 for x>0 =tanx—x>0
=tanx>x for x>0 in (0,7/2)

Now let’s consider another function g(x)=x-sinx for x &[0, 7/2]

"+ g(x)=1-cosx>0=>g(x) is strictly increasing

~. By definition g(x)>g(0) for x>0

x—sinx>0-sin0 for x>0

x>sinx for x>0 in (0,7/2) ....3)
.. On combining (2) and (3) we get

tanx > x >sinx for xe[0,7/2]

c. Solution.
We have used some fundamentals too

Let’s consider a function

f (x)=x—sinx

. f'(x)=1-cosx >0 for xe(0,7/2)

= f (x) is strictly increasing in the interval [0, /2]

. By definition f (x)> f (0) for x>0

x—sinx>0-sin0in (0,7/2)

x—sinx>0 in (0,7/2)

x>sinx in (0,7/2)

-.cos(x) < cos(sin x) Hence Proved

Inequality reversed: On increasing x; cosx decreases in (0, 7/2)

cosa , Cospf
\’ \’
a =X S =sinx
If get some relation between « and £ then it will be easy to get relation because coso and

cos B
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a< fB?
a>p?=a-p

a=p7?
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