Brain mapping UPSC CSE & IFoS Syllabus
Paper I: Dynamics & Statics
Paper I1: Rigid dynamics & Fluid dynamics

Dynamics
. Kinematics in 2-D
Linear: Velocity & Acceleration
Angular: Velocity & Acceleration Definition; decode
Radial & Transverse: velocity & Acceleration the formula & Remember.
Tangential & Normal: velocity & Acceleration

o Rectilinear Motion
(i)  Particle is moving along the line (Rectilinear motion)/ one-directional motion
b
®
(i) 5 (i) Simple Harmonic Motion (SHM)

®
Required to remember:  Newton’s II law of motion,
dx
dt?

F=ma=m

2
Keywords: velocity : dx , Acceleration : d_;(
dt dt
d?x . . : .
e.g. If o o (—X) ; We get a differential equation

Solve this diff eq" &interpret about required result.

(iii) (ii) Hooke’s Law (Elasticity comes into picture).

STTUIITTUIIE (Resisting liquid)

= (iii) Motion in a resisting medium
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Constraint Motion
5_:! -/ cycloid just
an example

constrained Motion

cercular motion:-

Normal Velocity
& & — diff. eq — solve & get the result
Tangential acceleration

Projectiles

“Motion” on a
paraboiic path

e Range
e Maximum weight  Sol”

Diff" eq"
Y

(i) Central Orbit (ii) Inverse square law.

e.g. F= Gml—l;nz

r
-7 dz
P - ] Like 7
7 /! dr ‘l' Motivation
it ’ ) .
’ e Diff" eq
/ - ‘L

N - Solve
Kepler’s law Interpret

Diff. eq” — Sol" — Interpret

Work, Energy, Impulse
Def" & formula
Interpreting given eq"
2
Reaching to diff. eq"
2
Sol"
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Noticed! We’re interested in studying the motion of a particle in this topic dynamics (all chapters)

Rigid Dynamics
Motion of “system of particles”

0

a rigid body e.g:- bodies like ball, cylinder, rectangular lamina, triangle, circular disk etc.

Flow of Questions:

Newton’s second law of motion

2
Diff. eq"
2
Sol
1

Interpretation
1. Moment of Inertia:-
2 D’Alembert’s Principle
3. Motion about a fined axis
4. Motion in 2D.
5 Lagrangian & Hamiltonian
(fixed formulae — standard examples — Remember the procedure)
Fluid Dynamics (P-I11)

Velocity vector g =ui +Vj +wk

7 N
4 -_—— - N
7 P - ~ < \
/ d . —-— < N \
/ / 7 - N \ \
/ / / :__ ~ \ \ \ \
I | 4 N N \‘ P \
I I 1 I Cavit !
e P(x,v,7) Lo Yoy o |
\ i 1
\ VN S - / ]
\ ~ /
NS - - 7
\ ~ s / /
\ \N N -~ —_ , 7 o
\ ~ - - / LTI
N - - A N
N 7
~ ”~
S - - -
Spherical motion Cylindrical motion

fluid particle at the point P, we study the motion of the fluid particle at P(x, y, z)
gases
Fluid <
l | l liquid

ideal Viscous,
& non-ideal
non-viscous
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1. Kinematics in 2D:- (100% one question)
Type | Q:- eq" of continuity & Possible fluid motion
Formula & solve

A -q=0 solve
Type 11 Q:- Streamlines
formula & solve: % = ﬂ :Q
u Vv w

solve using vector calculus.
Type 111 Q:- Existence of scalar potential then
q=Ag
= ui +Vj +wk :ﬂdx:%dy—%dz
oy z
compare & find ¢(x, y, 2) ; called scalar potential
2. Euler’s equation of motion:
Two categories of (force) eq":-
2
Solve (P.D.E €q).
Interpret
3. Motion in 2D:- Sources & sinks.
Chapter 1 & chapter 3 : should be studied together
Omplex potential ® = ¢ + iy
From chapter 1: 3-Types of Q" based on formulae (Direct)-
4. Axisymmetric motion:-

D Cyr.
Sphett Lndrical

2
Formula — Solving

Till chapter 4: ideal (non-viscous) fluid (No vorticity)
5. Vortex Motion

Vorticity comes into picture

Two categories of Q"

Diff eq" — solving — Interpret
6. Navier stoke’s eqn:-

Viscous fluid (3 Types)
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Statics (P-I)

Friction

/ 1 N
Equilibrium & coplanar forces [Many Q" asked (Basic logic formula) based Q"]

Friction
3. Forces in 3D

(Moment, couple) l

F,
4. Stable & unstable equilibrium

(i)

(i) @ (i)
Pos. of equiln.

(iv) v) Q

Different cases based on bodies

++: Very standard (famous) repeated categories of Q" (4-5) : Just solve twice & go:

Giving a jerk (tilting a bity) to hemisphere

If it comes back in its original position (stable) did not come back

5. Principle of virtual Work:-
Rod 1

Categories of Q" Rod 2 C>

6. Common Category
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Flexible string (tied at two points P & Q) hanging under gravity
Fixed kind of problem (can be guessed)

—- T:Tenseq

W is; weight per unit length of chain/string
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(Kinematics)
Velocity & Acceleration

O(r+3,)=(x+8,)i +(y+8,) +(z+3,)k

Aoy P(r)=P(x,y,z)=xi+y + zk
g

(0]

Let a particle moves from P to Q in time interval &t i.e., at the time t; particle is at the position P & at
the time t + &t, particle is at the position Q

.. displacement from P to Q is oT

or is called the average velocity & lim or = ar - velocity
ot st-0 5t dt

V= ar. velocity
dt -

dr

v =|V|=|—/:speed

LR
ov . .
St is called average acceleration R
.oV dPr. .
lim — =—:acceleration.
550 St dt?

Note: (1) If F=xi +Yj+2zK then
dr _dx; dy. dzp

Ve =—

dt dt dt’ ' dt
Here, % is called component/resolved part of V along x-axis. Similarly others are along y and

z axis respectively.

(Itis taken to be positive or negative according as the direction of V in the direction of increasing
or decreasing of x
dx /dt «
i ® X-axis

(fixed point) O <~ x —> P

dx
—=-ve
dt

Similarly, we can discuss for ((jj_)t/ &% respectively

Note: (2) Similar discussion works for acceleration components.

d’x~ d?y. d’zn
d=—r1+ +—k
a? ' o VT
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d?x . L N . . .
ra . +ve or —ve : According as it is in the direction of x is increasing or x decreasing ;i.e. force

is in the direction towards or opposite to fixed point.

Angular Velocity, Angular Acceleration

O(r + dr, 6 + 30)

P, 0)

Initial line

The average rate of change of angle of OP about the point (; is called the angular velocity of point P
(Particle at P);

.. - . 50 do .
Itis given by w=lim—=—==@; Angular velocit
g y at—0 St dt 9 y

: a0 .. .
Angular acceleration = —- =6 radian/s?

° Rate of change of unit vector in a plane:-
Let a : unit vector

b : unit vector : normal to plane of a

(o)

Let a=0OM + MP
a=coséi +sind]

92 _ 6ing-9% 1 cos0 Y j
dt dt

da_do cos(£+9jf+sin(£+0j j
dt dt 2 2

da_dog
dt  dt

Where b= cos(% + ij +sin (% + 9) ] is a unit vector

Inclined at an angle (% + 9) with OX (i.e., x-axis)
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Particular case

Exam point

di  dy, .
— ==y
at dat

X

here f is in the direction of s increasing (along tangent at p) & f : normal f is in the direction
of y increasing.
. Relation between Angular & linear velocities
y

€0 !

vr : component of v along radius vector r

Vo : component of V along v

vz

/POX =6

— de

wW=—
dt

er, 8 : be unit vectors along & perpendicular to OP respectively.
- d dé

r= M er=rerand m (en)= Eee ...... 2)

The linear velocity of v at the point P along OP is:

Now, - V:ﬂzi(r-er)
dt dt
dr d
=—e +r-—(e
dt * dt(')
_dr do
V=—e +r—e,
d dt
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We know that,

Now the component of a vector & in the direction of unit vetor b is given by a-b. If veis the
component of the velocity vV in the direction perpendicular to OP, then

dr do
V,=V,e,=| —e +r—=e, |e,

dt dt
deo
=r—=rw /[ e-e=0
at [ 0=0]
So, w= Yo
r
Exam point

_ component of velocity v at P perpendicular to OP
r

> The angle between V & e is %—(ﬁ , then

Vo= V-eg=V-1 cos(%—gbj = v sing

vsin vrsin
o Vsing _vrsing

r r?

Exam point

dt  r?

p=rsing

° Radial (along radius vector) & transverse (Normal to radial vector) velocities &
accelerations

“» V :the velocity of particle at P:

_ dr _d dr de, dr deo
V=—=—(re)=—e€ +r = N
dt dt dt dt dt dt

@
Il

=~
Il

= |-

Download books https://mindsetmakers.in/upsc-study-material/



https://mindsetmakers.in/upsc-study-material/

here, the component %is called the radial velocity & the component r% is called the

transverse velocity of particle at P.
Exam point

Radial vel. = % (+ve : in the direction of r increasing, —ve : in the direction of r decreasing)

Transverse vel. = r% (+ve : in the direction of ; 6 increasing & —ve : 0 decreasing)

Basic idea
If F=xl + yj (x-compo, y compo,) (y axis is 1r to x-axis)
. If & is acceleration at point P, then
dv

.
a=—

dt

d{dr do }

=—1—€ +r—-¢,

dt | dt dt

| d?r dr do drdo d?0 { dé do }

A=1—5€ +———€ +i——F+l—— = = ——¢
dt dt dt dt dt dt dt dt

d’r  (doY drdo  d%0
——r|— | e +12——+r—- e, {(form (1
{dtz (dtj}r { dt dt dtz}e{( O}

Exam point

a

2 2 3
Radial acceleration at P = derp r(d—ej =7 —r(0)?

dt? dt
2
Transverse acceleration at P = ZEd—H + rd_f =2r0+rf
dt dt dt

Tangential and Normal velocities & acceleration:
Intrinsic equations:- An equation involving s and v, is called intrinsic equation for given curve.
Here s : arc length

y: angle made by tangent at P, with the x-axis

Curve
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f - unit vector along tangent at P, in the direction of s increasing and A : unit vector along the
normal at P, in the direction of y increasing (i.e., in the direction of inwards down normal)
from vector calculus, we know that,

% =t|; Remember that % denotes the unit tangent vector in the direction of s increasing.
s s

—

Also, we know that

d . dy . . . .
—(t) =—=(R); As we discussed in starting.
Olt() it Q) g

If V is velocity of particle at P, then

g_dr_dr ds_ds,
dt ds dt dt
V=§f+0-ﬁ
dt
Exam point

.. Tangential velocity at P = %

Normal velocity at P =0

~ ds) ds
V=|V|= (aj +02=a

For Tangential & normal acceleration
dav d, .

:—:—Vt
i

= d—Vf + (v L VJ n { p= (;j—s Radius of curvature at P differential calculus }
Vg
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Exam point

. . dv
Tangential acceleration = —

2

. v
Normal acceleration = —
Yol

. Mindset required to recall (Information from previous discussion) for further chapters.
(1) Velocity & Acceleration

Ox+ox,y+ oy, z+08z)=(x+ 8x)i (y +0y) l (z + 02) k= r+or

P(x,y,z)=xi +yj + sk=j

\7:—:— —J _—

dt dt dt” dt
_dv d*x. d’y. d%z.
d=—=—1+— |+—

dt  dt’ t? t?
d’x . 3 .
prva is component of & along x-axis

+ve or —ve according as @ is in direction of increasing x or decreasing x.

~ dx )’ dy " e
N (Il B B e e
dt dt dt
dx Y (d?yY (d*zY
a=la|=|| 2| +| 2| 4] 22
i) (@)

r=p(0)
P(r, 0)

e Angular velocity v‘v:%zé

o Angular Acceleration = pra ]

Relation between linear & Angular velocities

VP . \where p = r sing (Pedal equation)

w= —;
r2

2. Radial & Transverse
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er
e0

(i)  Radial velocity = % _y

Transverse velocity = r% =rd

vV = (F) + (ré)’

2 2
(iii) Radial acceleration = d_zr -~ r(d—ej =f-rd
dt dt

. 1d(, do
Transverse acceleration= =—| r*.—
r dt dt

3. Tangential & Normal:

ds .
p =———"1Radius of curvature,
dy

(1)  Tangential velocity = %

Normal velocity = 0
. . . d’s
(i)  Tangential acceleration = e

V2

Normal acceleration = —
yo)

Resultant acceleration:

_ d’s) (vY
-5 +(7)

Download books https://mindsetmakers.in/upsc-study-material/



https://mindsetmakers.in/upsc-study-material/

2
Ex-1: Prove that the acceleration of a point moving in a curve with uniform speed is p(%—fj .

2
Answer - v = o constant .. d—zs =0
dt dt

2.)\? 2?2 22 2 2
. Acceleration = [E] +(V_J = 0+[V_] - ‘L:,;.[l}
dt p p p p

ds

2 Ly 88
_[ds/dt dt
P ds/dy _ds
dy

_ (dyY
_p(dtj

Ex-2:- A point describes the cycloid s = 4a siny with uniform speed v. Find the acceleration at

any point.
Answer The path of particle is s = 4asin y.....(1)
2
Given, s =V =constant.....(2) .. d_zs =0
dt dt

From (1), we have ;—Sz dacosy =p.....3)
174

Now, the resultant acceleration is,

) ) - e T
dt? p p) dacosy  4afl-sin’y 4o 1_(5j2
4a
V2

J16a? —s?

Ex-3: A small head slides with constant speed v on a smooth wire in the shape of cardioid r = a

( 1+ cos@). Show that the angular velocity is Zl(sec%j and that the radial component of
a

acceleration is constant
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Ans. r = a(1+ cosé)
r=2acos? d2......(1)

dr 0.0 1
— =-4acos—Sin—x —
0 2 2 2

r=a(l + cosd)

dr . 0 0
— =-2asin—Ccos—
de 2 2
_ . deo 2acos*0/2 0
ctand=r— = - = —cot—
dr -2asin@/2cos9/2 2
tang = tan (Z + Q]
2 2
T 0
=—+—=....2
¢ 273 ()

Now, p = rsing = rsin(%+gj = rcosg e(3)

The angular velocity =

r2

%

Now, from (1), dc =_-4acos— -singx——
dt 2 2

. 0 0 Vv o
= —2asin—Ccos—x—sec| —
2 2 2

a 2
dr .0
— =—vsin—
t 2
d?r 6 1 do -°
=5 =-VCOS—X = —=—o
dt 2 2 dt 4a

Now, Radial acceleration is,

dt?  Ldt

d@_@z

d’r (dejz —v? , 0
-r = —-2acos” —
2\ 2a

2
v-rcos@/2 _ vcos@/2 v 0
s = - = —sec—...
r 2acos” 6/2

.(4
2a 2 ®
1dé

2 dt

2 2 2 2
v 0 VeV -3v L
(—sec—j =————=——  which is constant

2 4da 2a 4a

Ex-4: A particle moves along a circle r = 2acos6 in such a way that its acceleration towards
the origin is always zero. Show that the transverse acceleration varies as the fifth power of

0.

Given Radial acceleration =0

. d%r de

e, —-r|— | =0.....(1
dt? (dtj M
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- -~

Va N,
// \\ . e . .
Vs \ towards origin is radial acceleration
/ ‘5&\0 3 ‘l'
/ 0@@5 \
i » \ 0
1 \
1 |
| |
\ ]
\ I
\ /
\ /
\ /
\ /
\ /
\ 4
N yd
\\\ _ il

S ———

Now, curve is given by
r = 2a coso

ﬁ =-2asin 0%
dt dt

2 2 2
d_zr =—2asin9.d—'29— 2acos¢9(d—9j
dt dt dt
.. From (1),

2 2 2
—2asin Q-d—f - 2acos€-(d—0j - 2acos¢9(d—6j =0
dt dt dt

d?e 20059(d9j2
dt? sin@

) dt

d’o/dt®> _, 00860 d0
(d@a/dt) sing dt

Integrating w.r.t t, we get,

log (d_@j: —2log(sin®) + log ¢ ; ¢ is arbitrary constant

dt
Now, the transverse acceleration is,= li r? d_H
r dt dt
-1 ><£(4a2 cos’ 8- ¢ cosec’d)
2acos@ dt
2
aca i(cot2 0)
2acos@ dt
= EZcotH[—cosecze . d—ej
cosd dt
= ﬂcoté?-cos ec’d-ccosec’d
cosd

= —4ac? cosec®0

Hence, the transverse acceleration o cosec®®
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Rectilinear Motion
“When a point (particle) moves along a straight line

l l

Horizontal Vertical

O¢—x — P v=0

|
@ < ®

I
A (Starting Point)

Particle moves towards O from P (Rectilinear motion) at point P:-
o Velocity = ax
dx

2

. acceleration = —-
dt

S.H.M (Simple Harmonic Motion):-

When a particle (point) moves towards a fixed point O, such that the acceleration at some point P
(which is at a distance x from the fined point O) is proportional to x; then such motion is called simple
harmonic motion

b
e 0P g B v=0
O P A (Initial Point)
a

d?x

— XX

dt

d?x . .
= e —ux, where £ is proportional constant

—ve sign attached (because motion is in the direction of decreasing X).

Now, the story begins; specifications/observations about S.H.M.
(1) - The differential equation representing S.H.M is,

o*x

=—fX....... 1
prER (1)
We are interested in knowing what is velocity at the point P? What is x = ....? i.e displacement from
fixed point O.

** Multiplying by 2% in (1);

dx d?x dx
2__:_ X'2'—
at e Y dt

On integrating, we get
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2
(%) =—ux® +c¢...(2); ¢ is integrating constant

Vi=—uxt+c
-+ At the initial point A,
dx

—=v=0;x=a
dt

Now, using this in (2)
O?=—@®+Cc=cC= pa’

. We have, from (2),
2

dx 2 2

— | =—ux“+pua

(&) =

% =— y(az - xz) ... {-ve sign (because motion is in the direction of decreasing x)
Exampoint

v=-\Ju(a® -4

Velocity of a particle at the point P.
Now, on integrating (3), we get

S SR

Jia 2

1 l[Xj
= —CO0S | — |[=t+C
H a

= cos™' (ﬁj:\/ﬁtﬂ/;.c (@)

a
At the point A; x=a,t=0
.. From (4), we have

0=u0+c=¢c=0

. We have, cos™! (fj =Jut

a

x=acos(JZt) (3)

(i)  Atthe point O:
= x=0

B v:%:— /y(az —02) =—\/;a

Time taken from Ato O ; Lett=1;
.. From (5),0= acos(\/;tl)
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/a T
E_\/;tl: tl_m

Time Period :— (T) is the time taken fromAto O,0to4’, 4’to O,0Oto A

T =41,

A’ 0 A
T

T=4x
2u

T=2%

Ju
Frequency (n) = 1 ﬂ
T 27

Suppose if the centre of force (O is not origin). Let if fixed point is x = b then the equation of

2

motion for SHM; written as % =—u(x-b)
t

(Now, proceed as previous)
2
When particle moves from 4’ to O; then % =+ux (X is increasing direction now)
t
Phase & Epoch:-
d?x

’ x=acos(\/;t+ e) n(A)

The constant € is called the “starting phase” on the epoch of the motion and the quantity \/; I+e

is called the agreement of the motion.

The phase at any time t of a SHM is the twine that has elapsed since the particle passed its extreme
position in the positive direction.

-+ from (5), x is maximum when COS(\/;t-‘r e) IS maximum i.e., cos(\/;tJr e) =1

Therefore, if t; to the time of reaching the internes position in the position direction then

cos(\/;tﬁ e):l
\/;t1+ e=0

t = —€
=
i
.. The phase at time (t) =t —t;

:t+i

Tz

Geometrical representation of SHM
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0=wt
4 0<x>Q
00 =x
0Q =x
. X = acos(mt)

As the particle comes sound the circumference, the foot Q of the perpendicular on the diameter
AA’ oscillates lecture A & A’

dx . d?x
= _t —_awsinat & —— = —aw? coswt

dt?

d2X 2
— =—0°X
dt?

2
; d—zxx—x (SHM) & 1=’

dt
The periodic time
e

9

Thus, a particle decides a circle with constant angular velocity, the foot of the perpendicular from
it on any dimeter executes a SHM
Periodic Motion
A motion is said to the periodic if after a certain interval of time; motion is repeated in the same
manner.

Exampoint (About SHM (summary)

d?x
1. d?OC—X
«— v=20
«—X—> -
A’ 0] P A
d?x
S
_dX_ 2 2
3. V_E__ y(a —x)

v is maximum at point O; x =0

" Vmax = _\/;'a
4. x= acos(\/;t)
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5. Thene Period T :2—7[

Ju
Ex-1. A particle moves in a strength line and its velocity at distance x from the sings. is kyaZ —x? ,
where a & k are constant from that the motion is SHM. Find the amplitude & time period.
<X —> )
) P A

(origin) | _dx_, [2 2
dt

Ans. Given %zk aZ —x?

Diff. w.r.t. t,

dx dez_k2X dx

—X— .
dt  dt? dt

— == k% (D)

Comparing (1) with % = —uX
t

We get ,u=k2

o

N

For amplitude,

Putting % =0
dt

At A,

kva?-x? =0
X =+a

= x = a is the amplitude of motion.
Ex-2. Show that if the displacement of a particle in a straight hence impressed by the equ. x = acos nt

. . . .2
+ bsin nt, it descales a SHM whose amplitude is Z
n
.+ X=acosnt +bsinnt (D)

%:—ansinnt+bncosnt )]
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2
— 2 — _an®cosnt —bn?sinnt

dt?

2
%z—nz(acosnt+bsint)

t
d2X 2 d2X
—2=—n X= —ZOC X

dt dt
- (SHM)

d?3

On comparing (3) with d_2 =—uX
t
For amplitude
Putting Xy
dt
.. From (2)
n(asint) = bncosnt

tan nt :E
a

. cosnt = sinnt =

a b
Ja? +p? Ja? +b?

a b a% +b?
LX=a +h. y =+a? +b?
Ja2+b?2  Ja?+b?  \a? +b?

Ex-3. Show that the particle incenting SHM requires one sixth of its period to move from the position

of maximum displacement to one in which the displacement is half of the amplitude.
Ans. As the particle incenting SHM, so,
dt?
20x d*x _ 20% )
dt g2 dt \ -

On integrating

o (az‘xz)
= — dx =dt
S
1 al2 dx t=t;
= —— = | dt
H .z!: aZ—X2 tio
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.. We know, for SHM

T-2%

Ju
Now, &_7/3m 1
T 2z/Ju 6

1

:t]_:gT

Ex-4. A particle is performing a SHM of period T about a center O and it passes through a point P
where OP = b, with velocity v in the direction OP, prove that the time elapses before it matures

to the point P is, Tian [ Y
A 27h

-+ The particle is in SHM.

—>
. «—b— .
A’ 0 P A

Let a be the amplitude of the particle executing SHM.
We know,

dx _ 2 2
P u(a —X ) (D)
V2 =,u(a2 —b2) (2)

.. Req. time = time taken fromPto A & Ato P
= 2 x time taken from A to P

Req. time=2 x t; .n(3)

From (1), from Ato P,
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t = L (ij
2 b.2z

~. Req. Time = 2, =%tan1 (%)
7T

Ex-5. A particle is moving with SHM & while making are incursion from one position to rest to the
other, its distance from middle point of its path at there consecutive seconds are observed to he

. o (T 2r
X1, X2, X3 prove that the time of a complete oscillation is ——
3744 ( Xy + X3 ]

2X,

Ans. - Itso SHM

x=acos(\/;=t), T=

X =acos(yut;)
X, =acos([u(t +1))
X =acos(\/u(t +2))
x+xg a(cos(v(tu+2))+acos(Jiut))

Now, -
" o, 2xacos(fu (1, +1))

_2cos( pty + 12).coS p
~ 2cos(p(t+1))

X +X3  COSu
2X, 1

SIv
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T 27
cos!| %
2Xy
Next Category of Problem:

Q. Abody is attached to one end of n inelastic sting, and the other end moves in a vertical line with
SHM of amplitude a making n oscillations pure second. Slow that the string will not remain tight

during the motion unless n? < 92
4z a
4 T
P 7
X
of¥ mg
Ar

T is Tension in sluing
mg = weight of particle
given n oscillations per second

" T=2—7[:1:>,u=472'2n2

(1)
B n
Clearly, the impressed on effective force on particle will be T —mg
By, Newton’s second law of motion (F = ma)
md ?x
dt?

atP: F=

:>T=mg+md— cn(2)

dex . . .
For T to we least, we reed — e, acceleration at point P as least

"+ For SHM, least acceleration at P = —ua

.. Least tension T = mg — po pa

We, reed T as to be position (otherwise stewing will not be tight enough to execute SHM)
L T>0=mg—-mupa>0
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= mg — m4r’na >0
=g -4n’na>0
= 4w’n’a>g
g
4r%a

= n?<

Q. A horizontal shelf in moved up & down with SHM of period %second. What is the amplitude

admissible in order that a weight placed one the shelf may not be jerked off.
We have

T= 1sec. =—
2™
Effective force on the body = R —mg
By, Newton’s second law of motion at P
We have,
~ md?x
dt?

(0]

N

AR

AP a

Y mg

“—=—>

o\ v

.. We have
2
R_ma = md2x
dt
2y

dt?

R=mg +mx

(1)

2
Now, for no fcuk, we have d—2X should be least As, the shelf is in SHM,
t

.. Least acceleration at P = —pa )
.. Using (2) in (1),

.. Least reaction (R) = mg — mua

Now, for wo jeink,

R>0

mg —uma >0

2
g—4L2a>0
T
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2
a<£:>a<i

Ar’a 1672

Q. A particle of mass m is attached to a light wire which is stretched between two point (fixed)
with a Tension T. If a, b are the distances. of the particle from two ends, prove that the
27
T(a+b)
mab

period of small transverse oscillation of mass m is

Step I: Explanation :-
Let a light wire be tightly stretched between two points A & B.

Let a particle of mass be attached at the point O s.t OA =a, OB =h.
Let the particle is displaced slightly, perpendicular to AB. (i.e., in the tranverse direction) and let go.
Let P be the position of particle at any time t When OP = x

.. The displacement is small, therefore the tension in the string at any displaced position can be taken
as T which is the tension in the string in the angular position.

.. The equation of the motion of particle is,

2
m% — (T cos ZOPA+T cos ZOPB).

/. ' b
A—a—p b,
I i Ky

N
Particle of mass

m

>
— A

(Transverse perpendicular)

Step 11 :- Egn. of motion is Ma=F
md ?x
dt?
Horizontal comp. of tension T ; T cos 6
d?x OP OB
m—=-T—+—
dt? AP PB

=-T cos (£LOPA) + T cos (£OPB)

N
JaZ+x%  b?+x2
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=—T{x(a2 +x2 2 + x(b2 + xz)%

S~—"

2 2
=-—T X l—lx—+.... +Z 1—£X—2+....
a 2a b 2b

d?x X x| o .
m——-=-T| —+— |;Neglecting higher powers of x as x is small
dt a b
d?®x a+b
m—-=-T| —— [X
dt mab
2
%ocx;SHM
T(a+b
L T@h)
mab

Time Period = 2—” :2—7[
Ju  [T(a+b)

mab

Q. Ifina SHM, u, v, w be the velocities at distances a, b, ¢ from a fixed point on a straight, which
is not the Centre of force show that the period T is given by the

u v ow
_ 4r?
eq—T—z(a—b)(b—c)(c—a):a b ¢
1 1 1
Ans:- O: Centre of force, O’ is fined point.
.. From SHM
v? = pu( A* = x); where A is the amplitude ................... (E)
.. We have, «— ] —>
AtP, x=0P=I+a, v=u..(1) @ } - I - {
AtQ, x=0Q=I+Db, v=v..(2) 0 SN P Q
AtR, x=0OR=Il+c v=w..(3) < b—»
.. Using (2) in (E) < >
u’ =/,¢{A2—(I+a)2}
2
YA _12_a2_2al
M
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:{u—2+azJ+2a.l+(I2—A2)=0 .................... (3)

Y7,
[f+b2j+2b|+(|2—A2)=o .............................. (4)
7
(ﬂz+c2j+2I.c+(I2+a2)=O .............................. (3)
)7

Eliminating 21 and 1> — A*Form (3), (4) & (5)

2
u
—+a®> a 1

7
V2
—+b* b 1=0
7
2
Wiz ¢ 1
7
2
Y a1
’i a’ a
= Y b 4+0* b 1=0
/12 c® ¢
Voo g
y7;
a’ a 1u2 a
= —b> b L==|v* b
c® ¢ Hlwe ¢
1 a a3 [u* vv w
= ull b b*=la b ¢
1 ¢ c?l |1 1 1
uz v@ ow
= u(a-b)(b—c)(c—a)=la b C| .cooiriiiiiiiiiiiin. 4)
1 1 1
2
.. Time Period, T =2—”:> y=4i .......................... (5)
TR

Using (5) in (4), We get

Ar?

T—z(a—b)(b—c)(c—a): a b
1

= O

Hooke's Law
The tension of an elastic string is proportional to the extension of length of string beyond its natural

length.
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Let AB is a wire of length | and it is attached (tied) at fixed point A, and a weight
is attached at point B and let's say if on attaching weight, the length of that elastic wire is stretched by
ol ; then

Tension in the string due to weight.

Tail
|
= T= 1.5T| Where 1 is elasticity constant or, modulus of elasticity.
Exam point :-

Theorem :- Prove that the wonk done against stretching a light elastic string, is equal to the product of
its extension and the mean of its final & initial tensions.

< X > «—OX—p

| | | | |
® I l l | |
(0) A B P Q C
«—a—>

+— bh—>»
Let OA = a; natural length of string, where end is fixed at O.
Let the string is stretched beyond its natural length,
Let B & C be the two positions of the string during its tension.
Let OB = b, OC=c
By Hook’s Low

J(b-a)

The tension at B; T, E :

. c-a : .
The tension at C; T. = ﬂ% Where, A is elasticity constant.

Now, as to find the work done; from B to C stretching, for this,
Let OP =x
Give a slight displacement of 6x: P to Q

T )
a

Work done (on P to Q) =T, &x :A@.éx

Required Work done = | A@dx
x=b

= i[(c—a)z—(b—a)z}

2a

= Afle-a)-(-a)lfe-a)+o-a)]

a
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A

= —[(c—b){(c—a)+(b—a)}]

2a

- (c—b).%[g(c—ap

AR

(o-2)|

Weoc= (c—b)%[TC+TB]

W st c= BC x mean of the tension at B & C.

Exam Point 2:-

particle is attached to the end of a horizontal elastic string.

Let a particle of mass m is attached to the one end A of a horizontal elastic string OA whose other end
is fixed to a point O on a smooth horizontal table.

Now, the particle is pulled to any distance in the direction of the string and then let go.

To Discuss Motion:-

vel.v=b i
\}am

vel. v=10 vel.v=20
® } ® | ® )
B A O a A1 b =B
Eq. of motion is,
2
md—;(:—/i.i
dt a
d?x A
—=—] — |X (1
dt? (amj )

Which represents SHM & u = (—j

A
am

Now, we can discuss velocity (v) formula, displacement (x) formula, Time Period (T) formula.
We know, from SHM,

BRs

In this case,

X*); here A is amplitude.

dx) 2
(&) &)

at the point A, where x=0

54
dt am

i.e., velocity gained by the particle; at the point A,

v=Db i
Vam
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Similarly at A’ ; v=Db A
am

Now the particle will do the natural motion (SHM ceased at A & A’) with velocity b /i
am

Time taken by the particle for a complete round.
= Time inBto A (SHM t; + Time in Ato O 9 (Natural t,)
+ Time in O to A’(Natural t) + Time in A’ to B’(SHM ty)

Time period T=(2t,+2t,) (Time taken in B to B> & B’ to B)

Distance

21 4da
T= + —
[ﬁ b fi Speed
am am
T=27 (A0, 42 jA0
A b\ A

Motion of a particle under the attraction of earth.

Newton’s low of gravitation :-

1. when the particle moves (upwards / doenwords) outside the surface of earth, the acceleration
varies as the square of distance of particle from the center of earth

1 1
Acceleration a—
X

2. When particle moves inside earth then acceleration o distance.
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Motion in a resisting medium :- resistance oc v*
resistance = kv?
Scenario 1:-

fixed point

Resistance 4

(particle of mass m is drooped from O)

o —— —>

mg

A Earth's surface

Thinking process:

» We take an arbitrary point P; at a distance x; from the fixed point.
* Now, we check : the direction of motion.

If it is in the direction of x increasing

Then we take and if in opposite direction (i.e. in the direction of X
decreasing)

Then we take

d?x d?x

—-as +ve 5 P06 e
dt dt
Resolving forces; to use F = ma; eq. of motion.

effective force = mg + (-resistance)
-+ the direction of resistance is in the direction of decreasing X.

d?x _ .
= mF =mg + (-resistance)

d?x
m—- = mg — m(kv?
= m-—z=mg (kv®)

d?x
m—- =mg — m(kv®
e g —m(kv?)

Scenario-2
A
resistance (—ve)
mg (-ve)

P

—=—>

-~ direction of mg

o . both are in the direction of x decreasing
direction of resistance

O: fixed point (particle of mass m is projected upwards from point O)
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Equation of motion at P,

d?x
mF =-mg —m(kv?)

Terminal velocity:

Let’s say, if a particle is falling under gravity. After some time of falling; the velocity becomes constant
(due to resistance of medium of travelling)

2
i.e., ax_ constant= d—Z( =0
dt dt
So; when acceleration becomes zero; this constant velocity is called the terminal velocity.

Article 1:-

Discussing about motion of particle of mass m; falling from a fixed point.

vel. =0 ¢ O: fixed point
mkv’ %
velL,=v ¢ P

> 0—

Equation of motion is.
d?x

m—— = mg — mkv?
dt? g

d?x kv?
—= 1-—|....(1
dt? g( g j D

If V is the terminal velocity, then
2
whenv =V, d—i(z 0
dt
.. equation (1) gives,
d?x v d’X g .,
- = 1——|==—== -V9)....2
dt? g( vzj dt? vz(v )@
(i)  To find relation of v & x.
* (2) can be written as,
av g .. d’x , dv
v—=—=(V°-v w—=V—
dx VZ(V ) {
-29 —2vdv
vz My
on integrating.

=
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(ii)

(iii)

:/2? -x=log(V?—Vv?)+ A; Ais integral constant

But initiallyat O, x=0,v=0

0=log V?+ A = A = —log V*
So, we have,

_ 20

Vi3 =log(V? —v*)—logV?

29x

V=Vil-e V)

Relation between v and t:

dv C) o dx _dv
" dt vz(v - )'{' dtz_dt}
g dv
= te
on integrating
%t =—Iogu+ B; B is integrating constant
\ v TV -y

Initially at O, whent=0,v=0

Ozilogl+B:>B=O
Vv

gt 1 (V +vj
" =5 =——log
Ve V —v

v
V 1+ V
= t=—-Iog y
29 1-
V
=t =—+tanh1 Y Note:tanh‘lzzllog(“—zj
V 2 1-z
V= V+tanh(g—t]
\
0 -0 e’ -0
sin he- , cos ho = € +e - tan he- e_a
e’ +e

Relation between x & t
Eliminating v from above two points

—20x
V 2 tan h? (\g/_tj: Vz(l—e v j

20 t
— e V' =1—tan hz(g—j
\
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2
= x=V—Iog Ccos h(g—tJ
g \Y,

Article 2:-

Discussing the motion of particle projected vertically upwards.
Equation of motion at P is

m%——mg mkv?
d?x )
mkv’
mg
P
T
X
J
® vel=v

. Relation between v & X:

From (1), we have, Exam point

dv In this scenario, Let if V is terminal velocity of particle
V=g +V?) - gy

X during its downward motion i.e velocity when —- =0
Let V be the terminal velocity; (1) gives

during downward motion

_ 2 9
0__g+kV:K_F . 0=mg —mkV?

.. We have equation of motion

d_zx—_g 1+ﬁ
dt? v?

d®x g
s VZ(V +v*)...(2)
S (v +v2)

dx

d —

-[ J‘V +V°

20X

Vel =log(VZ +Vv*)+ A
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But initially, at O, x=0, v=u.
A =—log(V? + u?)

o 20%
v log(V? +Vv?) —log(V? +u?)

_v? OgV2 +u?
29 V24V

X

. Relation between v & t

equation (2) can be written as,
dv 9 A2, .2
—=——N"+v

a  Vv? v )
J%: Tt

VvV +v) YV
L[ ¥ =—%t+ B
\Y Vv \%
But initially t =0, v=Vu

B= itan’1 (EJ
V \Y;

ltan’l Ad =—it+£tan’1 =
\/ V \VERY \Y/

ol (o)

Exam point
° The above three relations need not be remembered. Only learn the procedure step by step while
discussing the motion of particle in both scenarios.

2
. Here it must be take care that the sign of % % is taken to be what!

Constrained Motion
A motion is said to be constrained if it is under some particular condition or path of motion is some

particular condition

Syllabus:
Cycloid

Circular motion

Mainly to deal with

Download books https://mindsetmakers.in/upsc-study-material/



https://mindsetmakers.in/upsc-study-material/

(i)
Ae
o OA is an inextensible string, where O be a fixed point,
o Let’s attach a particle of mass m at the point A.
(i) b
A Target: writing equation of motion at P.
Velocity = u; initial velocity
S: arc length AP.
(iii)

We know that,

2

Tangential acceleration = pra

2

. Y
Normal acceleration = —
yo)

here p is the radius of curvature,
-+ for circle; radius of curvature = radius of circle .. p=a,
Now, equation of motion at the point A;

2
o m%z —mg sin@.....(1)

2

o mV—=T—mg cos 0....(2)
a

Note: - direction of mg sin@ is in direction of s decreasing. So, negative sign is attached
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_ ds _dé d’s _d%0
vs=al=> —=a—and —=a—
dat  dt dt dt

Now, to solve differential equation (1) and (2);

d’s d?0 .
We use, s=ab = — =a—- in (1) we get
dt? dt? ()weg
m a@ =-mg sino
' dt?
d?e .
a—- =-—gsino.
dt? g

Multiplying both side by Za% and the integrating
do\’
(aaj =2ag cosO + A; where A is constant of integration

i.e., v =2agcoso + A {:V_ds_ da}

Tdt Cdt
Initially at point A;

0=0v=u.

. we get, u>=2ag+ A= A=u’-2ag
So, we have

v’ =2ag cos @ + (u? —2ag)|

Exam point

|v2 =u® - 2ag + 2ag cos¢9| ....(3)

Now, we discuss about tension in string; T

.. from (2), we have,

mv?

=T —mg cosé
a

m{Zag cosf+u’ —2ag | =T —mgcosd
a

Exam point

T :E{uz —2ag +3ag cos@} (4
a

Observations (For above circular motion)
(i)  Leth, be the height from the lowest point A, at which v =0and let say at &= 6;;v=0
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>
P 0;v=0

A v=u
So, from (2),
0? = u® — 2ag + 2ag cos0;
2ag —u?

€0s0; =
2ag
.. h1 = OA —a cos0;

2ag —u’
2ag

hlza—a(

Exam point [h, =—|....(5)

(if)  Let ho be the height; from lowest point A
where T=0and 6 = 6,
.. From (4),

o=" {u® - 2ag + 3ag cos0,}
a

2ag —u?

c0s0, =
3ag

.. h, = OA —a cos0,

_ 2

hZ:aa{Zag u}
3ag

_u’+ag
3ag

Exam point |h,

..(6)

Beautiful interpretation based on above observations:

()  When the velocity v vanishes before the tension T vanishes:
This is possible if and only if h; < h,
.. from (5) and (6),
u> U’ +a

20" 3 :

u23g < u?-2g + 2ag?
u’g < 2ag?
u?< 2 ag

u<./2ag
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If the initial velocity u is less than ./2ag ; then velocity will be zero before T becomes zero. In

this case the particle will be oscillating about the point A. i.e., the particle will not cross above
the horizontal diameter.

(i)  Whenvand T vanish simultaneously.

2
V2 =u®—2ag +2ag cosO ; hy = ;—

g
2
T= m{u2 — 2ag + 3ag cos6}; h, = y +ag
a 39
when h1 = hz,
u® _u’+ag
29 39

=u=2ag .

Now, forv=0,T =0,

0 = u®> - 2ag + 2ag cos0;
0 = u®> - 2ag + 3ag cosH;,

using u = /2ag in above equation we get

O=6=

NN

If we give initial velocity as u = ./2ag ; then the particle will oscillate about A; will go up to

horizontal diameter and then return back.

(iii)  Condition for describing the complete circle

To describe the complete circle, v and T should not vanished before the point C (or before 6 = )
C

A
" At the highest point C: 6=~

-+ v2 = u? - 2ag + 2ag coso
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circle.

(iv)

= v? = u? - 2ag + 2ag cosn

= Vv =u?-4ag...(7)

AndT =1 {u?— 2ag + 3ag coso}
a
_m,o
= T = —{u°-2ag + 3ag cosn}
a

7=" [0 _5ag]...(8)
a

Case (i): When u > \[5ag i.e., u?> 5ag.
So,v>0,T>0i.e.

neither v nor T vanishes at C

So, particle will describe complete circle.

Case (iii): When u = ,/5ag

.. v>0, T =0] = string becomes loose but particle has velocity; so, it will describe the complete

Exam Point: If u > \/5ag ; then particle will describe the complete circle.

When T vanishes before v vanishes
Let at the height h,, 6 =62; T=0but v= 0 i.e. v >0 (particle has velocity)
Let h; be the height where v =0

.. here we need hy > h;y

u® _u’+ag
29 3¢
= |u>./2ag

In this case cos0; is —ve

T
0> L
)

But if we take, «/Zag <u< ,/Sag ; then the particle will start doing circular motion at 6 = 6,. But

since it has +ve velocity at v = v,, so it will keep doing the motion. Notice, here string becomes
loose (slack).

So; particle will fall down at parabolic path now.

PROJETILES
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(i)
0

Point of projection

A particle (here called; the projectile) is projected with the initial velocity u from the initial
point (point of projection) O; in the direction not vertically up ward; so this particle will
follow a curved path.

y

P(x,y)

(i) usino

(03

u cosa
“——X—>

Notice: here we take:
(i)  Air offers no resistance

(i)  The acceleration is only effective force which works downward (vertically) here,
we assumed this as constant acceleration (vertically) as —g.

(iii)  So, by above two points; we have,

d?x
. _

=0...(1
pm 6]
(. No resistance by air and so no force works in horizontal direction on path of motion)
dZ
. Wy =-9..Q2)

. . d?x
[horizontal comp. of acceleration = —-]
dt?

d2
/1

dt?

[vertical comp. of acceleration =
(iv) Interpretation based on above differential equation :
e from (1); % = constant

.. Horizontal component of velocity at any point of the motion is constant and it is u
coso at O;
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dx
so we have E=u005a:>x=u003a-t+A

Initially at O, x=0,t=0=A=0
.. Horizontal component of displacement is

Exam Point ..03)

2
from (2), we have; % =—g

= %= —gt+B; % = vertical comp. of velocity

-+ at the point O; % =using, t=0.

So, we have,

usina=0+B =B =using,

.. we have,
yz —gt+usina
dt
. dy .
Exam Point Ezusma—gt ...(4)

gives vertical comp. of velocity of the projectile at point P(x, y) at time t.

2

=>y=(u sina)-t—g% +0

-~ Atpoint0,t=0, y=0,c=0

. . 1 . . .
Exam Point |y = (usina),t —Egt2 ...(5); Vertical comp. of displacement at point P.

Now, eliminate t; from equation (3) and (5)

- from (3),
X=ucosot; t= X )
ucos«a
.. from (5),
y=usina- 1 ><X—2
cosa 2 u’costa
Exam Point
1 gx
=Xtanag——=————1...(6
y 2 U’ cos’ X ©)

This represents the path of motion (called trajectory of projectile)
"+ (6) is an equation of a parabola; So; projectile’s trajectory is a parabola.

o Point (i): Let v be the resultant velocity at point P at time t, then
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V= (%) +(3—¥j =\/(ucosa)2+(usina—gt)2

o Point (ii):

The direction of velocity here is along the tangent to the curve at that point:-
dy _dy/dt _usina—gt
dx dx/dt ucosa
horizontal line (x-axis)

Discussing above this trajectory (parabola) geometrically.

tang = ; here O is the angle which velocity vector makes with

2

y—xtana—lgx—

27 u?cos’a
1 2
Zg——— —xtana=—
Zguzcosza y
, 2u®cos’a 2u’®cos® a
X - ——— Ztana - x=——"-—"21y

g g

x? =2

. . 2 .
u?sinacosa u?sina cosa —2u%cos’a  u*sinaxcos’ a
Xx—— T X+ = Y+

g g g g9’

9 9 29

Now, if we shift the origin to the point

. 2 .
[x uzcosasma) ~ 2u2cosza[y uzsmzaj

1

(UZCOSaSina usin o
g 29

j; then we get above equation of parabola as,
, 2u®cos’«a
Xf=————y

g

¢ Vertex of parabola is:-

[uz cosasina u?sin® aj
g 29

>

[ucosoc sina. u?sin’ OLJ
g g

Vertex

e Focus:
Let S be the focus of trajectory S is a point on the axis of parabola
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u’sinacosa _ u’sin2a
9 29

-+ X-coordinate of S =

y-coordinate of s = the y-coordinate of A—% latus rectum

_usina 12u%cos’a
29 u g9

u’sina u’cos’a _ -U® 2

y coordinate of S = ! (cos’ a —sin®a) = 1 cos2a
29 29 g g

Exam Point
The coordinate of focus of parabola is

2 12
[u—sin 2a,ic;052aj
29 g

2 .
Latus rectum = —u®cos’ « ; (Let A is vertex)
g

o Directrix:-
The directrix of a parabola is a line perpendicular to axis of parabola & so it is a horizontal line (here)
The height of the direction above O (i.e above point of projection)

= the height of the vertex A above O + % latus rectum

u’sina  12u’cos’a U’ 4 il |1
= += =—/(Ccos“a+sin“a)= —
29 4 g 29 29
Exam point
u2
The directrix of parabola is y = 5 ; line

Not depending on a, so

Therefore, the trajectories of all projected in the same vertical plane from the same point with same
velocity in different directions have the same direction.

e Time of Flight: The time taken by the projectile from O (the point of projection) to the point when
the projectile is again touches the surface.

We know that

time taken in OQ

S=ut—%gt2 0 Q

for S to be zero, u = u sina, we have,

_2usina
g

u sina-t = % gt |t
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Horizontal Range
"” X = U cosot

- 2 -
R=(u003a)><2usma ; R=u sin2a
g g

. . . . T
. maximum horizontal range is at sin2a = 1= « =

2
Max horizontal range = v
g

i.e. For max. horizontal range, | =

NG

¢ Greatest Height:

Vi =u? - 2gH

-+ at greatest height; v=0
- 0= (usine)?-2gH

_uisin’a
29

H

Trajectory

T=0,v>0
at 0 = 0, : we can find cos0, here so we can find v, here
v? = u? - 2ag + 2ag cos@
7= [u?— 2ag + 3ag cosh]
a

2
mﬁz—mg sind

V2
m—=T —mgcosé
a
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maﬂz —mg sind
dt?

do .
2a— multipl
at ply

2_( dajz
V-=|a—
dt

{ Interpretate

a=m—-0

COS o = COS(m — 61)= —C0S01

A particle inside and at the lowest point of a fixed smooth hollow sphere of radius a is projected
horizontally with velocity gag . Show that it will leave the sphere at a height ga above the

lowest point and its subsequent path (trajectory) meets the sphere again at the point of projection,
Step (1): Step (ii)
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For step (1):
Mathematics:

At point P,

md—zs- mg sino
at?

2
Vs (a%—?} = 2ag coso + C;

SLALA 0=0,v= gag

" %ag=2ag><l+cl
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C1= 3ag
1= —ag.
2

VA= %ag +2ag cosh....(1)
At point P,

V2
m— = R —mg cos6
a

r="M [v? + ag cos6]

R=1p

ag + 2ag coso + ag cos0]

R=

2|3 2|3 o
N|jw N|w

[ —ag + 3ag coso]

R =3mg (% + €0s0)...(2)

Now, - at the point Q; R =0and 6 =6,
.. From (2)

0=3mg G+cos@lj

1
cosf1= —=....(3
1 5 3)

.. From (1), we have,

3 1
vi’= Zag+2ag | -=
tT W g( 2}

1
vi’= —ag...(4
rEs g...4)

*We know that the trajectory after Q is,

1 gx°
=xtano ———————....(A
y W cos @)
- v1 is known (by (4))
Now, we need to find cosa

dfor this
o= a—601
cosa = cos(z— 61)

COoSa = —C0S 01
cosa = % {using (3)}....(5)

Now, using (4) & (5) in (A); we get,
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2
y=X-~3 — 1 L...(@ {" cosa, = i, tanaﬁ}
21,1 2 1
2 2°
-+ from the figure (ii); we have
3 3

. 1 o
x=asina=a-— {.cosa= =, .. siho= —1}
2 2 2

Now, from (6),

gx-—a
y=ald. 5oLt 4
2 2 1 1
2 4
3a
= —-3a
y 2

y= _T%{-:Q is working as origin, .. below : —ve y-axis}
i.e., the trajectory or path meets the point A, because

AL=§
2
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Example 1:- A light elastic strings AB of length | is fixed at A and is such that if a weight W be attached
to
B, the string will be stretched to a length 2l . If a weight Wbe attached to B and let fall from the level

of A prove that (i) the amplitude of the S.H.M. that ensues is 31/ 4; (i) the distance through which it

falls is 21 ; and (iii)the period of oscillation is (J—gj (4\/§+7Z+23in_1 %j

Solution:- AB =1 is the natural length of an elastic string whose and end is fixed at A. Let A be the
modulus of elasticity of the string. If a weight W be attached to the other end of the string it extends the

. . o . 21 -1
string to length 2| while hanging in equilibrium. Therefore W= ZT =1. (1)

A lve.l’ @]

P ing

D
Now in the actual problem a particle of weight Wor mass I(W/ g) is attached of the free end

of the string. Let C be the position of equilibrium of this weight W. Then considering the

1 B B
equilibrium of the weight at C, we have ZW F /1I—C = WTC [ by (1), A=wW]
BC =1,
4

1
Now the weight ZW is dropped from A. It fall the distance AB(: I) freely under gravity. If v,

be the velocity gained by this weight at B, we have (Vl = «/2g|) in the downward direction.

When this weight falls below B, the string begins to extend beyond its natural length and the
tension to operate. The velocity of the weight continues increasing upto C, after which it starts
decreasing. Suppose the weight to instantaneous rest at D, where CD =a.

During the motion of the weight below B, let P be its position after any time t ,where CP = x
[Note that we have taken C as origin and CP is the direction of Xincreasing]. If T, be the

1
Zl+x

tension in the string, AP, we have T, =w acting vertically upwards.

The equation of motion of this weight w/4at P is
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w d?x x d’x  4g
— = =-W>-or—=——
g dt I dt I

1

7 —W-W —

4. g dt 4 | 4 4 | 4
(2)

Which is the equation of a S.H.M. with centre at the origin C and amplitude CD(: a). The

equation (2) holds good so long as the string is stretched i.e., for the motion of the, weight from

Bto D. Multiplying (2) by Z(dX/dt) and integrating w.r.t, t, we get (%j = 4|g X +k,
where Z is a constant.
A B, -1 and dx/dt = |[(29])
49 1 , 9
29l =——= . —1"+k ork=—gl.
I= e TS
2

Thus, we have ax :—4—gx gg| :4_9 glz_xz (3)

dt I I {16
The equation (3) gives velocity at any point between B and D. At D, x=a,dx/dt=0.
Therefore (3) gives O=4—g 3|2 —a’|ora= §|

| (16 4

3
Hence the amplitude a of the S.H.M. that ensure is ZI . Also the total distance through which

the weight falls = AB+BC+CD =1 +1l +%I =2l.

Now let t be the time taken by the weight to fall freely under gravity from A to B.

Then using the formula v =u + ft, we get \/(2gl) =0gt, or t, = /(2I/ Q).

Again let t, be the time taken by the weight to fall from B to D while moving in S.H.M. From

dx 4 .
(3), on taking square root, we get E = +\/( Ig j\/(ﬁlz —-X ], where the +IVE sign has been

taken because the weight is moving in the direction of X increasing. Separating the variable, we

( | j dx ,
get — | —=—=—====dt . Integrating from B to D, we get
49) (a2
— =X
16
J~ J‘3I/4
0 49 1/4 ( ij
16
31/4
t, = ( ! j[sm‘lﬂ [ ! ][sm‘ll sin” ( 1}}
49 4], 49 3
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) o]

Hence the total time taken to fall from Ato D =t +t,.

B ey
L g

Now after instantaneous rest at D, the weight begins to move upwards. From D to B it moves in
S.H.M. whose equation is (2). At B the string becomes stack and S.H.M. ceases. The velocity of

the weight at B is (29|) upwards. Above B the weight rises freely under gravity and comes to

instantaneous rest at A. Thus it oscillates again and again between A and D.
The time period of one complete oscillation =2 time from A to

D=2(t+t,)= {Aj—gj{ﬂ+4\/§+25in‘l%}.

Example 2:- A particle of mass M is attached to one end of an elastic string of natural length a and
modulus of elasticity 2mg, whose other end is fixed at O. The particle is let fall from A, when A is

other end is fixed at O. Vertically above O and OA=a. Show that its velocity will be zero at B, where
OB = 3a. Calculate also the time from A to B.

Solution:-
Let OC =a, be the natural length of an elastic string suspended from the fixed point O.
The modulus of elasticity A of the string is given to be equal to 2mg, where M is the mass of the

particle attached to the other end of the string.
If D is the position of equilibrium of the particle such that CD =b, then at D then tension T, in

the string OD balances the weight of the particle.
b b
mg=T,=4—=2mg.— orb=a/2.
a a
The particle is let fall from A where OA=a. Then the motion from A to C will be freely under
gravity.
If Vis the velocity of the particle gained at the point C, then V2 =0+2g.2aor V =2, /(ag)
(1)

In the downward direction
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AT #1'e!=0

'
v

O L 18]
a
a
1C vel =1
C b ‘L
b D
5 4T, ‘\'l AT,
v '}J
me
- g
B

As the particle moves below C, the string begins to extend beyond its natural length and the
tension begins to operate.

The velocity of the particle continues increasing upto D after which it starts decreasing.
Suppose that the particle comes to instantaneous rest at B .
During the motion below C, let P be the position of the particle at any time t, where DP =X

b+a
. If T, is the tension in the string OP, we have T, =4 ,acting vertically upwards.
d?x b+ x
The equation of motion of the particle at P is m? =mg-T,=mg—-14——
a
1 a+ X
2 2m d’x 2
:mg—2mg2 =— ngr 2=——gx (2)
a a dt a
Which represents a S.H.M with centre at D and holds good for the motion from C to B.
dx \’ 2
Multiplying both sides of (2) by Z(dX/dt) and then integrating, we have (aj __=8 x? +k
a

where K is a constant.
2

But at C, x=-DC=-b=-a/2 and Uk/dQZ:V2:4ag.4ag=—%§.%7+k or

9
k=—a
> g
2 2
& :—gg—x2+2agorEli _20(8 2y (3)
dt a 2 dt a\4
If the particle comes to instantaneous rest at B where DB = X;, (say) then at B,Xx=X, and
dx/dt =0. Therefore from (3), we have 0 = 2?9(% a?— ij . Given X, = ga.
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Now OB:OC+CD+DB:a+%a+ga:3a, which proves the first part of the

question.
To find the time from Ato B

. . 1.,
If t, is the time from A to C, then from S =ut + E ft

2a=0+%gtf st =2/(alg) (4)

Now from (3), we have % = \/(Z—Q
dy a

particle is moving in the direction of X increasing.

Integrating from C to B, the time t2 from C to B is given by

9 .
J \/(Z a’— ij the +IVE sign has been taken because the

Or dt

I
g

) (e,
) s (]
) 53]

The time fromAto B =t +t,
=2\/(alg) +(a/2g).[ 7/ 2+sin7(1/3)]

-1 [ai2g) (427 +2sin (1/3)]

Example 3:- Two bodies of masses M and M ' are attached to the lower end of an elastic string whose
upper end is fixed and hong at rest: M falls off; show that the distance of M from the upper end of

the string at time t is a+b+ccos{ (g /b) t} , where a is the entrenched length of the string, b and

C the distance by which it would be stretched when supporting M and M ' respectively.
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Solution:- Let OA = abe the natural length of and elastic string suspended from the fixed point O. If B
is the position of equilibrium of the particle of mass M attached to the lower end of the string and

AB =Dh, then Mg :ﬂﬁzlg (1)
a a
- \ c
Similarly M 'g =/1g (2)
Adding (1) and (2), we have (I\/I +M ') g :ﬂ% )
O *0
14
A b
¢ B
;“}i’? x| 171
v 'P
Mg
v Mg
c Tvef =0

Thus the string will be stretched by the distance b+ when supporting both the masses M
and M' at the lower end.

Let OC be the stretched length of the string when both the masses M and M ' are attached
to its lower end.

Then AC=b+c and so BC=AC—-AB=b+c—-b=c. Now when M "' falls off
at C, the mass M will begin to move towards B string with velocity zero at C..
Let P be the position of the particle of mass M at any time t, where BP =X.

b+ x
If T, be the tension in the string OP, then T, =4 —— ,acting vertically upwards.
a

2

dx b+ X
The equation of motion of the particle of mass M at Pis M e =Mg-T, =Mg —/IL
a
a a
M Ab
= Mg — Mg ——gX, [ from (1), Mg =—1]
b a
__Mg
b
d’x _ g . . . .
F:_BX (3), which represents a S.H.M. with centre at B and amplitude BC grating
o dx )’ g .2 .
w.r.t. 't', we have E :_EX +k ,where Kk is a constant.
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But at the point C, Xx=BC =cC and dx/dt=0
0=—(g/b)c®+k or k=(g/b)c?

2
(%j :g(cz—xz) or %:— g (CZ—Xz) , the —ive sign has been taken since the
dt b dt b

particle is moving in the direction of X decreasing.

dt =— (EJ L separating the variables
\\ g ‘/(cz—xz)’

Integrating t = (b/ g) COS_l(X/C)+ D, where D is constant.

Butat C,t=0 and X=cC;

t=,/(b/g) cos™*(x/c)or x= BP:ccos{J(g/b) t}.

The required distance of the particle of mass M at time t from the point O

=OP =0A+AB+ BP=a+b+ccos{«/(g/b) t}

Example 4:- A smooth light pulley is suspended from a fixed point by a spring of natural length |and
modulus of elasticity § . If mass m, and M, hang at the ends of a light inextensible string passing round
the pulley, show that the pulley executes simple harmonic motion about a centre whose depth below
the point suspension is | {1+(2M /n)} , where M is the harmonic mean between m, and m, .
Solution:- Let a smooth light pulley be suspended from a fixed point O by a spring OA of natural
length | and modulus of elasticity A =Ng. Let B be the position of equilibrium of the pulley when
masses M, and M, hang at the ends of a light inextensible string passing round the pulley. Let T be the
tension in the inextensible string passing round the pulley. Let us first find the value of T.

ot o O 10
/
/
A
A
4O A d (;
ry TB _\l LTv,
BY !
p P
™ v
B 2Mg
l / P-Mrfg
T 1
f Y
n,g
me
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Let f be the common acceleration of the particles m;, m, which hang at the ends of a light
inextensible string passing round the pulley. If m, >m,, then the equations of motion of m;, m,
are mg—-T=mf and T—-m,g=m,f

= the harmonic mean between
(m,+m,) m, +m,

Solving, we get T =

M, and M, . Now the pressure on the pulley = 2T =2Mg and therefore the pulley, which itself

is light, behaves like a particle of mass 2M .

Now the problem reduces to the vertical motion of a mass 2M attached to the end A of the
string OAwhose end is fixed at O. If B is the equilibrium position of the mass 2M and
AB =d, then the tension T in the spring OB is /1(d /|), acting vertically upwards.

d d
For equilibrium of the pulley of mass 2M at the point B, we have 2Mg =T, :iT =ng I—

2MI
== (1)
n

Now let the particle of mass 2M be slightly pulled down and then let go. If P is the position of
this particle at time t such that BP = X, then the tension in the spring OP
d+x d+x

Or d

=T, = ﬂ,T =Ng. . acting vertically upwards.
. . A d’x
The equation of motion of the pulley is given by 2M F =2Mg-T,
d+Xx d ng ng
:2Mg—mg—T—=2Mg—ngT——rx=—j—x
d?x ng
—=————X by (1
dZ 2M| by (1]

Which represent a simple harmonic motion about the centre B.
Hence the pulley executes simple harmonic motion with centre at the point B whose depth
below the point of suspension O given by OB=0A+AB=1+d

:|+2_'v”:(1+ﬂJ_
n n

Example 4:- Show that the time of descent to the centre of force, varying inversely as the square of the
distance from the centre through first half of its initial distance is to that thorough the last half as

(r+2)(7-2),

Solution:- Let the particle start from rest from the point A at a distance a from the centre of force O. If
X is the distance of the particle from the centre of force at time t, then the equation of motion of the

particle at time t is —-=—

2

H
dt? N
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Now proceeding as in, we find that the time t measured from the initial position X=a to any
point  distant X from  the centre 0] is given by the equation

2o (B

[Give the complete proof for deducing this equation here]
Now let B be the middle of OA.ThenatB, x=a/2.
Let t, be the time from Ato B, X=a/2 and t =t,, so putting Xx=a/2 and t =t in (1), we get

(Sl

Again let t, be the time from Ato O, X=0 and t =t,. So putting X=aand t=t, (1), we get

3 3
t,= || [cos0+0]= az
2u 2u) 2

Now if t; be the time from B to O, (i.e. the time to cover the has half of the initial displacement),

3
then t, =t, -t = (;—J {%—%}
Y7,

1 1
2 T+2
We have —= = 4 2 = , Which proves the required result.
2 1 _1 T—=
4 2

Example:- If the earth’s attraction vary inversely as the square of the distance from its centre and § be
its magnitude at the surface, the time of falling from a height h above the surface to the surface is

\/(G.Thj|: ’ a+ h \/7} where a is the radius of the earth.
a+h

Solution:- Let O be the centre of the earth taken as origin. Let OB be the vertical line through O which
meets the surfaces of the earth at Aand let AB=h; OA=a is the radius of the earth.
A particle falls from rest from B towards the surface of the earth. Let P be the position of the
particle at any time t, where OP = X. [Note that O is the origin and OP is the direction of X
increasing]. According to the Newton’s law of gravitation the acceleration of the particle at P is

,u/Xz directed towards O i.e. in the direction of X decreasing. Hence the equation of motion

? H
of the particle at P is ra = v (1)

Download books https://mindsetmakers.in/upsc-study-material/



https://mindsetmakers.in/upsc-study-material/

1B lvel =0

The equation (1) holds good for the motion of the particle from B to A. At A (i.e., on the surface

of the earth X=a and d’x/dt® =—g. Therefore —g=—xu/a* or u=a’g. Thus the
2 2

. a‘g
equation (1) becomes — =——.
q (1) e v
2 2
Integrating, we get (%j _ 29 +C, at B,x=0B=a+ h,%zo
dt X dt

2 2 2 2 2
0=2a g +C or C=—2a g . Thus, we have (%j = 2a°g —Za—g=2azg(l—ij.
a+h a+h dt X a+h X a+h

For the sake of convenience let us put a+h=Db. Then

2 2
dt X b b X

The equation (2) gives velocity at any point from B to A.

_ dx 29 b—x o
From (2) on taking square root, we get E =—a F —— | where the negative sign has
X

been taken because the particle is moving in the direction of X decreasing.

e

Let t, be the time from B to A. Then integrating (3) from B to A, we get

P ) By
e

Put X =bcos? @ ; so that dx =—2bcosdsin 8da

cwst(alb 0
H‘l [L)J. (a/b)cos 2bcos@sinddo
29 ) 70

a sin@
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_ [Lj EICOS_WZCoszedG
20 ) a o

cos™ f(a/b)
= 1 9[O+lsin9}
29 ) a 2 0

_ L)k [6+sin & cos z9]°°§1 (/o)
2g )a 0
b cos ™t [(a/b)

= || — E[9+cos¢9 (1—c052¢9)}
20 ) a

0

o S BRBIE
S ORORE)
g o= e e e

[replacing bby a+h]

&3 _a%hsml\/(laih}\/(a;hj\/(aih)
et [ 3)

Example 5:- If hbe the height due to the velocity V at the earth surface supposing its attraction
constant and H the corresponding height when the variation of gravity is taken into account, prove

1
that __ﬁ = — ,where I is the radius of the earth.
r

h

[ 7 —

Solution:- If h is the height of the particle due to the velocity V at the earth’s surface, supposing its
attraction constant (i.e., taking the acceleration due to gravity as constant and equal to J ), then from

the formula V> =u” + 2 fs, we have 0° =v* —2gh.
v =—2gh (1)
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BY vel =0
P e
M /xz h 4
4 x
-
Tvel =v
h
[
O

When the variation of gravity is taken into account, let P be the position of the particle at any
time tmeasured from the instant the particle is projected vertically upwards from the earth’s
surface with velocity V, and let OP = X

The acceleration of the particle at Pis u/ x? direction towards O.

2
The equation of motion of the particle at P is F = —ﬁz (2)
X

[Here the —IVe sign is taken since the acceleration acts in the direction of X decreasing]
But at Ai.e., on the surface of the earth.

d?x
X=0A=r and —=-¢

dt

From (2), we have —Q = —z/ % or = gr®
d*x r?
Substituting in (2), we have F = —g—2 . (3)
X

Multiplying both sides of (3) by 2(dX/dt)and then integrating w.rt. 't', we have

dx)* 2gr’ , . .
pry = + A, where A is a constant of integration.

X
But at the point A, X=0 A=r and dx/dt =v, which is the velocity of projection at A.
2gr?
ve=290 Ao A=v*-2gr
r

dx)  2gr?

& _ o +v2—2gr (4)

dt X

Suppose the particle in this case rises upto the point B, where AB =H . Then at the point B,
Xx=0B=0OA+AB=r+H and dx/dt=0.

2

From (4), we have 0= 29" +vZ —2gr
+
2
or v2=2i+29r=m (5)
r+H r+H
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29rH 1 r+H
Equating the values of v? from (1) and (5), we have 2gh = g or —=——
r+H h rH

1 11 1 1 1
Or —=—+—o0or ———=—.

h H r h H r
Example 6:- A particle is projected vertically upwards from the surface of earth with a velocity just
sufficient to carry it to the infinity. Prove that the time it takes to reach a height h s

1 | 2a h\*? . .
— || — 1+— —1{, where a is the radius of the earth.
3\l g a

Solution:- [Refer fig. of before example]
Let O be the centre of the earth and A the point of projection on the earth’s surface.
If P is the position of the particle at any time t, such that OP = X, then the acceleration at
P = 11/ x* directed towards O.

. . . A u
The equation of motion of the particle at P is d_ ===
X

t2
But at the point A, on the surface of the earth X=a and d’x/dt* =—g.
—g=-ula’or u=a‘gy

(1)

d*x __a'g
dt? X2
2 2
Multiplying by 2(dX/dt) and integrating w.r.t. 't' ,we get (%] _ca9
X
constant.
But when X— o0, dx/dt >0 . C=0

(d_x) 2ag o _ a,/(29) )

dt x Cdt X

[Here +ive sign is taken because the particle is moving in the direction of X increasing]

1
Separating the variables, we have dt = —«/(x) dx
a,/(2g

Integrating between the limits X=ato X=a+h the required time t to reach a height h is

a+h

a+ 2
given by t = " '_Zg j b\/7 - 29 { 3/21

sl eI 5
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Example 7:- If a particle is projected toward the centre of repulsion, varying as the distance from the

centre, from a distance a from it with a velocity a«//,l; prove that the particle will approach the centre
but will never reach it.

Solution:- Let the particle be projected from the point A with velocity a\/; towards the centre of
repulsion O and and let OA=a.

vel = a\/ﬁd
pra—

A J

o p Hx A
If P is the position of the particle at time t such that OP = X, then the P, then acceleration
on the particle is X in the direction PA.
2
X .
The equation of motion of the particle is F = uX [+Ivesign is taken because the

acceleration is in the direction of X increasing]
Multiplying by Z(dX/dt) and integrating w.r.t. 't', we have (dX/d'[)2 =ux* +C where C is

a constant.
But at A,Xzacand(dxldt)zzaz,u .C=0
(dx/dt)’ = ux® or dx/dt—=/ux (1)

[—ive sign is taken because the particle is moving in the direction of X decreasing]
The equation (1) shows that the velocity of the particle will be zero when X =0 and not before
it and so the particle will approach the centre O.

1 dx

From (1), we have dt = ————
E

Integrating between the limit Xx=a to X=0, the time t from A to O is given by

t,=— \/_Ide 1 Iogx] le(loga—logo)

=, [+ log0=—cx0]
Hence the particle with take an infinite time to reach the centre Oor in order words it will
never reach the centre O.

Example 8:- A particle moves in a straight line under a force to a point in it, varying as (distance)*?.

Show that the velocity in falling from rest at infinitely to distance a is equal to that acquired in falling
from rest at a distance a to a distance a/8.
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Solution:- If X is the distance of the particle from the fixed point at time t ,then the equation of motion
2

of the particle is F = —,uXJ'/?’ (1)

Multiplying both sides of (1) by 2(dx/dt) and then integrating w.r.t. t, we have

dx )’ 6u

If the particle falls from rest at infinitely i.e., dX/dt =0 when X =00, we have from (2), A=0
(dx/dt)’ =6/ x"
If v, is the velocity of the particle at x=a, then V12 =6ul a’’ (3)

Again if the particle falls from rest at a distance a, i.e., if dx/dt =0 when Xx=a, we have from
6u

N
a

(2) 0= 61/3+A or A=—

dx 1 1
o) ToHE

If in this case V, is the velocity of the particle at Xx=a/8, then

8} 1 2 1) 6u
V§=6ﬁ{(ﬂ _F}G”(F_FJ:F (4)

From (3) and (4), we observe that Vv, =V,, which proves the required result.

Example 9:- A particle moves in a straight lien, its acceleration directed towards a fixed point O in the

1/3
line and is alwaus equal to ,u(a3 / X2) when it is an a distance X from O. If it starts from rest at a

, Lo , , .8 6
distance a from O, show that it will arrive at O with a velocity a (6,u) after time =l )

U

Solution:- Take the centre of force O as origin. Suppose a particle starts from rest at A, where OA=a.
It moves towards O because of a centre of attraction at O. Let P be the position of the particle after

any time t, where OP = X. The acceleration of the particle at P is za**x?? directed towards O.

2
Therefore the equation of motion of the particle is F = —,uaS’3 — x4 (1)

Multiplying both sides of (1) by Z(dX/dt) and integrating w.rt. 't' ,we have

2 5/3, U3
(%j - 2#;—3 k =—61a"°x"* +k , where K is a constant.

At A, x=a and dx/dt =0, so that -6a>°a"* +k =0 or k =6ua*.

(dX/dt) —6a°*x" +6ua° —6,ua5’3( ”3—X”3) (2)

Which gives the velocity of the particle at any distance X from the centre of force. Suppose the
particle arrives at O with the velocity V,. Then at O, Xx=0 and (dx/dt) =V/. So from (2), we

have v/ —6,ua5/3( 1’3—0):6ya2 or Vv, :aﬂ/(G,u)

5/3 113
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Now taking square root of (2), we get dx/dt =—\/(6ya5’3)=\/(a”3 —X1/3) , where the —ive

sign has been taken because the particle moves in the direction of X decreasing.
1 dx
(3)

Jloue) @)

let t be the time from A to O. Then integrating (3) from A to O, we have
4 1 0 dx
dt =— |

0 \/( 6 ya5/3) a \/( a3 _ X1/3)
1 dx

T T

Put X=asin®@ so that dx=6asin>dcosfddd. When x=0, =0 and when
X=a,0=xl2.

(= 1 J~n/2 6asin5«9cosed9
6,ua5’3) a’* cos@

(&) e on- (2] L2 8 o).

Que 1:- A particle starts with a given velocity v and moves under a retardation equal to kK times the

Separating the variables, we get dt = —

space described. Show that the distance traversed before if comes to rest is V/\/E.
X

[
Lt

® < @ 9
O yy P 4

_";’

Solution:- Suppose the particle starts from O with velocity v and moves in the straight line OA. Let P
be the position of the particle after any time t ,where OP = X. Then the retardation of the particle at
P is kX i.e., the acceleration of the particle at P is kX and is directed towards O i.e., in the

direction of X decreasing. Therefore the equation of motion of the particle at P is d®x/dt? = —k x
(1)
Multiplying both sides of (1) by 2(dX/dt) and integrating w.rt. 't', we have

(dX/d'[)2 =—k x> +C, where C is constant.

At O, x=0and dx/dt =V, so that v* =C

(dx/dt)” =v2 —k x? 2)
Which gives the velocity of the particle at a distance X from O.

From (2), dx/dt =0 when V> =k x> =0 i.e., when x=v/JK .

Hence the distance traversed before the particle comes to restis V/ \/E
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Que 2:- Assuming that at a distance Xfrom a centre of force, the speed v of a particle, moving in a

2
straight line is given by the equation X = ae™ , where a and b are constant. Find the law and the
nature of the force.

2 2
Solution:- Given X = ae” . Therefore e =x/a

or bv* =log(x/a)=logx—loga (1)
: - . dv 1 dvv 11
Differentiating both sides of (1) w.r.t. X, weget 2b0v— == orv—=—=
dx X dx 2bx
, _ oodx 11 dv  d°x
The equation of motion of the particle is —-=_—.— [Notethat V—=—-]
dt® 2b x dx dt

Hence the acceleration varies inversely as the distance of the particle from the centre of force.
Also the force is repulsive or attractive according as b is positive or negative.

Que 3:- A particle of mass M moving in a straight line is acted upon by an attractive force which is
expressed by the formula m,ua2 / x? for values of X>a, and by the formula mux/a for x<a, where
X is the distance from a fixed origin in the line. If the particle starts at a distance 2a from the origin,

1/2
prove that it will reach the origin with velocity (2a) . Prove further that, the time taken to reach the

origin is (1+%7IJW.

x -
[ _ & L 3 L &
0] 0 B P A
X=a x=2a

Solution:- Let O be the origin and A the point from which the particle starts. We have OA=2a and
OB =a, so that B is the middle point of OA.

Motion from A to B:- The particle starts from rest at A and it moves towards B. Let P be its position at
any time t, where OP = X. According to the question the acceleration of P is ,ua2 / x? and is directed
towards O i.e., in the direction of X decreasing.

2 2
Therefore, the equation of motion of P is %z—ﬂi (1)
X
2 2
2
Multiplying (1) by 2(dX/dt)and integrating w.r.t 't', we have [%j _cHa +C
X

When x=2a, dx/dt =0, sothat C=-2ua’/2a.

dx) 2ua’® 2ua’ , [1 1 2a—X

— | = ————=2a°u|———|=a 2
(dt] X 2a # X 2a H X 2)
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Which gives the velocity of the particle at any position between A and B. Suppose the particle
reaches B with the velocityV,. Then at B, X=a and(dX/dt)2 =V12. So from (2), we get

v =au

=au orv, = (a,u) , its direction being towards the origin O.

a
Now taking square root of (2), we get %—— (3- ) (2a—x
) at \/ H X

takes because the particle is moving in the direction of X decreasing.

Separating the variables, we get dt = — ! ( X j dx (3)
’(alu) 2a—X

Let t, be the time from A to B. then at A, X=2a and t=0, while at B,X=a and t=t,. So

J , Where the —iVe sign has been

t 1 a X
integrating (3) from Ato B, weget | dt=-— dx .
grating (3) g jo '_(ay) La (2a—xj
Put X=2acos’éd, so that dx=-4acosdsinf@dd. When X=2a,0=0 and when
Xx=a,0=xl4.
1 ﬂ/4c_059
t=— _[ "% (~4acosOsin@)do

Ok
=\/@ ["2cos?0 deZ\/@ [ (1+cos20)de
o<

Motion from B to O:- Now the particle starts from B towards O with velocity (a,u) gained b

it during its motion from A to B. Let Q be its position after time t since it starts from B and let

OQ = X. Now according to the question the acceleration of Q is uX/a directed towards O.
d?x X

Therefore the equation of motion of Q is F - & (4)

Multiplying both sides of (4) by 2(dX/dt) and integrating w.rt. t, we have

2
(%J =-Hyip
dt

a
At B, x=a and (dX/dt)zzvlzza,u,sothat au=-au+D.or D=2au
dX ? H o y24 2 2

— | ===X"+2au==—(2a"-x 5
(dtj a # a( ) )
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Which gives the velocity of the particle at any position between B and O. Let V, be the velocity

of the particle at O. Then putting X=0 and (dX/dt)2:V§ in (5), we get
vZ=%(2a%-0)=2au or v, = f(2ax).
a

Hence the particle reaches the origin with the velocity (Zay) .

dx / .
Now taking square root of (5), we get E:— (ﬁj,/(Zaz —Xz) , Where the —IVe sign has
a

been taken because the particle is moving in the direction of X decreasing.

a dx
Separating the variables, we have dt = — (—J _—_ (6)
\\ & J(Zaz -x)

Let t, be the time from B to O Then at B,t =0 and X=a while at O, X=0and t=t,. So

integrating (6) from B to O, we get f;z dt = _«\/ﬁi] I 0%
H)t J(2a® —x

o [Sfeo 2]
G-

Hence the whole time taken to reach the origin O=t +t,
— E |:£+1:| + 3 z — i |:3_7T+1}
u)l2 u)4a u)l 4

Que 4:- A particle moves along the axis of X starting from rest at X=a. For an interval {; from the

beginning of the motion the acceleration is —xX for a subsequent time t, the acceleration is xX, and

at the end of this interval the particle is at the origin; prove that tan (,/,u'[1 ).tanh (J,ut2 ) =1

Solution:- Let the particle moving along the axis of X start from rest at A such that OA=a.
Let —uX be the acceleration for an interval t, from A to B and uX that for an interval t, from B
to O, when OB =b.

X vel =0
> <
o - B P A
vel =v
X
For motion from A to B:- the equation of motion is ? =—uxX (1)
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Multiplying both sides by 2(dX/dt) and then integrating w.rt. t,we have

(dX/d'[)2 =—ux®+ A ,where Ais a constant.
But x=a,dx/dt=0 o 0=—pad®+A or A= pa’
(dx/dt)” =p(a® —x*) 2)

or dx/ dt =/, /(az—xz)

[the —iVe sign is taken because the particle is moving in the direction of X decreasing]

1 dx
Or dt = . , [separating the variables]

Ju J@

Integrating between the limits X=a to X=Db, the time tfrom A to B is given by
4 b

1 X 1
Sy gl g
cos(\/E)zb/a and sin(ﬁ)z\/[l—cosz(\/ﬁ)}

2 _b?_
Dividing, tan /s, ) :M (3)

b
If V is the velocity at B where X =b, then from (2)

V?=pu(a®-b?) (4)
For motion from B to O:- the velocity at B is V and the particle moves towards O under the
acceleration uX.

2
X
the equation of motion is W =u (5)

Integrating (dX/dt)2 = ux’ + B, where B is constant.
But at the point B, X=Db and (dx/dt)2 =V? :,u(a2 —b2)
,u(az—bz)z,ub2+B or B:,u<a2—2b2)

dx )’
(aj = u[ X’ +(a’=20%) | or —\/_\/ (a®-20%)]
1 dx
\/; \/[xz +(a2 +2b2)]
Integrating between the limits X=Db to X=0, the time t, form B to O is given by

" ILV[H( —2b%)]
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a - 2b2 a2 - 2b2

smh \/7 50 that cosh ytz ) = \/{1+Sinh2 (\/E)}

:\/(1 a2’ \/ sz

Dividing, tanh (\/_ :(—[32) (6)
a —

Multiplying (3) and (6), we have tan (\/I) tanh <\/,u_t2) =1.

Que 5 :- A particle starts from rest at a distance b from a fixed point, under the action of a force

a
through the fixed point, the law of which at a distance X is ,u[l——} towards the point when X>a
X

2

a a

but ,u{—z——} from the same point when X <a; prove that particle will oscillate through a space
X X

5

Solution:- Let the particle start from rest at B, where OB =b, and move towards the centre of force.
Let OA=a.

vel =
‘_

B

O C

AN
N e

v

X
Motion from B to A:-i.e. when X>a.

Since the law of force, when X>a is ,u(l—a/X) towards O, therefore the equation of

motion is d_ZX__ 1—E
dt? H X

Multiplying both sides by 2(dX/dt) and integrating w.rt. t, we have

dx )
(—j = —2,u(X —alog X)+ C, where Cis a constant.

dt
Butat B, x=0 B=b and dx/dt=0. -.C=2u(b—-alogh)
dx )’

& =2u(b—alogh—x+alogx) (1)
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If V is the velocity at the point A where X=0OA=a, then from (1), we have
V?=2u(b—a-alogb+aloga).

Motion from A towards O i.e. when X<a.

The velocity of the particle at A is V and it moves towards O under the law of force

2

2
a a
,u(— ——J at the distance X from the fixed point O.
X X

2

d? a’ a
The equation of motion is —- = u| ———
dt X® X

Multiplying both sides by 2(dX/dt) and integrating, we have

(%jz = Zy[—a—z—alog X}r D where D is constant.
dt X

But at the point A,

x=a and (dx/dt)’ =v?=2u(b-a+alogh+aloga)
D=2u(b—a—alogb+aloga)+2u(a+aloga)

:Zu(b—alogb+2aloga):Zy{b+alog(a2 /b)}

2 2 2
(%j :—2y[a—+alog xj+2y{b+alog(a—]} (3)
dt X b

If the particle comes to rest at the point C, where X =C, then putting X=C and dx/dt =0in

aj a2
(3), we get 2 [— +alog c} = Zy{b +alog (Fj}
C

2 2

Or a—+a|ogc—a—+alog a_2
c (a®/b) b

c=a’/bie,OC=a’/b
Since B and C are the position of instantaneous rest of the particle, therefore the particle
oscillates through the space BC.
2 2 2
a b°-a
We have BC=0B-0OC=b-—=
C

which proves the required result.
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Motion in Resisting Medium

Example:- (1) A particle falls from rest under gravity through a distance X in a medium whose
resistance varies as the square of the velocity. If vbe the velocity actually acquired by it. v, the

velocity it would have acquired, had there been no resisting medium and V the terminal velocity,

v 1v: 1vi 1 v
Vi 2VE 23VY 234V

Solution:- If V is the velocity of the particle acquired in falling through a distance X in the given
resisting medium then proceeding as in $ , it is given by V2 =V 2 (1— g"ngNz) (1)
If v, is the velocity of the particle acquired in falling freely through a distance X, if there is no
resisting medium, then Vg =0+2gx=29gx (2)
Substituting 2gX = Vg in (1), we have v* =V? (1—efvglv2 )

_\? _1_ 1_v§ IV? +v§ INV' v IV® .
1! 21 L —

_v§/V2_v§/V4+v§/V6_
1! 2! el | LT
2 4 6 2 2 4 6
{1 1 Vo+1Vo 1 VT }orv_z i [iipendra Singf 1 okts

Example: - (2) A particle of mass M is projected vertically under gravity, the resistance of the air being
VZ

mk times the velocity. Show that greatest height attained by the particle is—[/l—log (1+ Z,)] ,
g

where V is the terminal velocity of the particle and AV the initial velocity.

Solution:- Suppose a particle of mass M is projected vertically upwards from O with velocity AV in
a medium whose resistance on the particle is mk times the velocity of the particle. Let P be the
position of the particle at any time t, where OP =X and let V be the velocity of the particle at P .
The forces acting on the particle at P are,

(i) The force mKv due to the resistance acting vertically downwards i.e. against the direction

of motion of the particle, and
(ii) The weight MJ of the particle acting vertically downwards.

Since both these forces act in the direction of X decreasing, therefore the equation of motion of
the particle of the particle at time t is

d?x d?x k
M—-=-mg—-mkv or — =—¢g|1+—Vv 1
dt? g e g( g j @
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Now V is given to the terminal velocity of the particle during its downward motion. Then V is
the velocity of the particle when during the downward motion its acceleration is zero. If the

particle falls vertically downwards, the resistance acts vertically upwards. Therefore the equation
2
of motion of the particle in downward motion is mF =mg —mkv (2)

Putting v=V and d*x/dt* =0in (2), weget 0=mg—-mkV ork=g/V

Substituting this value of kin (1), the equation of motion of the particle in the upward motion is

2 2
d—;(:— 1+ or Vﬁ:_g(\/w)’ -,-d_;(:\/@
dt Vv dx V dt dx

V vdv ' ‘
Or dx=—— , separating the variables.
gVv+v
V)-V
Or dXZ—\i & dV:_\i(l_Ljdv'
g vV+V g V +v

\
Integrating, we have X = ——{V —Vlog (V +V)} + A, where Ais a constant.
g

But initially when X =0, v=AV (given)

0= _\é{zv ~Vlog(V + V) +A or Az\é[;ﬂV ~Vlog{V (1+4)}]

X=—| AV —-v-V Iogv(l+/1)

g (V+v)

:I , giving the velocity of the particle at any position.

If h is the greatest height attained by the particle, we have v=0 when x=h.

B 2
h =\é AN -V IOQM}:%[A—IOQ(HA)]

Example:- (3) A particle of mass M is projected vertically under gravity, the resistance of the air being
mk times the velocity. Find the greatest height attained by the particle.

Solution:- Suppose a particle of mass M is projected vertically upwards from a point O with velocity
U in a medium whose resistance on the particle is mK times the velocity of the particle. Let P be the

position of the particle at any time t, where OP =X and let V be the velocity of the particle at P .
2

X
Then proceeding as in Ex.3 the equation of motion of the particle at time t is mW =—-mg—mkv or

2

d°x d
—=—(g+kv) or vd—\;:—(g+kv).

2
=V gy-—1 kv dv
g +kv k g-+kv
:_lwdvz_l 1-—9 |av.
k g+kv k g+kv
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Integrating, we get X = — I:(L [V—glog(g + kv)} + A, where A is a constant.

But initially when X =0, we have Vv=U.

O=—%{V—%|Og(g+ku)}+Aor A:%{u—%log(g+ku)}.
X=— i[v—%log(g+kv)} li[u—%log(wku)}

1 g+
:E(U_V) pa log 0

If h is the greatest height attained by the particle, we have v=0 when Xx=h.

u g g+ku)_ u g ku
h=——=-lo log| 1+—
k- k* g( g ] koK g{+gJ

Example:- (4) A particle is projected vertically upwards with velocity U, in a medium where resistance

u
, giving the velocity of the particle at any position.

is kv? per unit mass for velocity V of the particle. Show that the greatest height attained by the
g +ku®
g

article is —|0
P oK g

Solution:- Let a particle of mass M be projected vertically upwards from a point O with velocity U . If
Vis the velocity of the particle time tat a distance X from the starting point O, then the resistance

on the particle is mkv’ in the downward direction i.e. in the direction of X decreasing. The weight
mg of the particle also acts vertically downwards. So the equation of motion of the particle during its

upward motion is m‘i—:;( =—mg —mkv? or v% =—(g+kv*), { % :v%}
or % =—2k dx, separating the variables.
Integrating, 10g( g +kv?)=—2kx+ A, where Ais constant.
But initially X=0,v=U; log (g +kv?)=—2kv+log (g +ku?)
g +ku?

(1)

or 2kx =log(g+ku®)-log(g+kv?) or X_Elog o

Which gives the velocity of the particle at a distance X.
If h is the greatest height attained by the particle then at X=h, v=0. Therefore from (1),

g+ku

have h=— |
we have K 0g

Example:- (5) A particle is projected vertically upwards with a velocity V and the resistance of the air

produces a retardation kv®, where V is the velocity. Show that the velocity V ' with which the particle

1 k
will return to the point of projection is given by — =—

+—.
VIZ VZ g

Solution:- Let a particle of mass M be projected vertically upwards wit ha velocity V .
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0
If V is the velocity of the particle attime t, at distance X from the starting point the resistance

there is mkv? in the downward direction (i.e. in the direction of X decreasing).

The weight mg of the particle also acts vertically downwards.
2
The equation of motion of particle in the upward motion is mF=—mg—mkv2 or

Vy:—(g+kvz) or M:—dex.
dx g-+kv

Integrating log (g + kvz) =—2kx+ A, where A is a constant.
Initially when x=0,v=V; .. A:Iog(g+kV2)

2
log (g +kv?)=—2kx+log (g +kV?) or Xzz_lkIOQ%

If histhe maximum height attained by the particle, then V=0 where X=h
1 +kv?
- |0g g—
2k g
Now from the highest point Q' the particle falls vertically downwards.
Let y be the depth of the particle below the highest point O'after time t and V be the

h (1)

velocity there. Then the resistance at this point is MKv? acting in the vertically upwards

direction.
d?y
The equation of motion of the particle during its downward motion is mF =mg — mkv®
dv —2kv dv
or V— =g —kv’ or —-=-2kdy.
dy g-Jv

Integrating log (g - kV2) =—2ky + B, where B is a constant.

At the highest point O', y=0,v=0; ..B=logg.
1 g
log(g—kv®)=—-2ky +lo =—1Io .
9(g—kv*)=—2ky+logg or y=— 95k
If the particle returns to the point of projection O with velocity V', then v=V "when y =h

1 9
h=—log—>— 2
2K Og_kv? 2
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2
g-+kVv ilog g

From (1) and (2), equating the values of h, we have Elog

2k T g-kv*®
or AtKV°__ @ or (9+kV?)(g—KV )= g% or —gkV + gkV2 KV ? =0
g g-kv*
Dividing by kgV 2V 2, we have —iz-i-iz_K:o or iz:iz"‘E-
VERRVER VZ V2 g

Que:- (1) A particle falls from rest in a medium in which the resistance is kv® per unit mass. Prove
that the distance fallen in time t is (1/k)logcosh {t (gk)} .
If the particle were ascending, show that at any instant its distance from the highest point of its path

is (1/k)logsec{t k), where t now denotes the time it will take to reach its highest point.
( g g ghest p

Solution:- When the particle is falling vertically downwards, let X be its distance from the starting

point after time t. If Vis its velocity at this point, then the resistance on the particle is mkv?in the
vertically upwards direction. The weight mg of the particle acts vertically downwards.

2
X
The equation of motion of the particle during the downward motion is mF =mg — mkv?

d?x dv d’x dv
or_zzg_kVZ Ol’azg—kv2 |:'.'an:|

Or —dv =dt e

g —kv? o k[(g/k —v2]:dt

Integrating, we get —t+C tanh™ v
, . )
< Jla7¥) (9/k)
. C,=0

But initially when t=0, v= 0;

=t or tanh™

1 a_ v v _ / V. —tan
Wtan —'gT m_t (g/k) orm_t h{t (gk)}

e smh{ smh{t (gk)}

V= (kj cosh{ \/7 \/QT cosh{ (gk)}

\/(g_k).sinh{t (gk)}
cosh{t (gk)}

Integrating, we get X = (1/ k). log cos h{t (gk)} +C

or dx=(1/k). dt.

But initially when t =0, x=0.
=(1/k).logcosh0+C, =(1/k).logl+C, =0+C,.
C,=0.
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X= (1/ k) logcosh {t (gk)} , which proves the first part of the question.

Vertically Upwards Motion:- When the particle is ascending vertically upwards, let y be its
distance from the starting point after time T . If V is its velocity at this point ,then the
resistance is Mkv? in the downward direction. The weight mg of the particle also acts

vertically downwards.
2

v_ —mg — mkv?

The equation of motion of the particle during the upwards motion is m

T2
d?y dv d’y dv
or dez_(g+kV2) Orﬁz_(g‘Fsz) |:'.'F25:|
dv dv
or — _—qT —dT.
r g+kv? o k[(g/k)+v2]

1

. 1 4V
Integrating, we get — tan =-T+C,.
N TN T

Let t, be the time from the point of projection to reach the highest point. Then T =t, v=0
0=-t+C or C =t

1 \Y; \Y;
tan*

\/(g/k) \/(g/k) ’_(g/k) =(t1—T) (gk)
or - =tan{(t,~T)[{aK)} or v= = (%} fi-T) )] o

=t,—T or tan™

(9/k)
If h is the greatest height attained by the particle and X be the depth below the highest point
of the point distant y from the point of projection, then Xx=h-y (2)

Also if t denotes the time from the distance y from the point of projection to reach the
highest point, then t =t, =T
(3)
From (2), we have dx =—dy and from (3), we have dt =—dT .
dx dy
dt T

dx | g
From (1), we have P (E] .tan {t«/(gk)}

g Iogsec{tﬂ/(gk)}
Integrating, we get X = (—J +C,
Lk (9k)

[ _ftan x dx =logsec x}

x=(1/k)|ogsec{t (gk)}+C2

But from (2) and (3), it is obvious that X=0, when t =0.
0=(1/k)logsec0+C, or C,=0
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X =(1/ k)Iogsec{t (gk)} , which gives the required distance X of the particle from the
highest point.
Que:- (2) A particle projected upwards with velocity U in a medium, the resistance of which is

gu"2 tan? o times the square of the velocity, ¢ being a constant. Show that the particle will return

. .. . . . 1 COso
to the point of projection with velocity UCOS« after atime ug ™ cota| a +log—— |.

1-sina

Solution:- Upward motion. Let a particle of mass M be projected vertically upwards from the point
O with velocity U. If V is the velocity of the particle at time t at the point P such that OP = X ,then
resistance at P is mgu‘2 tan’ oz .v* acting in vertically downward direction. Since the weight mg of

the particle also acts vertically downwards, therefore the equation of motion of the particle during its

2 2
X _ d<x _
upwards motion is mF =-mg—mgu~tan’ a.v’ or pre —gutan® a(u2 cot’ o +v2) .
Ol
y P )
amgu tan® oL.v’
19
ymg
tP
x ymg ] .
Yy mgu * tan’ a0 v?
0
dv _
From (1), we have Vd—:—gu 2tanZOt(uZCO'[ZOhLVZ) or
X
2 2
u®cot® o 2vadv
dx =— ———
29 V- 4+u“cot’ o
2 2
u°cot’ o
Integrating, we have X = —2— log (V2 +u?cot? a)+ A ,where A is a constant.
g
Butat O,x=0 and v=u.
2 2 2 2
u‘cot” o u°cot’ o
0=-——1log(u’cosec’ar)+ A or A=————log(u’ cosec’a).
2 2 2 2
u°cot’ o u°cot’ o
X =—————log(v? +u” cot’ &) + ———log (u* cosec’r)
29 29
u’cot’ o u®cosec’a
Or Xx= log——————.
29 V- +u-cot’ o

If the particle rises to the point O" such that OO'=h, thenat O',x=hv=0.

_ucot’a log u?cosec’a u’cot’a

h =
29 uccot® a 29

logsec® o (2)
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To find the time from O to O, the equation (1) can be written as
dv ) u®cot® o dv
—=—qu Ztanza(U2C0t2a+V2) or dt =— — -
dt g u‘cota+v

Let t, be the time from O to O'. Then from O to O',t varies from 0 to t, and V varies

2 g2 0
t u‘cot° o _ Vv
from Uto 0. Sointegrating from Oto O' we get .[01 dt=- " {tan ! : }
g.ucotx Ucolox

u

u u
Or t, =—cote.tan™" tan a~%cota (3)
g g

Downward Motion:- Now from the highest point O", the particle falls downwards. If Y is its
distance after time tfrom O' and if V is the velocity there, then the total resistance at this
point is mgu’z tan? a.v?, acting vertically upwards.

The weight Mg of the particle acts vertically downwards.

The equation of motion of the particle during its downwards motion s
d? d?

m—2y =mg —mgu tan® r.v* or —2/ =gu’tan’ a(u2 cot? a—vz) (4)
dt dt

u’cot’a  —2vdv

29  u’cot?’a—V?

or v — g tan’ (U’ cot’ @ —v? ) or dy =-
dy

2 2
u“ cot
Integrating, we have Yy = _2—05 log (u2 cot’ & —V2)+ B
g
Butat O',y=0 and v=0
2 2
u“ cot
Oz——alog(uzcotza)+B
29
- u?cot’ u?cot’
Substituting, we get Y =———0Il0g—————
2 u“cot”a—v

If v, is the velocity at the lowest point O, thenat 0,y = h,v= V).

u®cot’ u’®cot’ o
h= Jlog—— 5 (5)
29 u®cot’ a—v,
u?cot’ o , u’cot’a u®cot’ o
From (2) and (5), we have ———.logsec” a = dog—— > or
29 29 u‘cot” o —v,

2 2

u®cot’ o
sec’ @ =——————— or u’cot’ @ —Vv; = U’ cot’ «.cos’ «

u“cot®a—v;

or V) =u’cot’ ar.(1-cos’ @) =u’cot’ asin’ e =u’cos’a or V,=UCOSx ie. the
particle returns to the point of projection with velocity V, =UCOS « . This proves the first part

of the question. Again to find the time from O' to O, the equation (4) can be written as

2
gu™ tan’ & (u’ cot® @ =v*) or dt =L cot? . av

av_
dt g u?cot’ ¢ —v?
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Let t, be time from O' and O.Thenfrom O' to O, t varies from Oto t, and V varies from

0 to Ucosar. Therefore  integrating  from O'to O, we have

_[ ® it = u cot? ax . .[VV::CM dv

0 g u’cot? @ —v?
2 2 ucosa
(o weota | ucota+v
* 2gucota | ucota-v |
u ucota +ucosa
=—cotea.| log —logl
29 ucota—ucosa
1+sin 1+sina).(1-sina
:icota.logﬂ:icota.log( : ) : )
29 1-sina 29 (1-sine).(1-sina)
u (1-sin*a) cosa )
=—cota.log-—— =5 =—cota.log| ———
29 (1-sine)” 29 1-sina
u cosa
=—cota.log————.
g 1-sina
cos
The required time =t, +t, =£C0t0{a+ log —a}
g l1-sina

Que:- (3) A heavy particle is projected vertically upwards in a medium the resistance of which varies

as the square of velocity. If it has a kinetic energy K in its upwards path at a given point, when it
2
passes the same point on the way down, show that its loss of energy is KK where K ' isthe limit
+

to which the energy approaches in its downwards course.

Solution:- Let a particle of mass M be projected vertically upwards with a velocity U from the point
O. If V is the velocity of the particle at time t at the point P such that OP = X, then the resistance

at P is m,uv2 acting vertically downwards. The weight Mg of the particle also acts vertically

downwards.
O!

uQ

0P

—— & —|
3
)
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d?y

The equation of motion of the particle during its upwards motion is mF =—-Mg — m,uv2

d?x T
—=-g|1+=Vv 1
or e g( +g ] (1)

It H isthe maximum height attained by the particle, then at the highest point O' the particle
comes to rest and starts falling vertically downwards. If Y isthe distance fallenin time t from
O' and V is the velocity of the particle at this point, then the resistance is m,uv2 acting

vertically upwards.
2
The equation of motion of the particle during its downwards motion is mF =mg—muv

2

y 2
or —-=0g—uv (2)
e g-—u
If V is the terminal velocity of the particle during its downward motion, then d?y/dt*> =0
2 M _ 1
when v =V .Therefore 0=0g -V or —= vz (3)
g

d® 1
From (2), the equation of motion of the particle in downward motion is q y =g (1——V2J

d -2 2
or V—VZ%(VZ—VZ) or ZVd\i =——%d .

dy V Ve-v Vv

. 2 WA B 29 \

Integrating log (V -V ):—Wy+A,where A is a constant.
Butat O',y=0 and v=0; .'.A=IogV2
Iog(Vz—vz):—\Z/—%erlosz or %:Iogvz—log(vz—vz) or

V2 V?

=—Io 4
y 29 g[Vz—sz( )
If v, is the velocity of the particle at the point Q at distance h from O', when falling
2 2
downwards, then from (4) hzv—log % (5)
29 Ve —v;
Upward Motion:- When the particle is moving upwards from O, then from (1) with help of
d?x V2 dv 9 (/2 .2

3), th tion of motion of th ticleis —=—-0|1+— V—=——(V°-v
(3), the equation of motion of the particle is e g( szor o V2( )

2v dv 29

=——dx,
RRVENTEIRRVE
. 2 2 2g .
Integrating, |Og(V +V ):—\FX+ B, where B is a constant.
2 2 .2
Butat O,x=0,v=u; .‘.B:Iog(V2+u2)or x=V—Iog % (6)
29 V°+u
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If v, is the velocity of the particle at the point Q in its upward motion then at
Q,x=0Q=H-h,v=v,

V2 V2 2
H-h=|— |log| -, (7)
29 Ve +v,
Since H is the maximum height attained by the particle therefore putting Xx=H and v=0
v? VZ+u?
in(6), weget H=—I0 8
(6), we g 29 9[ Ve (8)

Substituting the values of h and H from (5) and (8) in (7), we get
Vi, VZqu? Ve V? V2. VZ4u?

0 ——— 0g———— =—log————
29 ERVE 29 gVz—vl2 29 gV2+v22

(V2 +u?) V2 4y V2
or Iogv—z—log =log

VZ+v) V22

or 10g VZ+u®) (VP+V2 —IogL
v VvEeu? V2 V2

VZivi V2

or

or (V2+v3) (V2 =7 )=V or (V2 +v3 )V? = (VZ =V} v} =V* or

V2o Vo2
V2V?

e (%)
Ve +y,

Now the kinetic energy K of the particle at the point Q at depth h below O" during its

1 1
upwards motion = Emvj and K.E at Q during downward motion Emvf.

1
Also the terminal K.E.ZEmVZ.
. 1 2 1 2
The required loss of K.E.=—mv; ——my;
2 2
1 ViV 2
=Em|:v22—vz2 2] substituting for V; from (9)
+V,
1 2
2
4 mvzj 2
m v ( K 1
_E'VZ 2 _ = 1 2 1 = K where K':EmV2= limiting K.E. in the
-|-V2 *mV2+*mV2 +
2 2 7
medium.

Que:- (4) A particle is projected vertically upwards. Prove that if the resistance of air were constant

and equal to (1/ n)th of its weight, the time of ascent and descent would be as (n —1)1/2 : (n +1)1/2
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Solution:- Suppose a particle of mass M is projected vertically upwards from O with velocity U . Let

P be its position at any time t, where OP = X and let Vbe the velocity of the particle at P . The

forces acting on the particle at P are,

(i)
(ii)

The weight Mg of the particle acting vertically downwards and

The forces of resistance (1/ n) Mg acting vertically upwards.

2
The equation of motion of the particle at time tis md?=—mg——mg or
n

d?x n+1
ox_(nea),

. . dv n+1
The equation (1) can be written as E =——10
n

dt:—(ijidv. 2)
n+l)g

Let O' be the point of maximum height i.e. the velocity of the particle becomes zero at O".
Let OO'=h and let t be time of ascent from O to O'. Then from (2), we have

j%t:—(ijlj(’dv:( j [lavort, _(LJE. 3)
0 n+l)g “u n+1 n+l)g

. . : dv n+1
Again the equation (1) can also be written as Vd_ =—|——|0
X

n
dx=—(ij1cdv.
n+1l)g

Integrating from O to O', we get Ioth:—(n 1) Jvdv or h= ( 1 jl u”
+

n+l)g 2
During the downwards motion from O' to O, the equation of motion of the particle | s
d?x g (n-1
—2_g-2=| == |q. (4)
dt? 97 ( n jg
. . dv. (n-1
The equation (4) can be writtenas V—=| —— |(
ds n
n \1

dx = (—J— vdv (5)

n-1)g

Suppose the particle reaches back O with velocity U, . Then integrating (5) from O' to O we

2 2
getI dx = ( j I vdv or h= [ n ]1 ! or (leu— ( n jl u—
n-1 n-1)g 2 n+l)g 2 n+l)g 2

Substituting for h or U} = (n_lju or U, n-t u
n+1 n+1

dv 1
Now the equation (4) can also be written as E = (—j g
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dt =(L)ldv (6)
n-1)g

Let t, be the time of descent from O' to O. Then integrating (6) from O' to O, we get

e R o A G N
%'J(n_l)nJ(nu) '
iz[ n jgng(n—l)J(nH) (-3

t, n+l)g un (n+1)

Hence t:t, = (n—l)ll2 :(n +1)1/2.
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Constrained Motion

Example 1:- A heavy particle of weight W, attached to a fixed point by a light inextensible string,
describes a circle in a vertical plane. The tension in the string has the values mW and nW
respectively, when the particle is at the highest and lowest point in the path. Show that n=m+6.

Solution:- Let M be the mass of the particle. Then W = Mg i.e, M =W /g
Proceeding as in 2, in tension T in string in any position is given by

T= %(u2 —2ag +3ag cos 9) [See equation (5) of 2 and deduce it here]
W o

or T =—(u’ —2ag +3ag cos ) (1)
ag

Now MW is given to the tension in the string at the highest point and nW that at the lowest
point. Therefore T=mW when @=mand T =nW when &=0. So from (1), we have

mwW =ﬂ(u2—2ag +3ag cos ) given m:i(uz—Sag) (2)
ag ag
W, . 1/
And NW =—(u —2ag +3ag cosO) given n :—(u +ag) (3)
ag ag

Subtracting (2) from (3), we have n—m=6 or n=m+6.

Example2:- A heavy particle hangs from a fixed pointO, by a string of length a. It is projected
horizontally with a velocity Ve =(2+«/§)ag; show that the string becomes slack when it has

described an angle oS ™ (—1/ \/5)

d’s .
Solution:- The equation of motion of the particle are mF =-mgsiné (1)
V2
And m— =T —mg cosé (2)
a
Also s=aé (3)

2

From (1) and (3), we have a = (ZTZQ =—gsind

Multiplying both sides by 2a(d¢9/ dt) and then integrating w.rt. t, we have
. _(,doY . N
Ve = aa =2agcosd+ A, where A is the constant of integration.

Butinitially at A, =0 and V* =(2+J§)ag )
(2+J§)ag =2agcos0+A, given A=./3ag
v2 =2ag cos 0 ++/3ag .

m
Substituting this value of V2 in (2), wehave T = —[Vz +ag cos 0]
a

2[3\/@ +3ag cos H} (4)
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The string becomes slack when T =0.

from (4), we have 0= m[, /3ag +3ag cos 9]
a

cos@=-1/+/3 or 9=cos*1(—1/\/§).

Example 3:- A particle inside and at the lowest point of a fixed smooth hollow sphere of radius is a
7 3
projected horizontally with velocity [E ag] . Show that it will leave the sphere at a height Ea

above the lowest point and its subsequent path meets the sphere again at the point of projection.

7
Solution:- A particle is projected from the lowest point A to a sphere with velocity U = ’(E agj to

move along the inside of the sphere. Let P be the position of the particle at any time t where are
AP =s and ZAQP =6. If V be the velocity of the particle at P, the equations of motion along the

d’s :
tangent and normal are mF:—mg sin@ (1)
V2
And m— =R —-mgcosé (2)
a
s=ad (3)

2
From (1) and (3), we have a Ff =—gsing.

P4

Multiplying  both  sides integrating, we  have

2
V2 :(a(:j—fj =2agcosf+ A

But at the point A, #=0 and v=u= /(%ag} .

7 3
A=—-ag-2ag=—ag.
,d0-2a9=-2ag
, 3
v =§ag+2agcose (4)

Now from (2) and (4), we have R = g[vz +ag cos 0] = EB ag + 2ag cos @ + ag cos 9}
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=3mg ( +C0s 0)
. . 1
If the particle leaves the sphere at the point Q, where 8 =0, then 0=3mg (EJFCOS Hlj or
cosé, = —% f ZCOQ =cc, then oc= 746,
1
coscc=cos(7 —6,) =—cosé, =3

a 3a 3
AL=AO0O+0OL=a+acosc=a+ > = 7i.e. the particle leaves the sphere at a height Ea

above the lowest point.
If v, is the velocity of the particle at the point Q, then putting V=V, R=0 and 8=6, in

1 1
(2), we get Vf =-—agcosé, = —ag.(—zj = Eag , the particle leaves the sphere at the point

1
Q with velocity Vv, = (E agj making an angle oc with the horizontal and subsequently

describes a parabolic path.
The equation of the parabolic trajectory w.r.t QX and QY as co-ordinates axes is

1
y=xtanoc-——————— g’ of y= xAB-———— Lo COSm:% and  so

2 V2 cos® o 51 ag 1
sin oc:J(l—cos2 oc) =/3/2 . Thustan oc= a\/§]
or szB_—%Z (6)
From the figure, for the point A, X =QL =asin o«c= a/3/2 and y=—LA=—ga
If we put x=a\/m in the equation (6), we get Yy = a£ \/_—ﬂ 3i:3?a—3 —ga

Thus the co-ordinates of the point A satisfy the equation (6). Hence the particle, after leaving
the sphere at Q, describes a parabolic path which meets the sphere again at the point of
projection A.

Example 4:- Find the velocity with which a particle must be projected along the interior of a smooth
vertical hoop of radius a from the lowest point in order that it may leave the hoop at an angular
distance of 30° from the vertical. Show that it will strike the hoop again at an extremity of the
horizontal diameter.

Solution:- Let a particle of mass M be projected with velocity U from the lowest point A of a smooth
circular hoop of radius a along the interior of the hoop. If P is its position at any time t such that

ZAOP =@ and arc AP =X, then the equations of motion along the tangent and normal are
d’s .

m?:—mg sin@ (1)
S
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2
And mV—:R—mgcose (2)
a

Also x=aé (3)
d?e .
From (1) and (3), we have aF =—gsind

X
I ) do . .
Multiplying  both  sides by ZaE and then integrating, we have
doy’
V2 = (a—] =2agcosd+ A
dt
But the point A, d=0,and V=U A=u2—2ag
v? =u’® —2ag + 2ag cos & (4)

From (2) and (4), we have —R = m(V2 +ag cos (9)
a

m
=—(u* - 2ag +3ag cos 0
a
If the particle leaves the circular hoop at the point Q where & =150°, then °

33

Ozm(uz—Zag +3ag c0s150°) or 0=u’-2ag—-—-ag.
a 2

1 1/2
u= [Eag (4+3\/§)}
Hence the particle will leaves the circular hoop at an angular distance of 30° from the initial
1/2
1
velocity of projection is U = [E ag (4+ 3\/5)} .

Again OL = 0Q cos30° = a(\/3/2)and QL =0Qsin30° =a/?2.

If v, is the velocity of the particle at the point Q , then V=V, when & =150°. Therefore from
1 1 1 2
(4), we have V2 = 539 (4 + 3J§) ~2ag +2ag cos150' = - ag~/3 sothat v, = (E agﬁ}

1 12
Thus the particle leaves the circular hoop at the point Q, with velocity v, = E(«/Sag ) atan

angle 30° to the horizontal and subsequently it describes a parabolic path.
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The equation of the parabolic trajectory w.r.t. QX and QY as co-ordinates axes is

ox’ X ox’ X 4x°

9 @ - or y:___
2v2c0os?30° 3,1 2 J3 3J3a
1 2.51/3ag.(\/3/2)

y = xtan30° — (5)

For the point D which is extremity of the horizontal diameter CD ,we have
1
x:QL+OD:Ea+a:3a/2,y:—LO:—a\/3/2.

Clearly the co-ordinates of the point D satisfying the equation (5). Hence the particle after
leaving the circular hoop at Q, strikes the hoop again at an extremity of the horizontal

diameter.
Example 5:- A heavy particle hangs by an inextensible string of length a from a fixed point and is then

5a
projected horizontally with a velocity (ZQh) f ? > h > a, prove that the circular motion ceases

1
when the particle has reached the height §(a + 2h) . Prove also that the greatest height ever reached

(4a—h)(a+ 2h)2
27a? '

Solution:- Let a particle of mass M be attached to one end of a string of length a whose other end is

by the particle above the point of projection is

fixed at O. The particle is projected horizontally with a velocity U= (ZQh) from A. If P is the
position of the particle at time t such that ZAOP =@ and arc AP =S§,then the equations of motion

2
of the particle are mgz—mg sin@ (1)
V2
And m— =T —mg cosé (2)
a
Also s=ad (3)

d?e .
From (1) and (3), we have a? =—gsing

A mg cosO

n;g sin0 mg

d doy’
Multiplying both sides by Zad—f and integrating, we have v* = (aaj =2agcosé+A.

But at the point A, @ =0 ,and v:u—«/(2gh).

A=2gh-2ag
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v? = 2ag cos @ + 2gh — 2ag (4)
From (2) and (4), we have T = m(V2 +ag cos 6?) = m(?:ag cosf+2gh—2ag)
a a
If the particle leaves the circular path at Q where @ =6, ,then T =0when 6=6, .
2h-2a
3a

m
0=—(3agcosé, +2gh—2ag) or cos6, =—
a
5
Since Ea >h>a ie. 5a>2h>2a, therefore C0SH,is negative and its absolute value is

1
<1.So0 6, isrealand E;z<¢91<7r.

Thus the particle leaves the circular path at Q before arriving at the highest point.
Height of the point Q above A.

=AL=AO+OL =a+acos(zr—60)=a-acosb,

2h-2a 1

3 = g(a+ 2h) i.e. the particle leaves the circular path when it has reached a
a

=a+a

1
height §(a+ 2h) above the point of projection.
If v, is the velocity of the particle at the point Q, then from (4), we have

v/ = 2ag cos b, +2gh - 2ag

(2h-2a)
= 2ag.~—“% 1 2g(h-
ag = g(h-a)

My
—2g(h-a)|1-=|==g(h-a).
9( a)( 3j ;9(h-2)
If ZLOQ =X, then oc=7—6,.

2(h-a)
3a

cosoccos(z —6,)=—cos6, =

2
Thus the particle leaves the circular path at the point Q with velocity v, = {5 g (h —a)}

at an angle COSoczCOS_l{Z(h—a)/?:a} to the horizontal and will subsequently describe a

parabolic path.
Maximum height of the particle above the point Q

visin?x V2 1 4 2
= H =-1 29 :g(l—cosz m):g(h—a){l—@(h—a) :|

1
=7 (h—a)[Qa2 —4(h’ —2ah+a2)]
h—a 1
= %[5&2 +8ah—4h’ | = 72 (h—a)(a+2h)(5a—2h)

Greatest height ever reached by the particle above the point of projection A.

~AL+H :%(a+2h)+ 271a2 (h—a)(a+2h)(5a—2h)
=Tlaz(a+2h)[9a2+(h—a)(5a—2h)}
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_ 271a2 (a-+2h)[ 4a®+7ah—2h’]

(a+2h)(a+2h)(4a—h)= (4a—h)(a+2h)’.

2782 27>
Example 6:- A particle is free to move on a smooth vertical circular wire of radius a. If is projected
from the lowest point with velocity just sufficient to carry it to the highest point. Show that the

reaction between the particle and the wire is zero after a time , /(a/ g) .log (\/§+«/6)

Solution:- Let a particle of mass M be projected from the lowest point A of a vertical circle of radius
a with velocity U which is just sufficient to carry it to the highest point B .
If P isthe position of the particle at any time t such that ZAOP =@ and arc AP =5, then
the equations of motion of the particle along the tangent and normal are

d?s i
m—-=-mgsiné 1
at2 g (1)
V2
And mE:R—mgcosa (2)
Also s=aé (3)

2

From (1) and (3) we have a % =—gsind

B

A mg cos0
mgsin0 Mg

Multiplying  both  sides by 2a(d¢9/ dt) and integrating, we  have

2
v2 :(a%j =2agcosf+ A

But according to the question V—0 at the highest point B, where 8 =r.
0—-2agcosz+ A or A=2ag

2
V2 = (a%—fj = 2ag cos @+ 2ag (4)
m, , m
From (2) and (4), we have R = E(V +ag cos 9) = g(2a+3ag +c0s6) (5)

If the reaction R=0 at the point Q where =6, then from (5), we have

Ozg(Zag +3agcosé,) or cosg, =-2/3 (6)

2
From (4), we have (ai—fj = 2ag (cos@+1) = 2ag.2cos’ %6 = 2ag cos’ %0 .
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1
?j—f =2\(g/a) COSEH' the positive sign being taken before the radical sign because &

1 1
increases as t increases or dt =—1/ al/g)sec=6 do
2 ( g) 2

Integrating from 6=0 to @=6, the required time tis given by

1 ) 1
t=§«/(a/g) L}_Osecze de
1 1
ort= (a/g){log(sec—eﬂan—eﬂ
2 27 )],

1 1
Ort:«/(a/g)Iog(sec;&’ﬁtanij (7)

From (6), we have 2c0s? %91 1= _g

6

or 2coszl91 o212
2 3 3

or 0052%01 =% or secZ%H1 =6

SEC%@Z\/E and tan%é?l: (seczéﬁl—ljzﬂf(G—l):\/g

Substituting in (7), the required time is given by t = (a/ g) Iog(\/5+\/§).

Example 7:- A particle is placed on the outside of a smooth vertical circle. If the particle starts from a
point whose angular distance is o from the highest point of circle, show that it will fly off the curve

2
when cos @ = ECOSOC .

Solution:- A particle slides down on the outside of the arc of a smooth vertical circle of radius a, string
from rest at a point B such that AOB=cc. Let P be the position of the particle at any time t where
arc AP =s and ZPOA =6 . The forces acting on the particle at P arc: (i) weight mg acting vertically
downwards and (ii) the reaction R along the outwards drawn normal OP .

If Vbe the velocity of the particle at P, the equations of motion of the particle along the
tangent and normal are

d?s )
m—-=mgsiné 1
a2 g (1)
V2
And mgzmg cosfd—-R (2)
Also s=aé (3)

d?e .
From (1) and (3), we have aF =gsind
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A

O

mg cosO

mg sin0

C mg

Multiplying both sides by 2a(d¢9/ dt) and integrating,

2
V2 :(a%—fj =-2agcosfd+ A

But initially at B, & =cc and V=0 .. A=2agcosc
v = 2ag cos «c —2ag cos &

we

(4)

From (2) and (4), we have R = m(—v2 +ag cos 0) = m(—2ag cosoc +3ag cos )
a a

=mg (—2cosoc +3cos )

At the point where the particle files off the circle, we have R=0

From (5), we have 0=mg (—ZCOSOC +3C€0S 9) or Cosd = %COSoc .

have

Example 8:- A particle is projected horizontally with a velocity (ag /2) from the highest point of

the outside of a fixed smooth sphere of radius a@.Show that if will leave the sphere at the point whose

vertical distance below the point of projectionis a/6.

Solution:- Let a particle be projected horizontally with a velocity /(ag /2) from the highest point A

on the outside of a fixed smooth sphere of radius a. If P is the position of the particle at any time t
such that ZAOP =@ and arc AP =S, then the equations of motion along the tangent and normal

are
d?s .
m—-—-mgsiné@ 1
e g (1)

2
Vv
And m—=mgcosd—-R (2)
a
Here V is the velocity of the particle at P
Also s=ad (3)
2

From (1) and (3), we have a(:iTZH =gsind

Multiplying  both  sides by 2a(d¢9/ dt) and  integrating,
2
V2 (ad—ej =_2agcosé+ A
dt
But initiallyat A, @=0 and v= (ag /2)

ag/2=-2ag+ A or Azéag +2ag =gag
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V2 = g ag — 2ag cos @ (4)
From (2) and (4), we have R = g(ag cosf -V )= S(Sag cos@—gagj
Oor R=mg (3cos€—gj
If the particle leaves the sphere at the point Q where 8 =6, then putting R=0and =6,
in (5), we have 0 =mg (3005 6 —gj or cosf, =5/6
Vertical depth of the point Q below the point of projection A.
=AL=0OA-OL=a-acosd, = a—§a =la.
6 6
Example 9:- A particle slides down a smooth cycloid whose axis is vertical and vertex downwards,

starting from rest at the cusp. Find the velocity of the particle and the reaction on it at any point of
the cycloid.

Solution:- Here particle starts at rest from the cusp A.

The equations of motion of the particle along the tangent and normal are
2

S .
m— = —mgsin (1)
e gsiny
V2
And m— =R —mg cosy (2)
Yo,
For the cycloid s =4asiny (3)
2
From (1) and (3), we have —- = _9
dt 4a
S . ds . . 2 ds ’ g .2
Multiplying both sides by 2— and integrating, we have V- =| — | =——S“+ A
dt dt 4a
But initially at the cusp. A, s=4aand v=0
g 2
A=—.(4a) =4a
4a ( ) g
v2=—9 sy 4ag =9 (4asiny) +4a
4a g 4a( W) g
=4a(1-sin’y)
or v’ =4agcos’ (4)
Differentiating (3), p =ds/dy =4acosy
Substituting for vZand Yol in (2), we have
2 2
Vv 4ag cos
R=m—-+mg cosw:m.u+mg cosy
Yol 4acosy
Or R =2mg cosy (5)

The equations (4) and (5) give the velocity and the reaction at any point of the cycloid.
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Example 10:- A particle oscillates cusp to cusp of a smooth cycloid whose axis is vertical and vertex
lowest. Show that the velocity V at any point P is equal to the resolved part of the velocity V at the
vertex along the tangentat P i.e. v=V cosy .

Solution:- The velocity V of the particle at any point P of the cycloid is given by v=2 (ag)COSz// .

[From equation (4)]
If V is the velocity of the particle at the vertex, where =0, then

V =2,/(ag)cos0=2,/(ag).

v =V cosy =the resolved part of V along the tangent at p . Hence the velocity V at any
point P is equal to the resolved part of the velocity V at the vertex along the tangent at P

Example 11:- A heavy particle slides down a smooth cycloid starting from rest at the cusp, the axis
being vertical and vertex downwards, prove that the magnitude of the acceleration is equal to ¢ at

every point of the path and the pressure when the particle arrives at the vertex is equal to twice the
weight of the particle.

Solution:- Here the particle starts at rest from the cusp A.

The equations of motion of the particle are
2

m—-=-mgsin (1)
at2 gsiny
2
Vv
And m— =R —mg cosy (2)
yo,
For the cycloid, s =4asiny (3)
2
From (1) and (3), we have —- = —is
dt 4a
. . . . 2 (ds ’ g .2
Multiplying both sides by Z(dS/dt) and integrating, we have V° = pm = —4—S +A
a
But initially at the cusp A, s=4a and v=0. .. A=4ag.
2 g .2 g . 2 .2
V: =——s"+4ag =——/(4asin +4ag =4ag(1-sin
1a g=-7-( w) +4ag = 4ag ( v)
or v’ =4ag cos’ (4)
Differentiating (3), p =ds/dy =4acosy
Now at the point P, tangent acceleration = d*s/dt> =—gsiny [From (1)]
_ v’ 4dagcos’y
And normal acceleration = — = ————= (g COSy/
p  dacosy
The resultant acceleration at any point P .
= \/_ [tangent. Acceleration)? +(normal acceleration)? ]
. 2 2
= \/[(—g siny)” +(gcosy) } =g
4ag cos’ i
From (2) and (4), we have R =m.—————+mg cosy = 2mg coS iy (5)

4acosy
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At the vertex O, v =0. Therefore putting 7 =0 in (5), the pressure at the vertex =2mg =
twice the weight of the particle.
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Example 12:- Prove that for a particle, sliding down the arc and starting from the cusp of a smooth
cycloid whose vertex is lowest, the vertical velocity is maximum when it has described half the vertical
height.

4y
A
Ry P,
s hd mg cosy
7 ¥
mg sy

Solution:- Let a particle of mass Mslide down the arc of a cycloid starting at rest from the cusp A. If
P is the position of the particle at any time t, then the equations of motion of the particle along the

d’s .
tangent and normal are mF:—mg Siny (1)
2
\"
And m— =R —mg cosy (2)
yo,
For the cycloid, s =4a siny (3)
2
From (1) and (3), we have —-= —is
dt 4a
. . . . 2 _(ds ’ g .2
Multiplying both sides by Z(dS/dt) and integrating, we have V° = pr = —4—S +A
a
But initially at the cusp A, s=4a and v=0 .. A=4ag.
V2 = dag - s? = 4ag — - (4asiny )’ = 4ag (1—sin?
9 g -~ (4asiny)” = 4ag(1-sin*y)
= 4ag cos’ i

Oorv=2 (ag)cosw, giving the velocity of the particle at the point P its direction being
along the tangent at P . Let V be the vertical component of the velocity V at the point P .

Then V =vcosy (90" —y) =vsiny =2,/(ag) cosy. siny
orV = (ag)sin 2y, which is maximum when sin 2y =1lie, 2y =z/2ie., w =xn /4.
When w =714, s=4asin(z/4)=2+2a

Putting S =2+2a in the relation s* =8a’/8a=a.
Thus at the point where the vertical velocity is maximum, we have Yy = a. The vertical depth
fallen upto this point.

=(they-coordinates of A) —-a=2a—-a=a= %(Za)

= half the vertical height of the cycloid.

Example 13:- A particle oscillates in a cycloid under gravity, the amplitude of the motion being b, and
period being T . Show that its velocity at any time t measured from a position of rest is

27h . (27rtj
—SIn| —
T T
2

S .
Solution:- The equation of motion of the particle are mW =-mgsiny (1)
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2
And mV—:R—mgcosw (2)

Yo
For the cycloid, s =4asiny (3)
2
9
From (1) and (3), we have — =——35. (4)
dt*>  4a

Which represents a S.H.M.
The time period T of the particle is givenby T —27/ (g /4a)

Or T=4r (a/g) (5)

ds
Multiplying both sides of (4) by ZE and integrating, we have

2 (dsjz g
Vi=| —| =—=<5s"+A (6)
dt 4a

But the amplitude of the motionis b . So the actual distance of a position of rest of the vertex
Oisbie., v=0 when s=b.

from (6), we have A= ib2
da
_— . . 2 ds’ 0 (k2 2
Substituting this value of A in(6), we have V" =| — | = —(b -S ) (7)
dt 4a

(—ive sign is taken because the particle is moving in the direction of S decreasing)

or dt=-2 (a/g)ﬁ

Integrating t = 2 (a/ g)COSfl(S/b)+ B
But t=0when s=D. . B=0
t=2,/(a/g)cos™(s/b)

el ]

Substituting this value of S in (7), we have V* = %{bz —b? cos? {% (g /a)H
g 2 ain2 t
==Db — /
13 sin {2 (9 a)}
b [t
Orv=— / — /
rv 2w/(g a)sm{2 (9 a)}

From (5), \J(g/a)= i

The velocity of the particle at any time t measured from the position of rest is given by

b 4r . (t 47[) (27[bj . [27rtj
V=—.—SIN| —.— |=| — |SIN| — |.
2 T 2 T T T
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Que 1:- A particle is projected along the inside of a smooth vertical circle of radius a from the lowest
point. Show that the velocity of projection required in order that after leaving the circle, the particle

1
may pass through the centre is —ag | +/(3+1).
yp g qf(z gj \/( )

Solution:- Let the particle be projected from the lowest point A along the inside of a smooth vertical
circle of radius a, with velocity u. If P is the position of the particle at time t such that ZAOP =60

and arc AP =S5, the equations of motion of the particle along the tangent and normal are
2

S .
Mm—-=-mgsiné 1
at2 g (1)
X «
V2
And mng—mgcose (2)
Also s=ad (3)

d?e .
From (1) and (3), we have aF =—gsinéd

do doy’
Multiplying both sides by Zaa and integrating, we have V* = (aa =agcosd+A.

But at the lowest point A, =0 and v=u - A—u®-2ag
v? = 2ag cosf+Uu’ —2ag (4)
m m
From (2) and (4), we have R = E(v2 +agcosd) = g(u2 —2ag +3agcosd) (s)

If the particle leaves the circle at Q ,where € = ,, then from (5),
0= m(u2 —2ag +3ag c0s 4, ) or cos6, :_(uz—ﬂJ
a 3ag
If ZBOQ =oc, then c=7—-6,.
u®—2ag
3ag
If V, is the velocity at Q, then putting V=V,, R=0and 8=6, in (2), we have

cosoc=Cos (7 —6,) =—cos 6, =

V; =—ag cosé, =—ag cos(7— oc) =ag cos o«
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Thus the particle leaves the circle at Q with velocity v, = (agCOSoc) at angle

2
[ U —2a . . . ,
oc= CO0S 1[3—gj to the horizontal and subsequently it describe a parabolic path.
ag
The equation of the parabolic trajectory w.r.t. QX and QY as co-ordinates axes is
2 2

sztanm_L (6)

y=xtanoc - 2v2 c0s? oc 2ag cos? o

[~ v} =agcos |
The coordinates of the centre O w.r.t. QX and QY as coordinates axes are given by
X=QL=asino and y=—LO =-acosox
If after leaving the circle at Q the particle passes through the centre O(aSin oc —aCoS oc),
then the point O lies on the curve (6)
ga’sin® o

—acoSoc=asin oc.tan oc — -
2ag cos” o«

sinfoc sin? oc

_sinfoctcos’oc 1

r =
2c0s?oc  COSoc COS oc COS oc
or sin? oc=2¢0s? oc or 1—c0s% oc=2¢0s? o¢ or 3€0s% oc=1

or cos?oc=1/3or cosoc=1/+/3

u?-2ag 1 {
b .+ COSoc=

3ag 3
or u® —2ag =./3ag

or u? :(2+J§)ag :[#jag :a?g(l—i-\/f)_’)z

[

Thus the particle will pass through the centre if the velocity of projection at the lowest point

(%agj (1+\/§)2.

u® —2ag
3ag

Que 2:- A particle tied to a string of length a is projected from its lowest point, so that after leaving
the circular path it describes a free path passing through the lowest point. Prove that the velocity of

projection is /(% agj .

Solution:- Refer figure of before example
Take R=T (i.e., the tension in the string)
Let a particle of mass M be attached to one end A of the string OA whose other end is fixed
at O. Let the particle be projected from the lowest point A with velocity U. If the particle
leaves the circular path at Q with velocity v, at an angle oc to the horizontal, then proceed

u’ —2ag]

as in before example to get v, = (ag COSOC) and COS oc:( 3
ag
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After Q the particle describes a parabolic path whose equation w.r.t. the horizontal and
vertical line QX and QY as co-ordinate axes is

2 2
X X
Zg = Xtan oc — 9

y =Xtanoc — 5 —
V, COS” oc 2ag cos” oc

(1)

[~ vf =agcos |
The co-ordinates of the lowest point A w.r.t. QX and QY at co-ordinates axes are given by
x=QL =asino and y=—LA=—(LO+O0A)
=—(acosc+a)=—a(cos o +1)

If the particle passes through the lowest point A[asin oc,—a(cos o +l)] , then the point A
lies on the curve (1).
2 ain?
. a SN~ oc
—a(cosaoc +1) =asin o tan o _9—3
2ag Ccos” oc

sinfoc  sin® o
r T = +C0S oc +1
2C0S° oc  COS oc
_sin? oc +c0s” oc +C€0S oc 1408 oc
COS oc COS oc

Or sin? oc= 2cos? oc(1+ cos oc)

Or (1—cos2 oc) =205’ oc (1+€0s )

or (1—cosoc)(1+cos o) = 2c0s’ o (1+cos x)

Or 1—cos oc= 2¢0S? oc [ 1+cos oc]
Or 2¢0s? oc +c0s oc —1=0 or (ZCOS oc —1)(COS oc +1) =0
Or 2cosoc —1=0 ['.‘COSoc +1 0]

1
Or COSoc= —

2

2 —_—
Or uz—zﬂ:1 -.-com;ﬂ
3ag 2 3ag

3 7 7
Oru’=2ag+—ag=—a u= || —a
r g > g > g or (2 gj

Que 3:- Show that the greatest angle through which a person can oscillate on a swing, the ropes of

which can support twice the person’s weight at rest is 120°. If the ropes strong enough and he can

swing through 180° and if V is his speed at any point, prove that the tension in the rope at that point
3mv?

is where M is the mass of the person and | the length of the rope.

Solution:- Let U be the velocity of a person of mass M at the lowest point. If V is the velocity of the
person and T the tension in the rope of length | at a point P at an angular distance @from the
lowest point, then proceed as in to get.

vZ =u®-2lg+2lgcosé (1)
And T =Im(u2 —2lg+3lgcoso) (2)
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Now according to the question the ropes can support twice the person’s weight at rest.
Therefore the maximum tension the rope can bear is 2mg . So for the greatest angle through

which be such that T =2mg when 6=0.

Then from (2), we have 2mg =Im(u2 —2lg+3lgcos0) or 2gl =u’® —2Ig+3lg or u* =g

Now from (1), we have v* =Ig—2lg+2lgcosé=2lgcosd—Ig = Ig(Zcosﬁ—l)
If v=0at §=6,,then 0=gl(2cosg, 1) or cos 6, :%.Therefore, 6, =60".

Thus the person can swing through an angle of 60° from the vertical on one side of the lowest
point. Hence the person can oscillate through an angle of 60° +60° =120°.

Second part:- If the rope is strong enough and the person can swing through an angle of 180° i.e.,

throug

Que 4:

h an angle 90° on one side of the lowest point, then v=0 at § =90°.
from (1), we have 0 =u®—2Ig+21gcos90° or u® =2lg.

Thus if the person’s velocity at the lowest point is (2 Ig) then he can swing through an angle

of 180°.
2

\"
Then from (1) ,we have v = 2lg—2lg+21gcosé or cosé = e R
g
Therefore from (2), the tension in the rope at an angular distance @ where the velocity is V,
2 2

m Vv 3mv
isgivenby T =—| 2lg—2Ig+3lg .— |= :

| 2lg| 2l

- A heavy bead slides on a smooth circular wire of radius a. It is projected from the lowest point

with a velocity just sufficient to carry it to the highest point, prove that the radius through the bead in

time t

will turn through an angle 2tan™ [sin h{t (g /a)” and that the bead will take an infinite

time to reach the highest point.

Solution:- Refer figure of before example.

g

d’s .
The equation of motion of the bead are mF =—-mgsiné (1)
V2
And m— =R —-mgcosé (2)
a
Also s=ad (3)

2
From (1) and (3), we have a Ff =—gsind

Multiplying  both  sides by 2a(d¢9/ dt) and  integrating, we  have

2
a%] =2agcosé+ A
dt

But according to the question at the highest point V=0 i.e., when 8 =7, v=0
0=2agcosz+ A or A=2ag
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2
V2 :(az—fj = 2ag + 2ag cos & = 2ag (1+cos0)
1 de 1
=2ag .2c0s* =0 or a— =2./(ag).cos= 8
J 70 oraty = 2(ag).cos
1 1
or dt:E (a/g).secEQ do

. . L 1 e 1
Integrating, the time t from Ato P is given by t = qu(a/ g). IO SeCEH deo

:%J(a/g).z{log(tan%wrsecgeﬂ

=/(a/ g){Iog(tan%&%ec%ej—logl}

= f(alq). {Iog{tan%0+ (1+tan2%6’jH

=/(a/ g).sinh‘{tan%@}

[ sinh x= Iog{x+ (1+ XZ)H

orty(g/a)= sinh‘{tan%@j

0

0

1 .
or tanzesmh{t (g/a)}

0=2tan™" [sinh {t (9 /a)”

Again the time to reach the highest point B while starting from A.

1 % 1
:E«/(a/g) I&:OSECEH do
1 1 1
_Eﬂf(a/g).Z[Iog(tan?%rsecz@ﬂo
1 1
=(a/g).|log tan§7z+sec§;r —log(tan 0+sec0)

= /(a/g) .[logeo—logl]=c0

Vi

Therefore the bead takes an infinite time to reach the highest point.

Que 5:- A particle attached to a fixed pegO by a string of length |, is lifted up with the string
horizontal and then let go. Prove that when the string make an angle @ with the horizontal, the

resultant acceleration is ¢ (1+ 3sin’ 9) .

Solution:- Let a particle of mass M be attached to a string of length | whose other end is attached to
afixed peg O . Initially let the string be horizontal in the position OA such that OA=1. The particle
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starts from A and moves in a circle whose centre is O and radius is |. Let P be the position of the
particle at any time t such that ZAOP =@ andarc AP=5.
The force acting on the particle at P are: (i) its weight mg acting vertically downwards and
(ii) the tension T in the string along PO.
The equations of motion of the particle along the tangent and normal at P are

2
mgzmg cosd (1)
2
And mVT:T—mgsinH (2)
Also s=16 (3)

d?o
From (1) and (3), we have | prey =gcosd

mg cos0

mg

Multiplying  both  sides by 2l (dt9/ dt) and  integrating, we  have

2
d_@j =2lgsing+A.
dt

<
i)
Il
-

But initially at the point A, #=0,v=0. A=0
vZ =2lg sin@ (4)
The resultant acceleration of the particle at P

= \/_ [(Tangential acceleration)?+(Normal acceleration)?]

d2%sY) (VY viov?
= — |+ = *.» Normal accel = — =—
dt | p |

- _(g cos 6’)2 +(M)T

_ g\/[l—sin2 0+ 4sin? 6’] = g\/(1+33in2 0)

Que 6:- A particle attached to a fixed peg O by a string of length |, is let fall from a point in the
horizontal line through O of a distance | cosé from O; show that its velocity when it is vertically

below O is \/[ZQI (l—sin2 0)] .

Solution:- Let a particle of mass M be attached to a string of length | whose other end is attracted to
a fixed pegO . Let the particle fall from a point A in the horizontal line through O such that

OA=1cos@ . The particle will fall under gravity from A to B, where OB =1.
OA=1cos® and OB =1, therefore Z/AOB=0 and AB=Ising.
The velocity of the particle at B .
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=V = \/(29. AB) = \/(2gl sin 19) , vertically downwards.

0 A
(0] /
T LB
v]
C DA cos0
- o
b
mg cosd me mgsind

As the particle reaches B, there is jerk in the string and the impulsive tension in the string
destroys the component of the velocity along OB and the component of the velocity along
the tangent at B remains unaltered i.e., the particle moves in the circular path with centre
O and radius | with the tangential velocity V cos@ at B.

[Note:- In the figure write D at the end of the horizontal radius through O]

If P is the position of the particle at any time t such that Z/DOP =¢ and arc DP =s, then

the equations of motion of the particle along the tangent and normal are

d?%s
m—- = mg CoS 1
predlllt ¢ (1)
2
And mv =T —mgsing (2)
Also s=I1¢ (3)

d’¢
From (1) and (3), we have | ] gcos¢

2
Multiplying both sides by 2I (d¢/ dt) and integrating, we have v° = (I Z—fj =2lgsing+ A
But at the point B, ¢ =6 and v=V cosé
A=V?cos”@—2lgsin @ =2glsind.cos* @—2Igsin @
=-2lgsin 9(1-cos” @) =-2lgsin’ ¢
vZ =2lgsing—2lgsin® @
When the particle is at C vertically below O, we haveat C ¢ = 7/ 2. Therefore the velocity

V at C is given by V° =2Igsin%7z—2Igsin39=2Ig(1—sin39)

The required velocity V = \/[2 Ig (1—Sin3 9)] .

Que 7:- A particle slides down the arc of a smooth cycloid whose axis is vertical and vertex lowest,
starting at rest from the cusp. Prove that the time occupied in falling down the first half of the vertical
height is equal to the time of falling down the second half.

Solution:- Let a particle start from rest from the cusp A of the cycloid. Proceeding as in the last example

ds )’
the velocity V of the particle at any point P attime t, is given by V2 = (aj = ‘%(ma2 — 82)
a
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ds 1 .
Or a:—E(g/a) (16a2—32) , the —Ive sign is taken because the particle is moving in the

direction of S decreasing.

L—ZJ(a/g)ﬁ (1)

The vertical height of the cycloid is 2a. At the point where the particle has fallen down the
first half first half of the vertical height of the cycloid, we have y =a. Putting Yy =ain the

equation s° =8ay, we get s> =8a® or s=2/2a.

Integrating (1) from S=4a to S=2+/2a, the time t, taken in falling down the first half of
the vertical height of the cycloid is given by

t =—-2(alg) jzf\/md% (alg) cos‘l(s/4a)]jf_a

2/2a 1
=2,/(al L= —cos™ |=2y/(al t—-—cos'1l
(a g)[cos 1 Cos } (a g){cos 7 cos }

1
2,/(al g)[ = O} P z\(alg)
Again integrating (1) from S=2+/2a to s=0, the time t, taken in falling down the second

ds
half of the vertical height of the cycloid is given by t, = —24 a/ g _[ ﬁ
a

0
S s
=2(alg .{cos‘l(—ﬂ =2.(alg [cos‘lo—cos‘l—}
@r9) o] _=2\eT9) =
1 1
al T—=7r|= al
2y( 9)[ 2 } S(alg)
Hence t, =1, i.e. the time occupied in falling down the first half of the vertical height is equal

to the time of falling down the second half.

Que 8:- A particle is projected with velocity V from the cusp of a smooth inverted cycloid down the

arc, show that the time of reaching the vertex is 2,/(a/ g) tanfl[ (4ag)/V ] :

Solution:- Let a particle be projected with velocity V from the cusp A of a smooth inverted cycloid
down the arc. If P is the position of the particle at time t such that the tangent at P is inclined at

an angle i to the horizontal and arc OP =5, then the equations of motion of the particle are
2

m—-=—-mgsin 1
S = -mgsiny &
V2
And m— =R —-mg cosy (2)
Yo
For the cycloid s =4asiny (3)
ZS g
From (1) and (3), we have —=——5
dt 4a
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ds)’
Multiplying both sides by Z(dsldt) and integrating, we have v* = (aj = —4&82 +A
a

But initially at the cusp A,s =4a and (dS/dt)2 =V?2.
VZ=—(g/4a).16a’+Aor A=V’ +4ag.

ds 1 4a
or =5 (g/a)\/{g(v2 +4ag)—sz}

(—ive sign is taken because the particle is moving in the direction of S decreasing)

ordt=-2,(alg). ds

\/[(48./ g)(V? +4ag)-s° |

Integrating, the time t; from the cusp A to the vertex Ois given by

t=-2(alg) .[50_4a\/ s

[(4a/g)(vz+4ag)—sz}

:24/(a/g) Io4a\/ ds

[(4a/g)(V2+4ag)—sz]

=2 (a/g){sinl ¥ ]

2\/(a/g)(V2+4ag) 0
=2 (a/g).sinl{ﬁ}
=2/(alg) .0 (4)

=sin™* —2 (29)
Where 0 = {m}

2y(ag)
J(V?+4ag)
- 4a V
cosd = /(1-sin @) = {1_V2+?1ag}=\/(v2+4ag)
,_sino _2(ag) _(4ag)

cosé V Vv
or 6?=tan*1[ (4ag)/V]

From (4), the time of reaching the vertex is = 2 (a/ g).tan* [« /(4ag) /V]

We have Sin@ =

fan
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Que 9:- A cycloid is placed with its axis vertical and vertex upwards and a heavy particle is projected

from the cusp up the concave side of the curve with velocity (29h) ; prove that the latus rectum of

the parabola described after leaving the arc is (h2 /2a) , Where a is the radius of the generating

circle.

M MEgcosy

l mg siny/
mg

v }?
Solution:- Let a particle of mass M be projected with velocity (29h) from the cusp A up the
concave side of the cycloid. If P is the position of the particle after any time t such that arc OP =5,
the equations of motion along the tangent and normal are m(dzs / dtz) =mgsiny (1)

And m(v*/ p)=R+mg cosy (2)

[Note that here the reaction R of the curve acts along the inwards drawn normal and the
tangential component of mg acts in the direction of S increasing]

For the cycloid s =4asiny

2
S
From (1) and (3), we have —- = g

2 )

dt 4a
Multiplying  both  sides by Z(dS/dt) and then integrating, we have
vzz(ds/dt)zz(g/4a)sz+A.

Initially at A, s=4a and v= (29h)

A=2gh-4ag.
g .2 g . 2
v =25+ 2gh—4a=—2(4asiny) +2gh-4a
4a g 4a( W) g g
= 4agsin’® y + 2gh—4ag = 2ag —4ag (1—sin2 z//)
=2gh—4ag cos® i (4)
From (2) and (4), we have R = L(Zgh —4ag cos’ 1,//)— mg cos
4acosy

[+ p=ds/dy =4acosy|
___mg
~ 2acosy
___mg
~ 2acosy
mg

:m[h—%coszw] (5)

(h—2acos® y )—mg cosy

[h—2acos® y —2cos’ y |
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Suppose the particle leaves the cycloid at the point Q where ¥ =/, . Then putting ¥ =y,
and R=0in (5), we have h—4acos’y, =0

or cos’y, =h/4a (6)

If A is the velocity at Q, then from (4), we have
V; =2gh—4agcos’y, =2gh—4ag.(h/4a)=gh

The particle leaves the cycloid at the point Q with velocity v, = (gh) inclined at an angle

to the horizontal given by (6). Subsequently it describes a parabolic path.
The latus rectum of the parabolic path describes after Q

:(2/ g) (Square of the horizontal velocity at Q)
=(219)(Vi cos’y,)=(2/g)(gh)(h/4a)=h*/2a.

Que 10:- A particle is placed very near the vertex of a smooth cycloid whose axis is vertical and vertex
upwards, and is allowed to rum down the curve. Prove that it will leave the curve when it has fallen
through half the vertical height of the cycloid.

Also prove that the latus rectum of the parabola subsequently described is equal to the height of the

cycloid.

1
Also show that it falls upon the base of the cycloid at a distance (Eﬂ = \/gj a from the centre of the

base, a being the radius of the generating circle.

Solution:- Let a particle of mass m, starting from rest at O, slide down the arc of a smooth cycloid
whose axis OM is vertical and vertex O is upwards. Let P be the position of the particle at any time
t such thatarc OP =s. Ifthe tangentat P makes anangle i with the horizontal, then the equations

of motion of the particle along the tangent and normal at P are

AY'

» X

mg siny

J 7
M
A
vY
2
m—-=mg sin 1
2
And m— =mgcosy —R (2)
o
Also for the cycloid s =4asiny (3)
ZS g
From (1) and (3), we have —-=—5
dt® 4a
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ds)
Multiplying both sides by Z(dS/dt) and integrating, we have v* = (Ej = is2 +A.

4a
Initiallyat O, s=0 and v=0 A=0
g - g . 2 .2
vi=—"5%=_"=(4asin =4agsin 4
13 4a( v) gsin®y (4)

2

m 4ag sin’
From (2) and (4), we have R =mgcosyy ——— =mg COS!//—mM

4acosy
[+ p=ds/dt=4acosy]

:ﬁ(cos2 w —sin’y)

cosy
If the particle leaves the cycloid at the point Q, thenat Q, R=0. From R=0, we have

mg
cosy
or siny =cos’y or tany =1
Or tany =1or y =45

(cos®y —sin”y ) =0

1 .
Thus at Q, we have i =45". Putting W:Z” in s=4asiny, we have at Q,

s:4asin%7r=4a.(1«/§)=2\/2a. Again putting S=2+2a in s*>=8ay, we have at

Q,y=s’/8a=8a’/8a=a.
Thus OL=a. Therefore LM =0OM —OL =2a—a=a. Hence the particle leaves the
cycloid at the point Q , when it has fallen through half the vertical height of the cycloid.

Second Part:- If v, is the velocity of the particle at Q , then from (4) we have V12 = 4agsin® 45° = 2ag

Hence the particle leaves the cycloid at Q with velocity v, = (2ag) in a direction making

an angle 45° downwards with the horizontal. After Q the particle will describe a parabolic

path.
Latus rectum of the parabola describe after Q
1
2v7 cos”® 45° 2289 .
= = = 2ai.e. the latus rectum of the parabola subsequently
g g

described is equal to the height of the cycloid.

Third Part:- The equation of the parabolic path described by the particle after leaving the cycloid at
Q with respect to the horizontal and vertical line QX' and QY ' as the coordinate axes is

2
X
y = Xxtan (—45")—%(—45") [Note that here the angle of projection for the motion of the
2V, cos
projectile is —45"]
2
X
Or y=-X X
2.2ag 1
2
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2

Or y——x—X— (5)
2a

Suppose after leaving the cycloid at Q the particle strikes the base of the cycloid at the point
T Let (X, yl) be the coordinates of T with respect to QX' and QY ' as the coordinates
axes. Then X, =NT and y, =—OQN =-a.

But the point T (Xl, —a) lies on the curve (5).
2

e X

2a
or X} +2ax, —2a*=0.

—2a4_r\/{4a2 ~4.1.(-2a’ )}
2.1
Neglecting the —iVe sign because X, cannot be negative, we have X, = NT = —a+a\/§.

X1:

The parametric equations of the cycloid w.r.t. OX and OY as the coordinates axes are
X= a(6?+sin (9) y= a(l— COSH) , where @ is the parametersand € =2y .

1
At the point Q, where ¥ = Zﬂ', we have

x=LQ=a(2y+sin2y)= a{Z.%;wsin(Z.%ﬂH = a(%nﬂj

The horizontal distance of the point T from the centre M of the base of the cycloid.
=MT =MN +NT =LQ+NT

:a(%ﬂ+lj+(—a+a\/§):(%7r+\/§)a.
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Central Orbits:

Mindset Required:- At least once, try to decode the whole article, to have clear understanding
* Resembling 3-4 eq. (Out of above step)

¢ Apply the eq. ; get the problem solved.

Central force:-

A force whose line of action always passes through a fixed point.

Here P is a central force
Central orbit of earth; under the central force

(gravitational force due to sun)

Practically:
/— Central orbit of carth;
Notice! under the central force
(gravitational force
Here, clearly, the force is radial only means; force is applied only due to sun)

along the radius vector.

Exam point

A central orbit is always a plain curve

0
fixed point

Clearly, the motion is along radial vector only.

So, the radial acceleration & the radial vector will be in same direction.

d’r .
o
a°F o, 07 47 ([ dF dF_
dt? dt ~ dt “dt dt
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dar .
= = x I = a constant vector = h (say)

So we have,

r.(ﬂxrjzr-ﬁ:r-ﬁzo (1)
dt

from (1), we can say U is always perpendicular to a constant vector; so the central orbit is a
plane curve.

Differential eq. of a central Orbit

Radial acceleration:-

dr  (deY
— —r| = | =-P..(1
dt? {dtj @)

* negative sign will come into eq. because P is opp. to F .i.e., in the direction of decreasing
‘r

¢ Radial acceleration
» Transverse acc. will always be zero here.

Transverse acceleration:

1g(rz dej =0 ..(2)

rdt\ dt
= i(rzﬂj:o
dt dt
2 d

_te =h (say) = constant| ....(3)

Just a representation to get a differential equation easier to remember.

—=—=hu’

dt r?

pso, OV _“1du_ L du do_Ldu, o du
dt u“dt u° do dt u° do do

Similarly

d?r d?u do , ,d%U
- - h——"=—hu-—
dt? do? dt do’

Substituting these in (1), we have
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d?u P ,
= (dez + UJ = 22 Exampoint (1)

Which is called the differential equation of central orbit.

o In pedal form:- In eq. involving p & r; where p is the perpendicular distance from O upon the
tangent at point P’

Note:- from differential calculus, we have

2
T
p° r° r'\de r
du -1 dr . du)  1(drY
_:_2_ |_e., —_ __4_
de r° do de r'\do

Differentiating w.r.t 6,

—2dp du .du d’u _du d®u
- ea¥: Geetlsy |11.Z
p’de ~ do de do* del  do

“1dp _du P
p’do de hiu?

j%ﬂ{ii)(i)
p*dr do (r?de)\ hu?
ldp_1 P
p*dr r®h%u?

{using Exam point (1)}

{..d_uz—_lﬁ}
“do r?de

2
1d_P o |p_hdp

p3 ar _F; = p3 ar Exampoint

Rate of description of sectoral area:-

The Qis very closer to P;
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At lastwe’lltakeQ > P

O(r+6r, 0+380)

Sectoral area = area APOQ

.OP . 0Qssin £POQ

r(r+&r)sin 66

Nl N

Rate of description of sectoral area

. sectoral area POQ
= lim
5t—0 ot

00

- lim Z (r+60) (sind0) /5022
>0 2 ot

g 5 limy, o (sin80) /80 =1

r*—=~h
dt

pdo o, L0, ) {-.-Ezv}
ds dt ds dt

But from diff. calculus:

do . . ]
r = =sin ¢, where @ is the angle between the radius vector & the tangent,
S

L do o
r E=rsm(p=p {~p=rsing)

Putting r? % =pin (1) we have

h : , N’ 1
Vv =—| Exam point .. Vi — v — (Remember)
p p p
1 1 1(dr)y , (duY
But —22—2+—4 — =U"+| —
p° r° r'\do do
So, we have,

du Y’
V2 =h? {uz +[—j } ; This eq. gives the linear velocity at any point P’ of the path of a central

orbit.
Summary:
If orbit (given)

e.g. elliptic
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e.g.

Hyperbolic
Parabolic
Elliptic

IF =1+ecosB

1 =}+Ecose (1)
r ||

Now, we’re interested in discussing

1. Law of force; o ¢@(r)!l

2. velocity at any point

3. time period
du P
de? h?u?

2
v? =h?|u? +(d_uj
do
h* dp
p* dr
h
V=—
p

Case (1):- Elliptic orbit:-

(focus as the centre of force)

I—=1+ecose

(i) Law of force:-

where P is the central acc. assumed to be attracted

diff. eq. of central orbit is

(2)

Gu,, P

de? h?u?

_I—ecose+%+$cosez P >
h2(|1+fcosej
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2
P:h_xi
| r?
_ M 1
P—r—2:> POCF

i.e., acceleration values inversely as the square of distance of particle from the focus.
Also, the force is attractive because P is +ve.

(1) Velocity

()]
(GO G)

h?| 1+e? _lcos®
T T

V2— E_l_ez
H r |

If 2a and 2b are the length of major & minor axes of ellipse, then

b2 a (1—e2)
| = semi laltus rectum= — = ———=
a a

=a(l-¢?

1-¢®
|

e
H r a

Which gives the velocity of the particle at any point on the path.

-1
a

The above eq. shows that the magnitude of velocity at any point of the path depends only on the
distance from the focus & that it is independent of the direction of motion

Also, Vo< —

I1l. Periodic Time :-
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h
T( 2) = The whole area of ellipse
2

Rate of description of sectoral area

g=nab {~+ area of ellipse =t ab}
. 2mab [ B = ]
Jil
3/2
Te 2nab T 2na -

2 ’
,/ub Yo
a

Case (ii) :- For hyperbolic orbit:-
(centre of force being the focus)

In case of hyperbola:e>1

2 a*(e*-1
Also, | = b M =a(e’-1)
a

a

Proceeding as previous case, we get

(i) [P - B , Where h? =/

r
2 —
(i) |v? = HF+ € 1} (e>1)
r I
or v =u[z+1} Note that |v? >Q
r a r
Case (iii):- e = 1in this case,
u
P =r—2
g =2t
r
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Velocity from infinity e at rest
This phrase; “velocity from Infinity” (in connection with central orbit) is used for:

That the velocity a particle will acquire if it is moved from rest at infinity in a

straight line to that point under the action of an attractive force in accordance 1Q Position of particle at
time ¢; Let v is the

with the law associated with the orbit. IP -
velocity here
At Q; 2T
dv .': !
v—=-P : ‘o i
dr
vdv =—Pdr T

Let V be the velocity acquired in falling from rest at infinity to a point distance

‘a’ from the centre of force O

.V[vdv = —j Pdr

0

%VZ = —iPdr: V2=—2iP-dr

Angular momentum or momentum of momentum

) do . : ]
The expression r? o is called the angular momentum about the pole O of a particle of unit mass

moving in a plane curve.

, do

r = h = constant

= Angular momentum of a central orbit is conserved.
The Inverse square Law (Planetary motion)
**(Just a special case: central orbit)
Motivation:-
. Gmlzm2

r

1
Fo —
r.2

Kepler’s Law

Motion under inverse square law:-

The path of the particle which is moving so that its acceleration is always directed towards a fixed point

Tl

& is equal to —
(distance)

>, is a conic section and; we’re interested in three cases which arise here

clearly, path is a central orbit
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The diff. eq. of path is

h? d
—3—p =p= L
p° dr r

p— 2 p—
Gives, 2—?dp=#dr

p r

On integrating

2
pe - Be {---v=%}

Note:- We refer; focus as pole

Need to remember

- Pedal eq. of Ellipse
b® _2a

=22
p°r
- Parabola
p*=ar
- Hyperbola
2
b—2 = 2_8. +1
p r
(1) Elliptical path
b _2a _
p* T
F_r_B
b> a -1
po B g m
a’ a
Putting in (1),; |V° =2—u—1u(g—lj Exam point
r a \r a
2 _2p

Obviously here |v° <—

(2) Parabolic path:
p>=ar

b 2h

')

Download books https://mindsetmakers.in/upsc-study-material/

B
0



https://mindsetmakers.in/upsc-study-material/

(1) gives,

2 _ 21
r

v Exampoint

(3) Hyperbolic path

2
b—2=2—a+1
p r
Po_u_B
p> a 1
hzzu_bz B:E
a’' a
Ve = u(nglj Exampoint
r a

Obviously here v? >2—M
r

Exampoint (1):- From above discussion, it is clear that

2 1
elfvi=p (———jor V< 2—“, then path is ellipse
r a r

o If V2= 2—Mor - 2—“, then path is parabolic
r r

elfvi=p (E+1J orv?> 2—“, then path is hyperbolic
r a r

Exampoint (2):
Clearly, in all three cases:
The magnitude of velocity at any point is independent of the direction of velocity at that point.

Also, we found that

2
h? = u; = ./ :in case of elliptic path

h?=2pa = . [; in case of parabolic path
2

h?=p = = W. l:in case of hyperbolic path

Thus in all cases h = \/ul , Where [ is the length of semi latus rectum

Exampoint (3): Kepler’s law of motion
(i) Each planet describes an ellipse having the sun as one of its foci.

(ii) The radius vector drawn from sun on a planet sweeps out equal area in equal time.
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(iii) the squares of periodic times of the various planets are proportional to the cubes of the semi-

major axes of their orbits.
Deduction from kepler’s Law,

Area of ellipse (i.e. the area described)
rate of description of sectoral area

nab 2rab _ 20a%? b’

\/7 \/_ {Usmgh- 2 }

7o 4na’

ZTPxa?

EXAMPLES TO SUBSTANTIATE

Examplel:- Find the law of force towards the pole under which the curve r" cosn@=a" is described.

Solution:- The equation of the curveis r" cosnd=a".
1
Replacing I by 1/U , we have —cosné= a" or a"u" =cosné@ (1)
n

Taking logarithm of both sides of (1), we have nloga+nlogu =logcosné
Differentiating w.r.t ‘@', we have

ndu 1

u do cosnd
Differentiating again w.r.t. '@"' we have

.(—nsinnd) or g—l;=—u tan n@ (2)

d’u du
— =—~1tannd-un sec’ n@ = u tan® nd —unsec® né
do- dé
[Substituting for du/d@& from (2)]
d?u
The differential equation of the central orbits is —— =U+—.
h<u do

2
P = h4? [u +%) = h2u? (u +utan®n@ —nusec? n9)

= hu? (sec” n@—nsec® nd) = h°u® (1-n)sec’ n g
=hu?® (1—n).£ nl - )2 = h’ (1—!‘1): hz(l_n)_rznfs
am™ a

2n 2n-3 a2n
_ th
Pocr?® j.e. the force is proportional to the (2n —3) power of the distance from the pole.

u

Example2:- A particle describes the curve " = Acosn@+Bsinné under a force to the pole. Find

the law of force.
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Solution:- Here " = Acosn@d+ Bsinng.
Let A=kcosa and B=Kksina, where k and ¢ are constants.

Replacing I by 1/u,we have r"=u™" = kCOS(nH—a) (1)
—nlogu=logk +logcos(nf—a).
Differentiating both sides w.rt. '@', we have _Tn(c:—l;=—ntan(n6’—a) or
d—u:utan(ne—a)
déo

2
%:% tan(né— a)+unsec (nd-a)
=utan®(nf@—a)+unsec’ (nd—a)
The differential equation of the path is i—u+ﬂ

a AN a2 T e

P:hzuz[u+utan (nd—a)+unsec® (nd )}

= h% [sec (n@—-a)+nsec’ (nd-a ]

=(1+n)h’u’sec’ (nf—«a)
:( ) ( ) [ from (1), sec(nH—a):ku”]

( n)h’k’

2n+3

r
1 .
Thus P oc —— i.e. the force is inversely proportional to the (2n 4+ 3) power of the distance
r

from the pole.
Example3:- A particle describes the curve I = 2a€0sS# under the force P to the to the pole. Find the
law of force.

A particle describes a circle, pole on its circumference, under a force P to the pole. Find the law of
force.

Solution:- Let a be the radius of the circle. If we take pole on the circumference of the circle and the
diameter through the pole as the initial line, the equation of the circle is r=2acosé or

1/u=2acosé (1)
: —logu=log(2a)+logcosé.
. . . 1 du du
Differentiating w.rt. '@', we have ———=—-tanfd or —=utanéd and
udo deo
2
d—lj=u.se(:26’+d—utan0
do do
—usec’@+utand.tand=usec’@+utan’o.
. . . P d?u
The differential equations of the pathis —— =U+——.
h-u de

= h?u? [u +usec? @ +Uutan? 6’] = h2? [(l+tan2 49)+sec2 9]
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=2h’u’sec’ @
=2h%u? (Zau)2 [Substituting for secé from (1)]
_ 8a’h?
I,5
Pocl/r° i.e. the force varies inversely as the fifth power of the distance from the pole. Also

the positive value of P indicates that the force is attractive.

Exampled4:- Find the law of force towards the pole under which the following curves are described.

(i) r’=2ap, (i) p°=ar and (iii) b’/ p* =(2a/r)-1,

Solution:- (i) The equation of the curve is I? = 2ap .

1 _2a 1 4a°

pr o Pt
2
Differentiating w.r.t. 'I'', we have —%% = —16?
p° dr r
h® dp 8a’h®
F E: p (1)

Now from the pedal equation of a central orbit, we have
p_hdp_ga’h’
p*dr r®

Pocl/r’ i.e. the force varies inversely as the fifth power of the distance from the pole.

[From (1)]

(i) The equation of the curve is p2 =ar, which is the pedal equation of the parabola
referred to the focus as the pole.

111
p>° ar’
. - - 2dp_ 11
Differentiatingw.r.t I ,weget ———=—-——
p° dr ar
Wdp b1 "
pdr 2ar?’
h>dp h* 1
From the pedal equation of a central orbit, we have P = ——p: — — [From (1)]
p’dr 2a r?
Pocl/r? i.e. the force varies inversely as the square of the distance from the pole.
. . .. b* 2a
(i) The equation of the given central orbits is — =—-1 )
p r

(1) Is the pedal equation of an ellipse referred to the focus as pole.
2b’dp  2a h*dp ah’

Differentiating both sides of (1) w.r.t 'I'',weget -—— —=——,0r ——=——.
p> dr r? p*dr Db*r?

Thus Pocl/r? i.e. the acceleration varies inversely as the square of the distance from the

focus of the ellipse.
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Example5:- A particle describes the curve 2 =a’ cos? 8 +b?sin? @ under an attraction to the origin,
prove that the attraction at a distance T is h? [Z(a2 + bz)r2 —?u’:lzbz].r"7

Solution:- The equation of the given curve is r?=a’cos’d+b?sin@ or

2 2
1 a?(1+ c0320)+%(l—cos 20)

2

u
or uiz:%(a2+b2)+%(az—b2)c0329 (1)
Differentiating w.r.t. ‘@', we have —%j—; = —(a2 —bz)sin 20
or JU :i(a2 —bz)u3sin 20

de 2
Differentiating again w.r.t. '@", we have
d’u 3 du .
W:E(az—bz)uz.@sm 29+(a2—b2)u300329
=g(a2 —bz)u2 .%(a2 —bz)u3sin 20.sin 26’+(a2 —bz)u3 cos 26
= %us (a2 —bz)2 sin? 26?+(a2 —bz)u3 c0s 20
=%u5 (a2 —bz)2 (1—cos2 26?)+u3 (a2 —bz)cos 26
:%US (a2 —bz)2 —%us .{(a2 —bz)c0326?}2 +us (a2 —bz)c052¢9
Now from (1), (a2 —bz)COS 20 = u%—(a2 +b2).

2
i zgus(az_bZ)z_gus{u%_(aubZ)} +u3{u£2_(a2+b2)}
- u5(a2 —bz)z—%US{ui:l—l;iz(a2+b2)+(a2 +b2)}+2u—(a2+b2)u3
uf’(a2 —bz)z—3u+3u3(a2+b2)—§u5(a2 +b2)2+2u—(a2+b2)u3
us{(az—bz)2 —(a2+b2)2}+2u3(a2+b2)—u

(a2 +b2)u3 —3a’h?u® —u

P d?u
The differential equation of the central orbit is g2 =U+ 1
u

P = h2u? (u +j—;lj] = h2u? [u + 2(a2 +b2)u3 —3a%%u® —u]
= h2u? [Z(a2 +b2)r2 —3a2b2] =h?r7 [Z(a2 +b2)r2 —3a2b2].

Example6:- Show that the only law for a central attraction for which the velocity in a circle at any
distance is equal to the velocity acquired in falling from infinity to the distance is that of inverse cube.
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Solution:- Let the central acceleration P be givenby P = f (r) (1)

[Note the form we have assumed for P ]
The equation of motion of the particle falling from infinity under the central acceleration given

by (1) is V%:—P ==1(r) or 2vdv=—2f"(r)ar.

Integrating V* —2j f dr + A, where A is constant of integration.

orv:==2f(r)+A. (2)

Thus the velocity v at a distance I' acquired in falling from infinity is given by (2). Again let V
be the velocity of the particle moving in a circle under the same central acceleration P ata
distance I from the centre of the circle. For a circle with centre at the centre of force pole,

we have the central radial attractive acceleration P =the inward normal acceleration V> / P
P=V?/r [+ forthe circle p=T]
orVZ=rP=rf'(r).

But according to the questionV =V or V ? = v?

rf'(r)==2f(r)+Aor r’f'(r)+2r f (r)=Ar or—{r f(r)}=Ar.

1
Integrating both sides w.r.t. ', we have r’f '(I’) = > Ar® + B m where B is a constant

A B
or f —+—.
( ) 2 r2
. . . . 1 1 1 _ZB ZB
Differentiating both sides w.r.t. 'r'', we have f (I’)= 3~ SO that P=——3.
r r

o P=1(r)]

Pocl/r? i.e. the law of force is that of inverse cube.

Example7:- In a central orbit described under a force to a centre, the velocity at any point is inversely
proportional to the distance of the point from the centre of force. Show that the path is an equiangular
spiral.

Solution:- If v is the velocity of the particle at any point at a distance I from the centre of force, then

1
according to the question Voc— or V=— (1)
r r

Where K is a constant.
Butin a central orbit v=h/p (2)

Where P is the length of the perpendicular from the pole on the tangent at any point of the
path.

From (1) and (2), we have %:— or p= Er

Or p=ar,where a=h/k =a constant.
This is the pedal equation of an equiangular spiral. Hence the path is an equiangular spiral.
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h
Example9:- The velocity at any point of a central orbit is (1/ n)t of what it would be for a circular

orbit at the same distance. Show that the central force varies as (
r

n?-1

orbitisr™ t=a" . cos(n2 —1)9.

— and that the equation of the
2n +1)

Solution:- Under the same central force P, let v and V be the velocities at a distance I from the
centre of force in the central orbit and the circular orbit respectively. Then according to the question,

we have v=V /n or v* =V?/n?

(1)

ButV2/r=PorV?=Pr=P/u (2)
From (1) and (2), we have V* = ior h?| u J{duj =; (3)
n’u de n°u

[+ For a central orbit, v? = h? {u2 +(du / dﬁ)z} ]

Differentiating both sides of (3), w.r.t. '@", we have

h{ZUd_u zd_Ud u} [ld_P_Edu} {
n’

1dPdu P du}

de dodé&? udg u®de ududé u’de
2
2hzdu +dl.21 1 duFd_P_B}
do deo n* dé| u du
Dividing out by du/d@, we get Zh{U +Z—H}:i{% gz UPZ}
> [ day LP o du
u? n’ludu u? hzuz_ de?
Or ZHZ.EZ [E d—P—EZ} or (2n2 +1)£2:£d_P
u udu u u- udu
o P (2n® 1).d—“.
P u
Integrating, log P = (2n2 +l) logu+IlogA.
P:Au2n2+l: A2
r2n +1

1
P oc ——, which proves the first result.
r2n +1

Substituting P = AU*™ "% in (3), we have h?’ {u +(gl;
) 1 du_ 1dr 1
Putting U = — so that — = 2 ,we have — +
r do d6’ r
2
or 2" — 2420 dr)_ 2A2
do nh

2
or ra"- dr _ 2A2 _p2n-2
do n‘h
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2
2 ,\2( dr 2_ 2_ 2_
Or (r“ 2) (—J =a® 2?2 setting A/n*h? =a*" 2 to get the required from of the

do
answer.
2n’-2 _ 2n?-2 e
%Z\/{a z: } or r22dr = =dé.
r \/{(anz_l) () }
Putting r" 2 = 750 that (n2 —1) 2 dr =dz , we have gz = (n2 —1)d 0.

7]

. z
Integrating, Slnl( — 1) :(n2 —1)9+ B
-

or sin‘l[ r:ZJ =(n*-1)0+8B

a
Initially when @=0, let r =a.Then B=sin"1=7/2

n?-1
sin‘{ rn2_1] =(n —1)6’+%7z or -

an

n?-1

i =Sin{(n2 —1)6?+%7r} =cos(n*-1)0

a(n ) COS(n2 —1)9, which is the required equation of the orbit.

Q
L
[

Example10:- A particle moves with a central acceleration x / (distance)?, it is projected with velocity
V at a distance R. Show that its path is a rectangular hyperbola if the angle of projection is

-1 H
12
VR (V 2 2”)
R

Solution:- If the particle describes a hyperbola under the central acceleration u / (distance)?, then the

sin

2 1
velocity v of the particle at a distance I from the centre of force is given by V2 = ,u(; + gj (2)

Where 2a is the transverse axis of the hyperbola?
Since the particle is projected with velocity V at a distance R, therefore from (1), we have

2 1 2,u
Vi=pul =+=|or==V? 2
ﬂ( R a] a R’ 2
If a is the required angle of projection to describe a rectangular hyperbola, then at the point
of projection from the relation h=vp, we have h=Vp =VRsina (3)

=rsing andinitially r=R,¢ =]

Also h = \/_/ b2/a = J(ua) (4)

. b =a forarectangular hyperbola]
(#a) _ ula _ u
VR VRJu VR((ula)

From (3) and (4), we have VRsIina = (ua) or Sina =
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Substituting for u/a from (2), we have Sina:,u/{(VR (V2—2,L1/R))} or

a=sin? [,u/{VR (V2 —2ul R)}} which is the required angle of projection.

Examplell:- A particle of unit mass describes an equiangular spiral of angle ¢, under a force which

is always in the direction perpendicular to the straight line joining the particle to the pole of the spiral;
2sec? a-3

show that the force is ur
1 - 2
EJ(;;SlnaCOSa).rse‘: “,

Solution:- Here the particle is moving under a force which is always in the direction perpendicular to
the straight line joining the particle to the pole of the spiral.

and that the rate of description of sectorial area about the pole is

[1
The central radial acceleration =r =—-r 6> =0 (1)

If F is the force on the particle of unit mass, perpendicular to the line joining the particle to
the pole, then F = transverse acceleration.

1d

i.e. |:=——(r2 9) o)
r dt

The equation of the equiangular spiral is I = ag’*** 3)

0 a a
Differentiating (3), w.r.t. 't', we have r =ae’®“dcota =récota

U _r
or 0=—tanc. (4)
r

0 2 m O

m

~ r r r
From (1) and (4), we have r=r| —tana | or F:—tanza
r r
r

[
Integrating, we have logr = (tan2 a)log r+1log A, where A is a constant of integration or
[ [ 2
logr= Iog(Ar‘a"z“) or r=Ar"«, (5)

tan’ o

- ) 1
Substituting the value of I from (5) in (4), we have & =-tana. Ar

or 6=Atang. r et (6)
1d 2, Atana d 2

From (2), we have F = ——(rzAtana.rta” a l) = —(rta" “*l)
r dt r dt

Atana d 2 Atana 254 "
— a(r.sec a): .Seczarseca 1r
r r

= Atanasec® o, <2 Ar@e [Substituting from (5)]

_ AZ tanOCSECZ arsecza—2+tan2a

ﬂrsec2a72+sec2g=1, Where ﬂ: A2 tanasecz a (7)

2sec’ a3 . .
Thus F=ur , which proves the first part.
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]
Second Part:- The rate of description of the sectorial area = E r’o

tan a—1

1
==r’Atana r [Substituting from (6)]

2+tan? a1

1
=—tanar

tan? z+1

1 ucotacos’a)tanar
A\ )

[Substituting A= \/(,u cot & cos? a')  from (7)]

2 J(usinacosa)r

sec’ o

1 se
= —\/(ycotacosz atan? a)r
2
Examplel2:- A particle subject to the central acceleration (,u/ r3) + f is projected from an apse at a
. o . . 1.,
distance 'a’ with the velocity \/;/ a; prove that at any subsequent time t,r = a—E ft°.

. . M _ 3 1 _
Solution:- Here the central acceleration P = =+ f=pu+f,where —==u.
r r

The differential equation of the path is

du| P 1 d®u f
h2 {U +w}=—2=u—z(ﬂu3+ f) or h2 liU +d—02}=ﬂu+—2

u u
Multiplying both sides by 2(du / d¢9) and integrating, we have
du Y’ 2f
v2 =h? uﬂ(—] Sty 115 1
l: 40 H ’ (1)

Where A is a constant.
But initially when r=a i.e. u=1/a,du/df& =0 (atanapse)and v=/u/a .

From (1), we have ﬂzz hz(ij:%—Zf a+A.
a

a’) a

h*> =y and A=2fa..

du Y’ 2f
Substituting the values of h? and A in (1), we have ;{uz +(—j } :,uu2 —-—+2fa
u

do
Or (d—ujz =2 fa—ﬁ (2)
H de u
Now u=1/r, so that d—u = —izi Therefore, from (2), we have
do r-de
2 2 4
y(—lﬂ) =2fa-2fr=2f(a-r)or (ﬂj 2 (a-r)
2d6 do 7]
dr )
or @z—\/(Zf [ p).x \/(a—r)
Also h:rzd_ﬁzrzd_ﬁ'g.
dt dr dt
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Ju=r?. (%ji dr

r’y(a-r) dt
[Substituting for h and dr/dé&]

or dt i (a- r)_”2 dr
(2f)

. 1/2 .
Integrating, t = a— I’) + B, where B is constant

1
Ten !

But initially when t =0,r =a; ..B=0

t=(2/f) .(a—r)ll2

ort?=(2/f)(a-r)

ora-r=11t. L r=a-fe.
2 2

Example13:- A particle moves under a repulsive force mu / (distance)® and is projected from an apse
at a distance a with a velocityV ; show that the equation to the path is rc0os pd =a, and that the

angle @ described in time t is (1/ p)tan‘l( th/a), where p° =(y+a2V2)/(a2V2).

. . . . mu mu
Solution:- Since the particle moves under a repulsive force =

(distane)’ 1’

The central acceleration P = —% = —,uu3 =
du| P —puu’
The differential equation of the path is h?| u? s ool g Upendes ,uz =—uu
do u u
Multiplying both sides by 2(du / d¢9) and integrating, we have
v =h? u2+(d—uJ2 =—puu*+A (1)
do

Where A is a constant.
But initially atanapse, r=a,u=1/a, du/d@=0 and v=V

From (1), we have V? = h? [iz} = —ﬁ2+ A.

a a
h? =a’V? and A:V2+(,u/a2) (2)
_— 2 . 22|02, (du ’ 2 \j2, M
Substituting the values of h“ and Aiin (1), we have @V | u‘ + @ =—puu-+V +¥
du )’ (32V2+,U)
2 _ 2 2
or aVv (Ej =—(a%V? +u)u e
du \’ (aZVZJrﬂ)
0] a2 — | = 1—a2u2
()~ ew)
du Y’ u+a’Vv’?
or a* (EJ =p° (l—azuz),where p° :W
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du (1 2.2\ adu
Or a@: p (1—32U2) or pd9=m

Integrating pd+ B =sin‘1(au) ,where B isa constant.

But initially when u=1/a,let #=0. Then BISinl].:%ﬂ'.
1 .
p6+§7r:sm (au)

. (1
Or au :sm(E;H p@j

Oralr=cospd
Or rcospd=a (3)
Which is the equation of the path.

do
Second Part: - We have h =r? s

[Note that in a central orbit for finding the time, we use this formula]
[Substituting for h from (2) and for  from (3)]

oraV =a?’sec? pHd—e,
dt
ordt=(a/V)sec’ podo .
Integratingt + C = itan pé.
pVv
But initially t=0 and @=0. ThereforeC =0.
t:itan pé ortanpd=pVt/a
pVv

0= (1/ p)tan‘l( pVvt/ a), which gives the angle @ described in timet.

Examplel4:- A particle moves under a central force mA (3a3u4 +8au2) . Itis projected from an apse
at a distance a from the centre of force with velocity (10&) . Show that second apsidal distance is
half of the first and that the equations of the path is 2r = a[1+ sec h(@/ \/g)} )

Solution:- Here the particle moves under the central force mA (3a3u4 + 8au2) . Therefore the central

acceleration P is given by P =/1(3a3u4 +8au2).

du| P 2

The differential equation of the path is h? |:u +— } =—= —2(3a3u4 +8au2)
o uc u

d®u

02

or h2{u+ }:2(3a3u2+8a).

Multiplying  both  sides by 2(du / d¢9) and  integrating, we  have

2 2
h{z.“?{j—;j }: 22.(a%u* +8au)+ A
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2
or V2 = hzliu2 +(j—g) }:A(Zasu3 +16au)+A (1)

Where A is a constant

But initially atanapse, r=a,u=1/a,du/d@ =0 and V= J(lO/I) )

From (1), we have 104 = h? {%} = /1(2a3 .%+16a.1)+ A
a a a
h? =10a’4 and A=101-181=-84

Substituting the values of h? and A in (1), we have

2
10a2,{u2 {3_2) }:/I(Za3u3+l6au)—8/l
. du ’ 3.3 22
Or 10a E =2a’u’ -10a‘u‘ +16au -8

do
=a’u’(au—1)—4au(au—1)+4(au-1)
= (au-1)(a’u’® —4au +4)
(au—-1)(au- 2)2 (2)
To find the second apsidal distance:- At an apse, we have du/d@=0.
From (2), 0= (au —1)(au - 2)2

Oru=1/aand 2/aorr=aand a/2.

But r =a is the first apsidal distance. Therefore the second apsidal distance is a/2 which is
half of the first.

To find the equation of the path:- From equation (2), we have

\/EES—;:—(au—Z) (au-1)
dé _ —-adu
J5 (au—2)vau-1
do -2zdz

Substituting au —1= z°, so that adu = 2zdz , we have =

E_(zz—l)z

2
or 5a? (d_uj = [a3u3 —5a%u® +8au —4]

or dg  dz
25 1-7°

o0 _
Integrating, —=+ B =tanh 17  where B is a constant
25

7]
——+B=tanh™,/(au-1 3
or 2\/5 ( ) (3)

But initially when u=1/a, =0
From (3), B=0.

0
Putting B=0 in (3), we get =tanh™,/(au—1
245 (au-1)
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(au-1)

0
Or tanh| —=
(zJﬁJ

2
Now COSh2A = 1+tanhA

1-tanh? A’
1+tan h2(9/2\/§) 1+(au _1) au

0 —_—

COSh[Ejzl—tanhz(mZ\/g) 1-(au-1) 2-au
Or 2—au:ausech<t9/\/§)
or2=au [1+sech(6k/§ﬂ=(a/r)[1+sech(6k/§)}

Or 2r = a[1+ Sech(é?/ \/g)} , which is the required equation of the path.

Examplel5:- A particle describes an orbit with a central acceleration ,uu3 —Au® being projected from
an apse at a distance a with velocity equal to that from infinity. Show that its pathis I =aC0S h(@/ n)
,where n? Jr1:2,ua2 1 A.

Prove also that it will be at a distance I at the end of time
2 2 a2
a 2 X+ (r a) 2 .2
—alog—+r(r—a).
22 a
A
Solution:- Here, the central acceleration P = ,uu3 —Au’ = ﬁs =
r r

Let V be the velocity from infinity at the distance a under the same acceleration. Then

Vi par=-2 [[[ £ -2 Jar

o AT w2
=2l -———+—| =% ——
{ 2r? 4r4lo a®> 2a’
2 2 2
:4 2ua 1 :l_n4 n2+1:2ua
2a A 2a A

Vv =(n/a?)[(212).

The differential equation of the path is h? {u +

du| P wl-°

Multiplying  both  sides by Z(du/dH) and  integrating, we  have

2 2 4
h? {UZ +[g—l;j }: 2(%—%j+ A, where A is a constant.

2 4
or vzzhz{u%(:—;j }:yuz—%+A. (1)
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But initially when r=a i.e. u=1/a, du/dé@ =0 (at an apse) v=V =(n/a2) (1/2).

2
Therefore from (1), we have g—n =h? {i}: H_ A +A.

a* a’] a* 2a‘
An? an? (u A A 1
h="—and A=2"——| £ - = |= " (n*+1)-&
2a’ 2a’ (az Za{) 2a4( ) a’
N S RS 1= 2
2a* A a’ A
2 2 4
Substituting the values of h? and Ain (1), we have}b—n2 u?+ d—u) :,uuz—ﬂ’i
2a do 2
4 2
:iz(n2+1)u2—/1i on? 41 2R
2a 2 A
u 2
or nu +n( j (n +1)u* -a’u
0
or nz[d—ujz =u?-a%u’
de
_ 1 du 1 dr ,( 1dr Tiezea’
Putting U=—-so that —=-—F—, we have N°|-—— | =——— or
r do r-do r-do FEseel
2[drj2 2 |82 dr \’(rZ_aZ)
— | =r--a®or —=+——-= (2)
do de n
de dr

)

Integrating @/n+B=cosh™ (r / a) , where B is a constant.

But initially when I =a, =0 (say). Then B=cosh™ (1) =0.

6/n=cosh 71(!’ / a) orr= acosh(@/ n), which is the required equation of the path.
,dg dr

deo
Second Part:- We know that h=r>~— or h=r*— . —
dt dr dt’

n
Substituting for h and dr/dé@, we have —

i) _,2__h dr
a\l2 ' /(rZ_az)dt
2 r’dr
or dt=a /(_j—d
=)
Integrating, the time t from the distance a to the distance r is given by

r—a +a

(212) rdr (212) dr
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= \/(az 122) r\/(r2 ~a’)+a’log —

Examplel6:- A particle is acted on by a central repulsive force which varies as the nth power of the
distance. If the velocity at any point be equal to that would be acquired in falling from the centre to

1
the point, show that the equation to the path is of the form p("+3)2 COSE(n + 3) 6 = constant.

Solution:- Since the particle is acted on b y a central repulsive force which varies as the n" power of
the distance, therefore the central acceleration P = —u (distance)" = —ur" =—u/u".
While falling in a straight line from rest from the centre of force if V is the velocity of the

dv
particle at a distance X from the centre, then Vd_ =uX" rovdv=px"dx.
X

il
Xn+j| _ ,Ll rn-¢—1

_[vdv jyx dXor;V /,{

n+1 n+1
or VZ={2u/(n+1)} r"™ (1)
du| P /u”
The differential equation of the central orbitis h*| u® + s |=—=- £ s ="M u"?
do u u
Multiplying  both  sides by 2(du / d@) and  integrating, we  have
_2 -n-1 2
v =h?lu +(duj L"'A:—ﬂnl*'p" 2)
do (-n-1) (n+1)u™
where A is constant and V is the velocity of the particle in the orbit at a distance I from the
centre.
21” 2,[1 n+l

But according to the question, we have vi=VZie. — T A=
(n+1)u n+1

A=0 [-u=1/r]

Download books https://mindsetmakers.in/upsc-study-material/



https://mindsetmakers.in/upsc-study-material/

2
Substituting the value of A in (2), we have h? u2+(d—uj :2—ﬂnl’ or
do (n+1)u™
2 2

u2+(d—uj = 2;12 o= A T, where /12=2—’u2= constant or

de (n+1)h*u™  u™ (n+1)h

2 2 2 n43 A2 -y _ (ne1)/2
() Pop A e BV

do u™ u™ do y (2 (/12 _un+3)

Substituting u™2 -z so  that %(n+3)u(”*l)’2 du=dz, we have
do = —2dz or l(n+3)d3:_i

(n+3) (ﬂ,z—zz) 2 (/12—22)
Integrating %(n +3)0+B=cos™(z/2)=cos™ {u(”*a)’2 /i} (3)

Now choose A such thatwhen u=1/a, =0, (1/1)(1/ a)(n+3)/2 =1.
Then from (3), 0+B=cos*1=0. Therefore B=0

1 n+
Putting B=0 in (3), we have E(n + 3)0 =cos* {u( 32 /ﬂ} or
u™’2 = 2 cos {%(n + 3)0}

or r'™¥72 cos {%(n +3) H} =1/ = constant

This gives the required equation to the path.

Examplel7:- A particle subject to a force producing an acceleration ,u(r + 2a)/ r° towards the origin
is projected from the point (a, 0) with a velocity equal to the velocity from infinity at an angle cot2

with the initial line; show that the equation to the pathis I = a(1+ 2sin (9) .

r+2a 1 2a
Solution:- Here, the central acceleration P = ,u(—s) :,11(—4+—5 = ,u(u4 + 2au5)
r r r

Let V be the velocity of the particle acquired in falling from rest from infinity the same
acceleration to the point of projection which is at a distance a from the centre. Then

a a 1 2a
V2 :—ZLO Pdl’=—2 J‘mﬂ(r—‘l“erdr

1 2al 1 1 54 .
:—2/{————17:2;{36&3 +2a3}:3a3 orV = (5,u/3a )

According to the question the velocity of projection of the particle is equal to V i.e.

4/(5y/3a3).
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Now the differential equation of the path is

h{u%r dzu}:%: £ (u*+2au®) = p(u’ +2au®).

do? | w? u?

Multiplying  both  sides by Z(du / dH) and  integrating, we  have

2 3
vi=h? u2+(d—u] = 2L+au“ +A (1)
deo 3

Where A is a constant.

Initially when r=a i.e. U :1/a,v:4/(5y/3a3).

Also initially ¢ =cot™2 or cotg=2 or sin¢:1/\/§.

But P=rsing . Therefore initially p = a(l/\/g)za/\/g or 1/ p®>=5/a’.

But 1/p*=u® +(du/d6’)2. Therefore  initially, when r=a we have
u’+(du/dg)=>5/a*.

5 5 2 a
Applying the above initial conditions in (1), we have —'lé =h? —= ,u(— +—4)+ A
a

h? =u/3a,A=0

2
Substituting the values of h? and A in (1), we have Bﬁ{uz +(—j }:Iu(—u +au4J or
a

du )’ 3 o & 5
— | =2au”+3a°u” —u-,
do

_ 1 du 1 dr 1.drY 2a 3a%2 1
Putting UZF' so that —=—-————, we have |-——| =—+———o0r

do~ r’do rrde) r* r* r?
(dr/d0)2=2ar+3a2—r2=3a2—(r2—2ar) =3a’—(r—a)’ +a’=4a’—(r-a)’

ordr/dé= \/[(Za)z —r(r —a)z}
[Note that as the particle starts moving from A, I increase as & increases. So we have taken
dr/dé& with +ive sign.]

V
d=cot'2
A(a,0)

Or d9= dr

Jizar -r-ay]
Integrating @+ B =sin™ (E)

2a

But initially when r=a, 8 =0. - B=sint0=0
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H:Sinl(ﬁj or Sin@= r-a
2a

> or r= a(1+ 2sin 0) , which is the required equation of
a

the path.

Example(18):- A particle moves in a curve under a central acceleration so that its velocities at any
point is equal to that in a circle at the same distance and under the same attraction. Show that the
law of force is that of inverse cube, and the path is an equiangular spiral.

Solution:- Let the central acceleration P =u2¢'(u) . [Note]

u

2

2
The differential equation of the central orbitis h*{u -+ du = P :¢'(u).
do*| u?

Multiplying both sides by 2(du / d¢9) and integrating, we have

2 _m2)..2 d_UZ _
vi=h {u +(d0j }_2¢(u)+A (1)

But according to the question the velocity of the particle at any point in the orbit is equal to

that in a circle at the same distance under the same acceleration.
2

VTzP or vV: =rP=ru’¢'(u)=ug'(u) (2)
Substituting the value of V® from (2) in (1), we have u¢'=2¢(u)+A or
(u) 2¢(u
¢ ( )— gi(s ):uﬁs [dividing both sides by U®] or ;—u{uiz¢(u)}:u—'§
1 A A
Integrating u—2¢(u)=—ﬁ+ B or ¢(u):—5+ Bu®
Differentiating w.r.t. 'U’, we have ¢'(u) =2Bu.
P=u’¢'(u)=u®.2Bu=2Bu*=2B/r’ (3)

Or Poc1/r? i.e. the acceleration varies inversely as the cube of the distance from the centre.

To find the equation of the path. The differential equation of the path in pedal form is

hdp_

p° dr

z—zg—fzzr—? { from(3),P :2r_lﬂ
Or _Zp_ff dp= —t—sBdr. [Multiplying both sides by —2]

Integrating, h—zz = 2r—?+C .

If p—>o when r—o0,we have C=0.
p =ar,where a is a constant.

This is the pedal equation of an equiangular spiral and is the required path.

Download books https://mindsetmakers.in/upsc-study-material/



https://mindsetmakers.in/upsc-study-material/

Example(19):- A particle moves in a plane under a central force which varies inversely as the square
of the distance from the fixed point, find the orbit.

Solution:- We know that referred to the centre of force as pole the differential equation of a central

2 dp
orbit in pedal formis —— =P (1)
p° dr
Where P is the central acceleration assumed to be attractive.
h? d h?
Here P=x/r?. Putting P=u/r?in (1), we get _S_p:ﬁz or —3dp:ﬁ2dr or
p>dr r p r

h? 21
—2—3dp :—F dr
2 Zﬂ
Integrating both sides, we get V2 = —=—+C (2)
p r
Let V=V, when I =1I,.
2 2
Then V; =EicorcC =V _2H

r0 rO
Putting this value of C in (2), the pedal equation of the central orbit is

W _2u, e 2u

——+y (3)
P’ r
» 2U . i1 R (D 2
Case I:- Let V; = ——. Then the equation (3) becomes = S~ which is of the form p° =ar.
Iy p r

This is the pedal equation of a parabola referred to focus as pole.
Hence in this case the orbit is a parabola with centre of force at'the focus.

2 b> 2a
Case ll:- Let Vg < _ﬂ_ In this case the equation (3) reduces to the form — =—-1

I p> r
This is the pedal equation of an ellipse referred to a focus as pole.
Hence in this case the orbit is an ellipse with centre of force at its focus.

2
Case llI:- Let Vg > 2—” In this case the equation (3) reduces to the form b—2 = §+1.
I po T
This is the pedal equation of a hyperbola referred to a focus as pole. It represents that branch
of the hyperbola which is nearer to the focus taken as pole.
Hence we conclude the under inverse square law the central orbit is always a conic with centre

of force at the focus.

Example(20):- If the central force varies inversely as the cube of the distance from a fixed point, find
the orbit.
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Solution:- We know that referred to the centre of force as pole the differential equation of a central

h® d
orbit in pedal form is —3—p =p (2)
p° dr
Where P is the central acceleration assumed to be attractive.
h® d h?
Here P=u/r®. putting P=p/r® in (1), we ge _S_p:ﬁg or —3dp:ﬁ3dr or
p>dr r p r
2h? 2
S dp=—"Edr
p r
‘P u
Integrating both sides, we get — =-—+C (2)
r
let p—> o0 as r—o00.Then 0=0+C or C=0
2 2
Putting C =0in (2), the pedal equation of the orbit is — =ﬁ2 or p2 =—r%or p=ar
r H

where a is some constant.
This is the pedal equation of an equiangular spiral. [Note that the pedal equation of the

equiangular spiral r =ae’* is p=rsina]

Hence under inverse cube law the central orbit is an equiangular spiral.

The Inverse Square Law

Example:- (1) If v, and V,are the linear velocities of a planet when it is respectively nearest and

farthest from the sun, prove that (1—e)v, = (1—|— eN,.

Solution:- The path of a planet is an ellipse with the sum at its focus. Therefore the velocity V of the

21
planet at a distance I from the focus S (the sun) is given by v? :,Lt(?—aj (1)

Let Vv, and V,be the velocities of a planet at the point A and A" which are nearest and
farthest from the sun at S. Then at A, r=SA=CA-CS=a-ae, V=V, and at
A'r=sA'=CS+CA'=ae+a, v=v,.

— . 2 2 1 2_(1_6) (1+e)
Substituting these valuesin (1), we have vV, = u a_ae—g =u m :,ua(l_e)

" sz:ﬂ{aeia_é}:”{za_(glje?}:“glg'
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2
Dividing, we have V—lz = (1+ e)z or Vi 1+—e or (1—e)vl = (1+ e)v2
v, (1-e) v, 1-e

Example:- (2) The greatest and least velocities of a certain planet in its orbit round the sum are
30km/sec. and 29.2 km/sec. respectively. Find the eccentricity of the orbit.

Solution:- Refer figure of Ex. 1 example:-
The path of the planet round the sum is an ellipse with the sun as the focus S . Therefore the

velocity of the planet at a point distance r from S is given by Ve :,u(2/ r-1/ a) . (1)

From(1), it is evident that the velocity of the planet is greatest or least according as I is least
of greatest. Thus the velocity is greatest at A and least at A'. Therefore according to the

question, v=30km/sec. When r=SA=CA-CS :a—ae:a(l—e)and
v=29.2km/sec.when r =SA'=CA'+CS =a+ae=(1+e).

Putting these values in (1), we have 30° :,L{

(29.2)° :;{ 2 J}M

a(lve) a| a(l+e)
2 2
Dividing, we have (]ﬁj = (ﬂJ
l-e 29.2
Or (1+e)/(1—e):30/29.2 or (29.2)(1+e):30(1—e) or e(29.2+30):30—29.2 or
e= (0.8)/(59.2) =1/74.

2 _1|_pQ+re)
a(l-e) a} a(l-e) d

Example:- (3) A particle is projected from the earth’s surface with velocity V. Show that if the
diminution of gravity is taken into account, but the resistance of the air neglected, the path is an

ellipse, of major axis 2ga2 /(Zga—vz), where a is the earth’s radius.

Solution:- If 23, is the major axis of the ellipse described by the particle, then its velocity V at a
distance I from the centre of the earth is given by V2 = ,u(2/ r-1/ ai) (1)

But on the surface of the earth, we have
I = the radius of the earth =a.
Also the particle has been projected with velocity Vfrom the earth’s surface. Therefore

putting ' =a and V =V in (1), we have V? :y(g—iJ
a &
(2)

Now for a particle on the surface of the earth the acceleration 'g" due to gravity is given by
g=ul/a’sothat u=a’g,

Substituting the value of 4 in (2), we have V* = ga’ (2/8.—1/ al)

or 2/a-1/a, =Vv*/ga’ or 1/a =2/a-v*/ga’ =(2ga—Vv’)/ga’or
a,9a’/(2ga-v*).

Hence the length of the major axis of the ellipse described = 2a, = 2ga’ /(2ag —V2) .
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Example:- (4) A particle describes an ellipse under force u /(distance)? towards the focus. If it was
projected with velocity VV from a point distant r from the centre of force, show that its periodic time

is (27 ) Ju) L2002 1 u] ™

Solution:- Let a be the length of the semi-major axis of the ellipse described by the particle. Then the
velocity V at a point distant I from the centre of force is given by V? :y[2/ r-1/ a]
V2 /u=2/r-1/aorlla=2/r-V/uor a=[2/r—V2/yT.
27a® 272 v* "
e ﬁ{? _7}

Example:- (5) Show that an unresisted particle falling to the earth’s surface from a great distance

The periodic time =

would acquire a velocity (298.) , where a is the radius of the earth.

Solution:- When the particle is at a distance X from the centre of the earth, its acceleration due to the
attraction of the earthis 12/ X and is directed towards the centre of the earth. On the surface of the

earth X=a and the acceleration due to gravity is g . Therefore y/az =gor u= azg

Now a particle falls unresisted to the earth’s surface from a great distance. The only force
acting on the particle is the attraction of the earth. If V is velocity of the particle at a distance

X from the centre of the earth, we have V(dV/ dX) =—ul X% = —a2g /X2
vdv = —(a’g / x*)dx.

If V is velocity acquired by the particle on the surface of the earth, we have
a

a 2 v
IVVdV=—I gdx or sz} =azg|:1} or V?/2=a’gl/a or V’=2ag or
0 © X 2 X

o0

VvV =,/(2ag).

Example:- (6) If the velocity of the earth at any point of its orbit, assumed to be circular, were
increased by about one-half, prove that it would describe a parabola about the sun as focus. Show
also that, if a body was projected from the earth with a velocity exceeding 7 miles per second, if will
not return to the earth and may even leave the solar system.

Solution:- Let a be the radius of the earth’s orbit(supposed to be circular) with sun as centre. If V, is

the velocity in a circular central orbit at a distance a, we have V12 / a (i.e. normal acceleration) = u/ a’

(i.e. the central acceleration),

vi=ula (1)
If v, is the velocity in a parabolic path at a distance I'=a from the focus, then from 2 of this
chapter, V; =2u/a (2)
From (1) and (2), we have V22 = 2V12 orv,= \/ﬂ (3)
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1
or Vv, =V, .|.(\/§_ZI.)Vl =V +Evl(approximately)
1
[ \/E—lz E (approx.)]

3
Thus the velocity in a parabolic path is E times the velocity at the same distance in the circular

path. Hence if the velocity of the earth in circular path be increased by about one half of itself
at the same distance, then it would describe a parabola about the sun as the focus.

Second Part:- Let V be the least velocity of projection from the surface of the earth so that the body
will not return to the earth. Then for this velocity of projection the path of the body is a parabola with
focus at the earth’s same centre. Therefore if R be the radius of the earth, then from (2), this velocity

V on the surface of the earth is given by V = (2,u/ R) .

Also on the surface of the earth the acceleration g = uz/ R®.

u=Rg

V= 228 )- i)
R
But R =4000 miles=4000x1760x 3 ft. and g = 32 ft./sec?
=V :\/[2><4000><1760><3><32] ft./sec
{(2x4000x1760x3x32)

= miles/sec

1760x 3
\/(2x4000><32j )
= [| ——————— | miles/sec.

1760x3

=7 miles/sec approximately.

Hence if a body is projected from the earth’s surface with a velocity exceeding 7 miles per
second, it will not return to the earth.

Also we know that the velocity of the earth, say V,s 18.5 miles/sec. nearly. Therefore using

the result (3), if it is changed to V, :«/2V1 :(185)\/5 miles/sec., then it will describe a
parabolic path.
But v, = (18.5)«/5 miles/sec. =26 miles/sec. nearIy:(V1 +7.5) miles/sec, nearly.

Hence if a body were projected from the earth’s surface in the direction of the earth’s velocity
with a velocity 7.5 miles/sec. more than the velocity of the earth, it would describe a parabola
with the sun as its focus. But the parabola is an open curve and so the body will go to infinity
and will leave the solar system.

Example:- (7) Show that the velocity of a planet at any point of its orbit is the same as it would have
been if it had fallen to the point from rest at a distance from the sun equal to the length of the major

axis.

Solution:- If V is the velocity of a patent in the elliptic path at a distance I from the sun, then

VZ=p(2/r-1/a). (1)
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Now let the planet fall from rest at a distance 2a (length of the major axis of the elliptic path)
from the sun. If at any time t then planet is at a distance Xfrom the sunand V is its velocity

there, then the equation of motion of the planet is v(dv/ dx) =—ulx.
vdv=—(,u/x2)dx.

Integrating, we get %vz =ul X+C ,where Cis a constant

But initially when x=2a, v=0. Therefore C=—u/2a

%sz,ulx—,uIZa or V2:,u(2/X—1/a). (2)

If v, is the velocity of the planet in this case at a distance I from the sun, then putting V=V,

and X=T in (2), we get Vl2 :y(2/r—1/a) (3)
From (1) and (3), we observe that V =V,

Example:- (8)(a) A particle describes an ellipse as a central orbit about the focus. Prove that the
velocity at the end of the minor axis is the geometric mean between the velocities at the ends of any
diameter.

Solution:- Let AA' and BB' be the major and minor axes of the ellipse.
Let S,S' be the fociand PQ any diameter of the ellipse.

The velocity V of the particle at any point of the ellipse a distance r from the focus S is given

by vV =p(2/r-1/a) (1)
Where 2a is the length of the major axis of the ellipse.
B ya
A S L&) - S A
on B
We have SB+S'B=2a and SB=S'B.
SB=a

Let V,V, and V, be the velocities of the particle at the points B, P and Q respectively. Then
at B,r=SB=a,v=V;at P, r=SP,v=V;andat Q,r =SQ,v=V,.

From (1), we have V2 zy(g—éj =§ (2)

Nowvafzuzﬁi—ij 2 1
SP a/{lSQ a
J 4 21 1) 1
U == | =t == |+
'SPSQ alSP SQ) a

o[ 4 2(sQ+sp) 1
~# | sPsq a( SP.SQ j+az} e
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We have SP+SQ =QS'+SQ [+ QS'=SP]

=2a [by a property of the ellipse]
2
Substituting in (3), we have Vl2 V22 =,u2 4 —E. 2 +i2 = /J_2
SP.SQ a SP.SQ a a
orVV, =ulaorVV, =V? [from (2)]
orV = (VlVZ) .

Hence V (i.e. the velocity at the end of the minor axis) is equal to the geometric mean
between V, and V, (i.e. the velocities, at the ends of any diameter)

Example:- (b) A particle describes as ellipse under a force 1/ r? to a focus. Show that the velocity at

the end of the minor axis is a geometric mean between the greatest and the least velocities.
Solution:- Proceed as in ex. 8 (a)

Example:- (9) A particle describes an ellipse under a force to the focus S . When the particle is at one
extremity of the minor axis, its kinetic energy is doubles without any change in the direction of motion.

Prove that the particle proceeds to describes a parabola.

Solution:- Refer figure of Ex. 8
The velocities V and V at a distance r from the focus S inan elliptic and parabolic path are

. . 2 2 1
respectively given by V- = F_E (1)
2
And V2 =2£ 2)
r
If v,is the velocity of the particle (describing the elliptic path) at the point B (an end of the
2 1 2 1
minor axis), then from (1), we have V12 =,u(———j =,u(———j ['.'SB = a]
SB a a a
e (3)
a
If v, is the velocity of the particle when its kinetic energy is doubled at B, then

1 ., 1 . .
Emv2 =2 Emvl where Mis the mass of the particle.

Vi=2V} or Vi =2ula or v =2ulSB
Also from (2) the velocity at B for a parabolic path is given by V? =24/ SB.

Since V22 =V?ie. Vv, =V, therefore the subsequent path of the particle at B is a parabola.

Example:- (10) A particle moves with a central acceleration u /(distance)?; it is projected with velocity
V at a distance R. Show that its path is rectangular hyperbola if the angle of projection is

sinl[,u/{VRM}]
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Solution:- If the particle describes a hyperbola under the central acceleration u /(distance)?, then the
velocity V of the particle at a distance r from the centre of force is given by V2= ,u(2/ r+1/ a) (2)

Where 2a is the transverse axis of the hyperbola.
Since the particle is projected with velocity V at a distance R, therefore from (1), we have

2 1 2
Viepy| S4=|or Eoyvz 22 2)

R a a R
If oc is the required angle of projection to describe a rectangular hyperbola, then at the point
of projection from the relation h = Vp we have h=Vp =VRsinc. (3)

=rsing andinitially r =R, ¢ =oc ]

Also h= \/7 ./ b2/a ,/ ya (4)

* b =a for a rectangular hyperbola]
(#8) _ ula _ u
VR VRJu VR((ula)

Substituting for 4/ a from (2), we have Sin oc:,u/{V2 —2ul R} or

oc=sin™" [,u/{VR /(V2 —2,u)/ RH which is the required angle of projection.

ASSIGNMENT TO IMPROVE

From (3) and (4), we have VR =Sinoc= (ya) or Sinoc=

Que(1):- Find the law of force towards the pole under which the following curves are described.

(i) au =e"’ and (i) r = ae?™"®
Solution:- (i) we have au =e"’ (1)
. . . du n d®u du
Differentiating w.r.t. '@"', we have — = —e" =nu and ZHeIe—=n.nu=n 2
dé a do do
Referred to the centre of force as pole, the differential equation of a central orbits is
P d?u , _ _
202 =U+ vk where P isthe central acceleration assumed to be attractive.
u

P= hzuz( d’ J = h2? (v+n2u) =h? (1+ nz)u3
do?

~ h2(1+n2)

3

; [-u=1/r]

Pocl/r? i.e. the force varies inversely as the cube of the distance from the pole. Also the
positive value of P indicates that the force is attractive i.e. is direction the pole.

. 1 u
(i)  Wehave r =ae’™"“or = =ae’™*, [+ r=1/u]
u
U= ie—ﬁcota
a
du cota _
Differentiating w.r.t. '@, we have — = ———e ?*'“ = _ycota and
a
d’u du
17 :Ecota =—(-ucotea)cota =ucot’ «
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P d?u
The differential equation of the central orbit is 22 =Uu+ e
u

]= h2u? (u +ucot? a) =h? (1+ cot? a)u3

2

P =h?u® u+d—l;
do

_h*cosec’ a
= T
Poc1/r? i.e. the force varies inversely as the cube of the distance from the pole. Also the

positive value of P indicates that the force is attractive.
Que(2):- Find the law of force towards the pole under which the following curves are described.

(i) a=rcosnd and (ii) a:rtanh(@/\/f).
Solution:- (i) The equation of the curveis a=rcoshné = (1/ u)COS hn@
or u=(1/a)coshn@ (1)

du n . d’u n?
Differentiating, — =—sinhn@ and — =—coshnd
dé a dec a

P d®u
The differential equation of the central orbit is 2,2 =U+ v
u

2.2 d’u 2.2 n® 2.2 2
P =hu 7 —h u+;coshn0 —hu (u+n u)

[Substituting for coshné from (1)]

2 2
:h2(1+n2)u3=@.

Pocl/r? i.e. the force varies inversely as the cube of the distance from the pole.

(i)  The equation of the curve is a=rtan h(@/ﬁ) =(1/u)tan h(@/ﬁ)

Or u=(1/a)tan h(@/«/f). (1)
Differentiating % = %SEC h? (49/\/5)
3—2: aj_ Zsech(elx/_) {—Esech(elx/_tanh 9/\/_}
=——sech2(G/ﬁ)tanh(elx/i)——usechz(H/J_)
a

P d?u
The differential equation of the central orbits is =U+

hew?  de?
p— 22| us Y
d6?

=h?u? [u —usech? («9/\/5)} =hu? [1—sec h? (0/\/5)}

=h?u®tan h2<49/«/§) ["-sech?9=1—tanh?9]

=h?u®(au )2 [From (1)]
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h?a?

2~2,,2
=h%au® =—
r
Pocl/ 1 i.e. the force varies inversely as the 5™ power of the distance from the pole.

Que(3):- A particle describes the curve r =asinné@ under a force P to the pole. Find the law of

force.
Solution:- The equation of the curveis r =asinn@

Oru:lzlcosecne (1)
r a

du n
Differentiating, — = ——cosec nécotnd = —-nucotné and

d?u du
—— =n’ucosec’nd —n—cotnd
do do
=n’ucosec’nd—n.(—nucotnd)cot nd
=n%u?cosec’ nd+n’ucot’né.

. . . . P d?u
The differential equation of the central orbit is 22 =U+ 10
u

2
P = hu? (u +%) — hA? (u +n?ucosec’n @+ nu cot’ n@)

=h%u® [1+ n? cosec’né + n? (coseczne—lﬂ
= h%® [an cos eczne—(n2 —1)}

=h%? [an (au)2 —(n2 —1)]

[Substituting for cosecné from (1)]
=h? [anazu5 ~(n? —1)u3]

2n’a’ (n*-1)

=h’ re re
b 2n?a? _(n2 —1)
r5 r3

Que(4):- Find the law of force towards the pole under which the following curves are described.

(iv)  r?=2ap, (i) p*=ar and (iii) b*/ p’ =(2a/r)-1,

Solution:- (i) The equation of the curve is r’= 2ap .
1 Q 1 4a®

E r2 orF r
2 dp  16a’

Differentiating w.r.t. 'I'', we have ———=— —.

pPdr r
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h> dp 8a’h’
Ix =0 (1)
p° dr r
Now from the pedal equation of a central orbit, we have
h® dp 8a’h’
P =—3—p:—5 [From (1)]
p° dr r

Pocl/r i.e. the force varies inversely as the fifth power of the distance from the pole.

(v) The equation of the curve is p2 =ar, which is the pedal equation of the parabola
referred to the focus as the pole.

111
p> ar’
: - - 2 dp 11
Differentiatingw.r.t I ,weget ———=-——
p° dr ar
h>dp h*1
LU UL (1)
p>dr 2ar
h>dp h* 1
From the pedal equation of a central orbit, we have P = —3—p= — [From (1)]
p>dr 2ar
Pocl/r? i.e. the force varies inversely as the square of the distance from the pole.
. . . .. b 2a
(vi) The equation of the given central orbits is — =—-1 1)
p r

(2) Is the pedal equation of an ellipse referred to the focus as pole.
2b* d 2a  h*dp ah?
Differentiating both sides of (1) w.r.t 'I'', we get ——3—p= Sn | OF —3—p o
p° dr r p>dr b°r
h>dp ah® 1
P=——=" =
p>dr b r
Thus Pocl/r? i.e. the acceleration varies inversely as the square of the distance from the
focus of the ellipse.

Que(5):- A particle describes the curve r> =a?cos’ @+b?sin?@ under an attraction to the origin,

prove that the attraction at a distance T is h? |:2(a2 + bz)r2 —3a2b2].r‘7

Solution:- The equation of the given curve is r?=a’cos’@+b?*sind or

2 2
1 a?(1+ c0320)+%(l—cos 20)

2

u

1 1., oy 1/,
or F_E( +b )+§(a ~b?)cos26 (1)
Differentiating w.r.t. "', we have —id—u:—(az—bz)SiHZH

Y u®deo

or d_uzi( ?—b”)u’sin 20

do 2
Differentiating again w.r.t. '@", we have

2
d—lj:§(a2—bz)uz.d—usin29+(a2—bz)u300329
do- 2 do
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=§(a2 "OZ)UZ.%(a2 —~b?)u’sin26.sin 26?+(a2 —bz)u3c0329

u® (a2 —bz)2 sin? 29+(a2 —bz)u3 cos 20

u® (a2 —bz)2 (l—cos2 249)+u3 (a2 —bz)cosze
_ 4us(a2 —bz)2 —%us .{(a2 —bz)c0329}2 +u3(a2 —bz)c052¢9

Now from (1), (a2 —bz)cos 20 = i—(a2 +b2).

3
4
3
4
3

u2

=>u*(a® —bz)z—%US{%—%(a%bz)Jr(az +b%) t+2u—(a®

= 5{<a2_b2)2 —(a2+b2)2}+2u3(a2+b2)—u

3
4
3
4
3
4
= 2(a2 +b2)u3 —3a’h’u® —u

P d?u
The differential equation of the central orbitis —— =U+——.
h“u do
2,2 d’u 2,2 2B URSE 22, 15
P=h%?|u+-—— |=h% [u+2(a +b?)u® —3a’’u —u}
do

=h2u? [Z(a2 +b2)r2 —3a2b2] =h?r7 [Z(a2 +b2)r2 —3a2b2]

“u
:—u&"(a2 —b2)2—3u+3u3(a2+b2)—§u5(a2 +b2)2+2u—(a2+b2)u3
“u

2
1 e et o) e o)

+b2)u3

Que(6):- A particle moving with a central acceleration u /(distance)?® is projected from an apse at a

(u-a%v?)
distance a with a velocityV; show that the path is Fcosh —VH =a or
a
(aV* -4
r cos —V 6 ¢ =a according as V is <or> the velocity from infinity.
a
Solution:- Here, the central acceleration P = Ls = ﬁs = uu®,
(distance)” r
du| P w?
The differential equation of the path is h?|u+ > |=—== ,u_z =uu.
do u u
Multiplying both sides by 2(du / d¢9) and integrating, we have
v2 =h? u2+(d—u]2 =uu® + A (1)
do

Where A is a constant.
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1 du

But initially when r =ai.e. U=—,— =0(atan apse)and v=V .
a do
From(l),VZ:h{iz}:ﬁz+A.
a u
Via® -
h? =a’v? and Vz—ﬁzz—( 5 ,u)
a a

Substituting the values of h? and A in (1), we have
du )’ Va® - u
aZV{uz +(@j }ﬂuz +ga2 i

e s)

o du 2__ 2,2 2
a’Vv (@) =—a Vi + u® + 7
=—(aV? - p)u’ +(a’V? - u)/a’
=(a’Vv? - p)(-u*+1/a%)

2( du ’ 2 2,2
or a (@j ~ (V2 ) (1-a%?) @)

If V, is the velocity acquired by the particle in falling form infinitely to the distance a, then

V=2 J':Pdr:—zj:%dr:—z{—%} - &

Case I:- When V <V, (velocity from infinity), we have V? <V,? or V? <u/a® or aVZ<u or
u=aVvV?>0.

2
From (2), we have a*V? (j—;j = (,u—aZVZ)(azu2 —1)

or a?V g—l; = \/(,u—azvz) .\/(azu2 -1)

_ 2
Or (ﬂ av )d6’= ady .
av (azu2 —1)
IPEVE
Substituting au =z, so that adu =dz , we have M =df= L
av (7 1)
, —ai/? _a%y?
Integrating %6@ B=cosh™z or %94— B =cosh™(au).

But initially when u=1/a, 8=0.
0+B=cosh™1=0or B=0.

(u-a'v?)

0 =cosh™®
=Y cosh™(au)
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—_ a2
Or au=§=cosh M@
r av

(n-a'v?)
av

Or rcosh fdr=a.

Case Il:- When V >V, (velocity from infinity), we have V? >V,* or V2 >,u/a2 or aV?—u>0.
2

From (2), we have a*V? (j—gj (aZV2 —,u)(l—azuz)

or a%Vv (S—ZJ = \/(azvz —u) .\/(1—a2u2)

Ve
Or (a ﬂ) do = adu .
av (1—a2u2)
Yo
Integrating ¥9+C =sin‘1(au).

But initially when u=1/a,60 =0.
0+C=sin"lorC=x/2

il
¥9+%:sin‘l(au).
22
Or au=—=sin —(a ﬂ).9+z
r av 2

2

Or a=rcos ué’ .
av

2
Que(7):- A particle, acted on by a repulsive central force ur/ (I’2 —9C2) , is projected from an apse

at a distance ¢ with velocity (,u / 802) . Find the equations of its path and show that the time to the

cusp is gﬂCZJ(Z/,u) .

—ur
Solution:- Considering the particle of unit mass, the central acceleration P = Lz
(r*-9c)
(Negative sign is taken because the force is repulsive).
2
r
The differential equation of the path in Pedal form is —3—p =P= _,u—z
p” dr (r*-9c?)
2h? 2 urdr -2
or=—""dp=—2#£ =2pur(r’=9c%) "dr.

p’ (r? —9c2)2
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2
Integrating Vv* :—2:—%+A (1)
p (r*-9¢?)
Where A is a constant.
But the particle is projected from an apse at distance c. Also at an apse P =T . Therefore

initially p=r=c and v= (y/8c2).

2
From (1), we have iz = h—2 M +A.
c ( —9c? )
h? /8 and A———— 0
—H 8c® 8c?
Substituting the values of h? and Ain (1), we have A o__ i or 8p2 =9¢’ —r?(2)

8p*  (r’-9c)
Which is the pedal equation of the path and is a three-cusped hypocycloid.

Second Part:- Now we are to find the time to reach the cusp. At the cusp, we have p=0. Soitis
required to find the from p=cC to p=0.

We know that in a central orbit V= % =—,
Y
hdt = pds or hdt = P? dr
But dr/ds=cos¢.
pdr pdr
hdt = p. —dr = = .
CoSs ¢ \/(1—sin2¢) \/{1—(p2/r2)}

prdr _ p(-8p)dp
\/(rz_pz) \/(9C2—8p2—p2)
—8p'dp
3 (CZ_p2)
Let t, be the required time to the cusp. Then integrating from p=C to p =0, we get
10 8p*>~dp 8 pid
ht, b —dp _8__pidp

[+ from (2), —rdr=8pdp]

3Jc (Cz_pz) 3J0 (Cz_pg)
8 rx2¢%sin? z
=— ccoszdz
370  ccosz

[putting p=csinz, sothat dp=c=c0szdz]

c2 r/zsm zdz—§c2 1 z_ 27’

2 2 3
t_27rc_27zc g
' 3h 3 \\u
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B Arc? 2
3 u)
Que(8):- A particle is moving with central acceleration ,u(r5 —c“r) being projected from an apse at

a distance ¢ with velocity c? (,/2;1/3) , show that its path is the curve x* + y4 =c*.

1 ¢

4
Solution:- Here the central acceleration P =,u(r5 —c“r) = ,u[$ _U] .
du| P 1 ¢ 1 ¢
The differential equation of the path is h?| u + > |=—== ﬁz ——— =y ==
do u® u“{u> u us u

Multiplying both sides by 2(du / d¢9) and then integrating, we have

ST DR - Th i O O S
v=h {u +(d¢9j RE T A -

Where A is a constant.

But initially, when r=c i.e.,, u=1/c, du/dé@ =0 (at an apse) and V:CBQ/(Z,u/3) .

6 6
From (1), we have 2uC =h2.i2:,u —C—JrC6 +A
3 c 3
2
h* == uc®, A=0
3/1
2 4
Substituting the value of h? and A in (1), we have %,uc8 {uz J{:jj_;j }:y(—:;uieﬂ(j—z]
2 4
or c?[ QU =—i6+3i2—c8u2:i6 _Li3 e Lk
dé 2u”  2u u 2 2
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N

Integrating 460+ B =sin™ =sin(4z) where B is a constant or b

1
4
40+ B :sin’l(4c4u4 —3).
But initially when u=1/c, §=0. . B=sint1l=x/2.
46?+£7r:sin‘l(4c“u4 —3)
2
Or sin(%n+49j:4c4u4—3
Or cos46 =4c*u* -3
or 4¢c* [ r* =[3+cos46)]
or  4ct=r" [3+(2cos2 29—1)] =2r*[1+cos’ 20 |
=2rt [(cos2 0 +sin? 9)2 +(0052 0 —sin? 9)1
:4r4(cos4¢9+sin49)
c* :(rcosé?)4+(rsin (9)4

or ¢c* =x"+vy*, [- x=rcos@ and y=rsing]
Which is the required equation of the path.

10
Que(9):- If the law of force be ,u[u“ —Eau5j and the particle be projected from an apse at a

distance 5a with a velocity equal to (5/7) of that in a circle at the same distance, show that the

orbit is the limacon r = a(3+ 2C0S 49) .

10 1 10a
Solution:- Here the central acceleration P :,u(u4 - 3 auF’j :,u(—4 - Fj
r r

If V is the velocity for a circle at a distance 5a, then

Ve |1 108 | 7
52 L s =# {(5&)4 9(5a) } ~9(5a)’

velocity of projection of the particle, then

et H?

The differential equation of the path is

h*|u+ dli 32 ﬂ(u —Eauj y(uz—yaﬁj
do ] u” u 9 9

Multiplying both sides by 2(du / d¢9) and then integrating, we have
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2
v2 =2 {u%(j—;j }:u(%us—gau“}A (1)

Where A is a constant.

But initially, when r =5a i.e. U :%,:—Z:O and V2 :%Sa?’
2 3 4
From (1), we have # - :hz(i] =u g(ij _5_a(i) + A
225a 5a 3\ 5a 9 \ 5a

h2=+ A=0

%9a

2
Substituting the values of h” and A in (1), we have 2 u’ +(d—uj =‘u(zu3 —5—au4j
9a de 3 9
2

or (d_uj =6au’ —-5a°u’ —u®.

do

, 1 du 1 dr 1dr) 6a 5a’ 1
Putting U=—,sothat —=—-——,wehave | -5 — | = ——F——

r do r-de r-do r r r

dr ’ 2 2 2 2
or | — | =6ar—5a’—r®=-5a"—(r’ -6ar)

do
:—5a2—(r—3a)2+9a2 :4a2—(r—3a)2.
dr 2 2
E=\/[(za) ~(r-3a)|
Oor d@= i

J@ay ~(r-3ay’]

Integrating @+ B = Sinl(r ;saj , where B is a constant.
But initially when r=5a, 6 =0. . B=sintl=x/2

¢9+£7zsin1(r_3aj or sin[iwré?J: r—3a
2 2a 2 2a

r—3a=2acoséd or r = a(3+ 2C0s 49) , Which is the required equation of the path.

Que(10.1):- A particle is projected from an apse at a distance a with the velocity from infinity being
,uu7 ; show that the equation to its path is r’ =a’cos26.

Solution:- Proceed as in before example.
Here n=2.

Que(10.2):- A particle is projected from an apse at a distance a with velocity of projection
ﬁ/(a&/ﬁ) under the action of a central force ,uus. Prove that the path is circle r =acosé .

Solution:- Proceed as in before example
Here n=1.
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Que(10.3):- If the central force varies as the cube of the distance from a fixed point then find the
orbit.
Solution:- We know that referred to the centre of force as pole the differential equation of a central

" _h’dp
orbit in pedal formis ——=P (1)
p° dr
Where P is the central acceleration assumed to be attractive.
3 . 3. h? dp s h? 3
Here P =ur”, putting P =ur’ in (1), we get _3d_ = pur or —dp=ur’dr
p-ar p
2 h* d 2ur®d
Or — F p=-2ur’dr.
h2 r.4
Integrating both sides, we get V2 = — = —’UTJrC (2)
p

Let V=V, when I =1,

4 4
M 2 | Ml

Then V§= +C OI’C:VO‘FT

Putting this value of C in(2), the pedal equation of the central orbit is
hz r4 r
—2=—ﬂ—+v§+ﬂ—°.
p 2 2

Que(11):- A particle moves with a central acceleration which varies inversely as the cube of the
distance. If it be projected from an apse at a distance a from the origin with a velocity which is \/5

times the velocity for a circle a, show that the equation to its pathis r COS(G/\/E) =a.

Solution:- Here the central acceleration varies inversely as the cube of the distance i.e.

P=u/r®=uu®, where u isa constant.
2

Vv
If V' is the velocity for a circle of radius a, then — = [P]r:a = ﬁ3 orV = (y/az)

a a
The velocity of projection V, =2V =, /(2/1 / az) .
du| P w?
The differential equation of the path is h? {u + 102 } = F = —’lljz =uu.

Multiplying both sides by 2(du / d¢9) and integrating, we have

vi=2lu?+ du 2 = uu?+ A 1
= 40 =HU (1)

Where A is a constant.

But initially when r =ai.e. U=1/a, du/d@ =0 (atanapse),and V=V, = (Z,u/az) .

From (1), we have 2—"; =h? [%} = ﬁ2+ A
a a a

h* =24 and A=p/a?

du)’
Substituting the values of h? and Ain (1), we have 2,u|:u2 +(d—9j }:,uu2 +ﬁ

a2
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2 A2,2
OrZ(d—u) ST Y L
déo

T a a’
du de adu
Or \/Ea—zﬂll—azuz or —=—-—o—
deo ( ) J2 [(1_a2u2)
Integrating (49/\/5)+ B=sin" (au) ,where B is a constant.
But initially, when u=1/a, 6 =0. .. B =sin‘11:%7r.
(0/«/5)+l7r :lsin‘l(au) or au=alr :sin{lyw(@/x/i)} or a= rcos(@/«/z),
2 2 2
which is the required equation of the path.

Que(12):- A particle moving under a constant force from a centre is projected at a distance a from the
centre in a direction perpendicular to the radius vector with velocity acquired in falling to the point of

3
projection from the centre show that its path is (a/ I’)3 = C0S* (E 9) .

Also show that the particle will ultimately move in a straight line through the origin in the same way
as if its path had always been this line. If the velocity of projection be double that in the previous case

show that the path is 9 =tan™ r-a —itan’1 r-a
2 a ) 3 3a

Solution:- Since the particle move under a constant force directed away from a centre, therefore the
central acceleration P =—f , where f isa constant.

While falling in a straight line from the centre of force to the point of projection, if v is the

dv
velocity of the particle at a distance ' from the centre of force, then Vd— =f orvdv=fdr
r

Y
Let V be the velocity of the particle acquired in falling from the Io VdV:J‘Oa fdr or
—=af orV = (2af).

Therefore the particle is projected from a distance a with velocity (2af) in a direction

perpendicular to the radius vector.

du| P> f
The differential equation of the path is h? {u +— } =——-—.
o us u
Multiplying  both  sides by 2(du / d¢9) and  integrating, we  have
2
V2 =h? uZJ{d—uj =£+A (1)
do u

Where A is a constant.
But initially, when r=a ie. u=1/a, du/d@=0(since the particle is projected

perpendicular to the radius vector), and V=V = (2af ) .
From (1), 2af =h? {%} =2fa+A.
a

h?=2fa® and A=0.
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2
Substituting the values of h? and Ain (1), we have 2 fa’ {uz J{j—gj }:ﬁ
u

dé u do ul?
a3/2ul/2du

J(-a'w’)

3 3
Substituting a¥?u¥? =z, so that Ea3’2u”2du =dr, we have —d@ =

2 3,3
or a’ (d_uj :_a3u2+1:1_a3u3 or aslzd—uzM
u

or d@ =

(1-2)

3 . .
Integrating 59+ B =sin"(z)=sin l(a‘°”2u3’2), where B is a constant.

But initially when u=1/a, =0 .. B =Sin11=%ﬂ'.
§0+17z:sin’1(a‘°”2u3’2)
2 2
or a¥2u®¥? =sin 17z+§6? :cos§¢9
2 2 2

3/2 3/2 3

ora’“/r :cos(EGJ
3 2 3

or (a/r) =cos (59) (2)

This is the required equation of the path.

Second Part:- Now as I — o0, COS(%@)—)O i.e. 29%%72' ie. 0> 1l3.

Hence the particle ultimately moves in a straight line through the origin, inclined at an angle

0 =z /3, in the same way as if its path had always been this line.

Third Part:- If the velocity of projection of the particle is double of that in the previous case, then the

initial conditionsare r=a,u=1/a, du/d@=0,and v=2V =2 (2af )
From (1), we have 8af = h? {%} =2fa+A.

h? =8a%f and A=6af .

2
Substituting these value of h® and Ain (1), we have 8a°f l:u2 +(3—2j }:£+6af
u
2
or 4a3(d—uj :—4a3u2+1+3a.
do u
, 1 du 1 dr J 1drY 4@

Putting U=—,sothat — =———,we have 43" | —— — :——2+r+3a

r do r-de r-dé r

or 4a°(dr/d@)’ =r® +3ar* —4a’r® =r’(r*+3ar’ —4a°)
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:rz[rz(r—a)+4ar(r— )+4a ( )]

=r2(r—a)(r2+4ar+4a ) a)(r+2a)’
or 2a%*(dr/d@)=r(r+2a) 4/ r—a)
or d_0= a3/2dr

2 r(r+2a)\/(r—a)
de 2a*%zdz

Substituting m r —a = z?, so that dr =2zdz, we have — = > >
(z +a)(z +3a).2

Or— \/_/[ 1 }dz.

z’+a z+3a

z 1 z
Integrating — + B= \/_ - , Where B is a constant.

J’ Ja (3a) \/@

r— a 1 r-a
0 +B—tan ——tan~
2 \/( NE \/( 3a J

But|n|t|aIIywhen r=a,0=0,

r— a r -
=tan™ ’ ——t ’ , Which is the required equation of the path.

Que(14):- A particle moves with a central acceleration z / (distance)® and projected from the apse at

a distance a with a velocity equal to n times that which would be acquired in falling from infinity.

Show that the other apsidal distance is a/ (n2 —1) .

If n=1 and particle be projected in any direction, show that the path is a passing through the centre

of force.

Solution:- Here, the central acceleration P = M  _H_ ,uus.

(distance)’ r°

Let V be the velocity from infinity to a distance a from the centre under the same

4
acceleration. Then as in V2 ——ZI Pdr_—2j lad dr_—Z[ :| ZLA
—4r* 2a

V=/(ul2a")

du| P
The differential equation of the path is h? |:u + } =— A 3

dg> | u®> u
Multiplying  both  sides by 2(du/d0) and  integrating, we

o, (duY | 2t _
helu +| — | |= + A, where Ais a constant.

déo 4

4
or v2=h’ {u +(du)} M A (1)
de 2
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But initially, when r=a ie. u=1l/a,du/d@=0 (at an apse) and

v=nV =n (,u/\/g)

2
From (1), we have n—"f =h? {%} - L4+ A.
2a a 2a
2 n® -1
h2 =I"I_/,21 and A:q
2a 2a

2 2 4 (n*-1
Substituting the values of h? and A in (1), we have n ﬂ{uz +(duj }: A +( )ﬂ

2a’ de 2 2a’
du )’ 1 4.4 2.2 2 2
> (@J = g7 21" e (o 1)

At an apse, we have du/d@=0. Therefore the apsidal distances are given by '
0=(1/ nzaz)[a“u4 —a’n’a’ +(n’ —1)}

or a‘u’* —a?n?u? +(n2 —1) =0

a* a’n®> [, 1
Or P +(n —1):0 .u:F

Or (n2 —1) r‘—a’n’r’+a’ =0, whichis guadratic equation in re.

If r’ and 17 are its roots, then r’r; =a* /(n2 —l)

or g, =a’/J(n*-1) (2)

But the first apsidal distance say I}, is a.

From (2), ar, = a’/ (n2 —1) i.e. the second apsidal distance I, =a/ (n2 —1) }

Second Part:- When n=1and the particle is projected in any direction, say at an angle ¢ to radius
vector, then at the point of projection, we have ¢=a,p=rsing=asinaand so

1, (du T 1
—2:U +| — = 7
p dé (asina)

Thus in this case initially when r=a i.e. u=1/a, we have v=V = (/1/2&4) and

u?+(du/do)’ =1/(azsin2 a)

2
From (1), we have g h = ’u4+A.

2a* (a’sin’a) 2a
h? =(ysin2a)/(2a2) and A=0

usin® o 2 4
Substituting the values of h® and A in (1), we have g{uz +(d—uj _ A or

2a’
2,4 2 2, 4
u2+(d—ujh2: al; or [d_u] = al: —u?.
do sin“a dé sin“«a
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, 1 du 1 dr 1 drY a’ 1
Putting U=—,sothat —=—-——  wehave | —~——— | =—F—————
r do r-do r-do rsina r
dr \? ) ) ) dr > > > dr
Oor| — | =a‘cosec’a—r —=,/la“cosec a—r do=
r(dej o 55\ ) or

\/(az cosec’a — r2)

Integrating 8+ B=sin™"
acoseCca

], where B is a constant.

Initially when r =a, let §=0.Then B:sin‘l(sin a)za.
6+a=sin™{r/a(coseca)|
Or r=(acoseca)sin(f+a)

orr =(aC05eCa)COS{%7r—(9+a)}

orr Z(aCOSECa)COS{(9+a)—%7Z}

orr :(acoseCa)cos{O—(%nJ—a}

Or r =(acoseca)cos(d— ), where = %ﬂ'—a :

This represents a circle of diameter @ COSEC & and pole on its circumference. Hence the path
of the particle is a circle through the centre of force.

Que(15):- In a central orbit the force is ,uu3 (3+ 2a2u2); if the particle be projected at a distance a

ek
with a velocity (Sy/a?‘) in a direction making an angle tan 1(5} with the radius vector, show
that the equation to the pathis r=atané .

Solution:- Here, the central acceleration P =z u® (3+ 2a2u2)

The differential equation of the path is

h? {uz +j_;l:} _P_uu (3+2a%u’) = p(3u+2a’u’)

u> U
Multiplying  both  sides by Z(du/dﬁ) and integrating, we  have

2 2 2,4
vZ =h? {u2+[j—;j }:2/1(3%+2a4u j+AwhereAisaconstant.

2
or v* :h{u2+(j_;j }ﬂ(3u2+azu4)+’* W

Butinitially when r=a i.e. u=1/v= (5/1/8.2) ,p=tan™ (1/2)

ortang=1/2 or sing=1/+/5 or p=rsing=a//5 or1/ p* =u®+(du/d6@)’ =5/a’
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From (1), we have 5—'? =h? 32 =,u{%+
a a a

°:>| <5}

2
j+A.

du \’
Substituting the values of h? and A in (1), we have ,z{u2 +(@) }:IU(SU2 +a2u4)+

h® =g and A=pu/a’.

QJN|‘Q

du Y’ 2 24 1 1 2 4, 4
or | — | =2u*+a’u’ + = =—(2a%’ +a'u’ +1)
a a

do
' 1 du 1 dr 1du) 1(2a° a*
Putting U=—,sothat —=—-——  wehave | ~——— | =—| —+—+1
r do r-de r-de as\r r
dr 1 A 2 22 B adr
0 (@j _¥(2ar +a+r') az(a +1?) r——a( +a)ord49_(r o)
Integrating, 9+B:tan’1(r/a), (2)

Where B is a constant.
But initially when r=a,let 8=x/4.

1 1
Then =7 +B=tan"1==7,so0 that B=0.
4 4
Putting B=0in (2), we get 8 = tan‘l(r / a) or r=atan@, is the required equation of the

path.

1
Que(16):- A particle moves with a central acceleration ,u(uS —§a2u7 ; it is projected at a distance

a with a velocity (25/7) times the velocity for a circle at that distance and at an inclination

tan™ (4/3) to the radius vector, show that its path is the curve. 4r° —a® =3a’ /(l— 6’)2 )

r° 8r’

If V is the velocity for a circle at a distance a under the same acceleration, then

V2 1 a®) 7Tu
_—= P = —_— [ —
a [ ]r:a 'u(aS 8a7j 8a5

V?=Tul8a’ orV = [(7ul8a")

1 1 a’
Solution:- Here, the central acceleration P :y(u5 —§a2u7j = ,u(———]

Velocity projection of the particle
= f(25/7) v = [(2517) \/7,u/8a \/(25ﬂ/8a4)

2
The differential equation of the path is h? u+dl: :%:ﬁz(u5—la2u7j or
do u® u 8
d?u 1
hlu+— |= u3——a2u5j.
{ dez} “( 8
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Multiplying  both  sides by Z(du / dH) and  integrating, we  have

2 4 2,6
vZ =h? u2+(d—uj =u U _au i (1)
de 2 24

Butinitiallywhen r=a i.e.u=1/a,v= (25,u/8a4) ,¢=tan"(4/3) ortang=4/3 or

sing=4/5 or p=rsing=4a/5 or 1/ p* =u*+(du/de)’ =25/ (16a°).
Substituting the above initial conditions in (1), we get

25u _, 25 _ [1 azj

— +
8a* 1622 “\2a" 24a°
hzzz—él and Azzs’il— 11,u4 = 8’Li
a 8a" 24a" 3a
Substituting ~ the  values of h? and A in (1), we have

2 4 2 2,4 4 6
Z—él u2+(d_uj y U1 oy +8_Ai or u2+(d_UJ _atut alu® 42 iy
a déo 2 24 3a do 4 48 3a

(duj2 a’u’ a'l® 4,

— | = + —u
de 4 48  3a’
= 12(64—48a2u2+12a4u4—a6u6)= 12(4—a2u2)
48a 8a
) 1 du 1 du
Putting U=—,sothat —=—-——, weget
r de r-de

i(ﬂf— L 4—3—23— : (4r2-a2)" or (ﬂf——l (4r2-a) or
r‘\ de 4832 r? 48a%r® do 48a’r?

dr 1 (4I’2 Py )3/2 or dg = ﬂ = (ﬁ aj(4r2 —a? )_3/2 (8r)dr .

@ B 4\/ 3al’ (4r2 _ a2 )3/2 2
ar? —g2) _
Integrating @+ B = ﬁa Q or ¢9+B:a—\/§ (2)
2 -1/2 (4r2 _ az)

But initially when r =alet 8=0.Then 0+B=-1B=-1
Putting B = —1in (2), we get

a3

0-1= or 1—6’:61—\/§ or 4r? —a’ :a—\/gor

2 .2 3a’ . .
4r-—-a‘ = > Which is the required path.
(1-9)
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Que(17):- A particle moves with a central acceleration y(3u3+a2u5) being projected from a

distance a at an angle 45° with a velocity equal to that in a circle at the same distance. Prove that the

. al 1
time to the centre of force is 2——rm|.
(2u)\ 2

3 a’
Solution:- Here the central acceleration P =,u(3u3 + a2u5) :,u(—3 +—5j . [ u=1/ r]
r r

If V is the velocity in a circle at a distance a under the same acceleration, then

V2 3 a2 2 4,U
—=[P] =u|=+—|orV=—orV=2Jula.

a [ ]r:a ’u(aS a5] a2 :u
The differential equation of the path is

d?u P u

2 2 _ _ 3 2.5\ _ 2.3
h {u +d02}_u_2_u_2(3u +a’u®) = u(3u+a’u®).
Multiplying  both  sides by 2(du/d<9) and  integrating, we  have

du
V2 =h? u2+(— = u(3u*+a’u’)+A 1
{ 1| |74 ) (1)

Where A is a constant.
But initially when r=a i.e. u=1l/a,v=2ula, $=45,

p=rsin¢=asin%7r=a/\/§ so that 1/ p? =u2+(du/d6’)2 =2/a’.

2 FEgue or

2
From (1), we have 4—'?: hz.izy{%+a—]+A.
a a

h?=2u and A=pu/2a’.

Substituting the values of h? and A in (1), we have
2 2 2 2
2a u2+(d—u) =u 30?4+ 2y +L2 or Z(d—uj :u2+a—u4+i2.
do 2 2a do 2 2a
_ 1 du 1 dr 2(drY 1 a®> 1
Putting U=—, so that —=—-——, we have —|——| =—F+-7+t-5 or
r do r-de r'\deo r< 2r" 2a
2 2 2
4a2(£j =2a2r2+a“+r“:(r2+a2)2 o I __r+a (2)
do do 2a

[Negative sign is taken because I' decrease when @ increases. See figure in before example]
déo dé dr 2a dr
Wehave h=r>—=r>—"2.—or /(2u) =-r2. —— . —
ar " ar a2 (rP+a?) dt
[Substituting for h and dr/dé&]
2a r’dr

J@u) (rF+a?)

Oor dt=—
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Integrating between the limits F =a to r =0,the required time t; from the distance a to

2 2
the centre of force is given by t, =— \/(221) J.roza rzrfgz =— \/(221) .J.:[l— I’Zi a2 Jdr

__ \/(22&7). {r —atan™ (gﬂ:
S ——

:%[a—a.%ﬂ}=%[2—%ﬂ}

Que(18):- A particle moves with central acceleration (,uu2 +ﬂ,u3) and the velocity of projection at

2 A
distance R is V ; show that the particle will ultimately go off to infinity if V2> ?'u-i-? .

Solution:- Here, the central acceleration P :yuz + AU,

2

dul| P 1
The differential equation of the path is h? {u + } =—= —2(,uu2 +ﬂu3) =u+AU.

dg*| u®* u
Multiplying both sides by 2(du / d¢9) and integrating, we have
2 2|2, (du . 2
vi=h"{u"+|—| [=2umu+AUu"+A (1)
do
But initially when r =Ri.e. u=1/R,v=V
From(l),wehaveV2=2—’u+iz+Aor A:V2_2_'u_i2 (2)
R R R R

du Y’
Hence the equation (1) is h? {UZJ{EJ }:Zyu +AU? + A, where A is given by the

2
equation (2) or h? (:—;j :(i—hz)u2+2uu+A
(1 _mr2\J),2 2u A
=(2-h ){u +(/1—h2)+(/1—h2)}

2
(2 _R2 H A _ /J2
~(4=1) [(ﬂhz)] A-ht (a-ne)

or h(j—;j= (2-h°). [‘”(gﬂhz)J i (ﬂfhz)_(;:l:ﬁ)2

12
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Or d@ = - ; 2
(i—h) L A 0
(1)) 1) (2o
Integrating,
i ) ) 12
_ M M A
0+B= (l_hz).log u+(ﬁ—h2) + u+(ﬁ.—h2) + (ﬂ—hz) (l—hz)z

(3)

Ultimately means when I — oo . So that particle will ultimately go off to infinity if @ is real
when r > ooi.e. when u —0.

h A2

Now when u =0, the equation (3) becomes &+ B = —2'|Og A > +( zj
(2-h*)" 7| (2=h*) \2-h

(4)

Assuming A > h?, we see that the equation (4) always gives a real value of @ provided A is

positive. Therefore the particle will ultimately go off to infinity if A>OQi.e. if

V? —%—%>0[using(2)] e if V2 >2?,u+§'

Que(19):- A particle of mass m is attached to a fixed point by an elastic string of natural length a,
the coefficient of elasticity being NMQ , it is projected from an apse at a distance a with velocity

(2pgha) show that the other apsidal distance is given by the equation
nr?(r—a)—2pha(r+a)=0.

Solution:- Let a particle of mass m be attached to a fixed point O by an elastic string of natural length
a. initially the particle is at A such that OA=a and is projected perpendicular to OA with velocity

V= (2 pgh) . Let P be the position of the particle at any time t, where OP =r and LAOP =6.

[)

4

The only force acting on the particle at P in the plane of motion is the tension T in the string
OP and s always directed towards the fixed centre O. So the path of the particle is a central

OP-a r-a
orbit. By Hooke’s law, the tension T in the string OP isgivenby T =4 =nmg ——
a a
[+ 2=nmg]

P = the central acceleration of the particle at P .
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force
mass

[+ acceleration =

-2 o]

The differential equation of the path of the particle is

du| P 1 ng(1 ng( aj
H? u+ =—=—.,—|——a - .
{ dez} u?  u? a(u j a\u® u?

Here the letter H has been used because the latter h is given in the problem.
Multiplying both sides by 2(du / d¢9) and integrating, we have

vi=H l:u J{duj }=m(—%+Ej+A (1)
de a u u

Where A is a constant.

But initially at the apse A, r=a,u=1/a,du/df=0, v= (2 pgh).

H? n
Applying these initial conditions to (1), we have 2pgh= = —g(—a"- +2a’ ) +A.
a’ a

H? =2pgha® and A=2pgh—nga.
Substituting the values of H 2and Ain A(1), we have

2 pgha’ {u +(duj }:ng( L +§j+2pgh nag (2)
déo al u* u
Now at an apse, du/d@=0. Therefore putting du/d@=0in (2), the apsidal distances are
given by the equation 2 pgha’u® = %(—uiz + %j +2pgh—-nga
or 2pf;a n( r®+2ar)+2ph-na {E:r}
r a u

or 2pha® = nrz(—r2 +2ar)+(2 ph—na)ar?

or 2pha’® —2phar? + nr? (r2 —2ar)+ na’r>=0
or 2pha(a’ —r®)+nr®(r’-2ar+a*)=0

or nr¥(r— ) —2pha(r-a)(r+a)=0
or(r—a){nr (r—a)—2pha(r+a)}:0.

But r—a =0 gives the first apsidal distance r =a. Therefore the other apsidal distance is
given by the equation nr ( ) 2 pha(r +a) 0.

Que(20):- A particle is attached to a fixed point on a smooth horizontal plane by an elastic string of
natural length a. Initially the particle is at rest on the plane with the string just taut and it is projected
horizontally in a direction perpendicular to the string with a kinetic energy equal to the potential

energy of the string when its extension is 3ah/§. Prove that the second apsidal distance is equal to

3a.

Download books https://mindsetmakers.in/upsc-study-material/



https://mindsetmakers.in/upsc-study-material/

Solution:- By Hooke’s law, the tension in the string when its extension is 3a/\/§.
3aV2 31

—, where A is the modulus of elasticity of the staring.

a 2

1
We know that the potential energy of an elastic string in any stretched position = E (initial

=A.

tension + final tension) x extension.

1

31 3a 9ai
The potential energy of the string when its extension is 3a/ \/_ = E[O + —} —_—=—

22 a

[Note that the initial tension is zero]

1
If V is the velocity of projection of the particle, then its kinetic energy at that time = E mV 2

According to the question 1I’nV2 2% orV?= % orV = 96\_/1 )
2 4 2m 2

Now suppose the particle is initially at A, where OA = a =natural length of the string. [Refer
figure of before example]

The particle is projected from A perpendicular to OA with velocity V = (96%/ 2m) .Let P

be the position of the particle at any time t, where OP =r. The only force acting on the
particle at P in the plane of motion is the tension T in the string OP and is always directed
OP-a r-a
=7 .
a a
P = the central acceleration of the particle at the point P

T :i(r—a):i[l—a).

towards the fixed centre O. By Hooke’s law, T =4

“m am am\ u

2
The differential equation of the particle is h? |:u2 + du :| = Bz = i(%—%j .

do* | u®* amlu® u

Multiplying both sides by 2(du / d¢9) and integrating, we have

2
V2 =h? u2+(d—uj =i(—%+@)+A (1)

do am\ u u

Now the point A is an apse. So initiallyat A, r=a,u=1/a,du/d@=0,v= (9aﬂ/2m) .
From (1), we have 9ai = hz.i2 = i(—a2 + 2a2)+ A.

2m a- am

3
h2:9al’A:7a}L.
2m 2m

Substituting the values of h? and A in (1), we get

9a°4 | , (du}z /I( 1 2aj 7al
Ut — | r=—| 5 +— [+ —.
2m deo am\ u u 2m
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9 1 2 7a
Putting du/d& =0, the apsidal distances are given by Easu2 = ——+—+7, or
au u

9a3 r2 7a 4 2.2 3 4 4 3 2,2 4
—=——+2r+—or9a"-7a’r —4ar’+2r" =0 or 2r" —4ar’ -7a°r*+9a" =0 or
2r a 2

(r—a)(r—3a)(2r® +4ar+3a’)=0.

Here r=a, r =3a are +iVe real roots. But r =a is the given apsidal distance. Therefore
r =3a is the other apsidal distance.

Que(21):- A body is describing an ellipse of eccentricity € under the action of a force tending to a
focus and when at the nearer apse the centre of force transferred to the other focus. Prove that the

eccentricity of the new orbit is e(3+ e) / (1—6) )

Solution:- Let Sand S' be the foci of an ellipse of eccentricity € and major axis of length 2a
described by body under the actin of a force tending to the focus S . When S is the centre of force,
A'is the nearer apse.

2 1
The velocity V of the body at a distance I from S is given by v? :,U[F—a] (1)
If V is the velocity of the body at A, when S is the centre of force, then from (1), we have
2 1
Vizy| —-= - at A r=5SA
#sA a} [ ]
But SA=CA-CS=a—-ae=a(l-e) (2)
i l+e
VZ=p 2 1 = —,u( ) (3)
_a(l—e) a| a(l-e)

When the body is at A and the centre of force is transferred to the other focus S', the body
will described a new elliptic orbit with the centre of force S'as a focus. Since the velocity of
the body at A is not changed, therefore if 2a" is the length of the major axis of the new ellipse,

then the velocity V at A isgivenby V? =pu L—i' =U L—il (4)
S'A a a(l+e) a

[ S'A=CS'+CA=ae+a:a(1+e)]

l+e 2 1 l+e 2 1

From (3) and (4), we have ,u( ) = —— | or ( ) = —— (5)
a(l-e) a(l+e) a' a(l-e) a(l+e) a’

Since the direction of the velocity of the body at A, is also not changed therefore for the new

elliptic orbit also the point A is an apse. If €' is the eccentricity of the new ellipse, then

corresponding to the result (2) for the original ellipse, we have for the new ellipse

S'A=a'(1-e’).

But S'A= a(1+ e) , from the original ellipse, as mentioned above.
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a(l+e)=a'(l=e') or a'=a(l+e)/(1-e").
(1+e) 2 (1-e")

Substituting this value of a'in (5), we have a(l—e)za(1+e)_a(1+e) or

lre _2-(1-e) . . (L+e)
a(l-e) a(l+e) (1-e)
or el (1+e)2 - (1+e)2 —(1-e) _ 3e+6? _ e(3+e) .
(1-e) (1-e) (1-e) 1-e

Que(22):- Show that the velocity of a particle moving in an ellipse about a centre of force in the focus
in the focus is compounded of two constant velocities /h perpendicular to the radius and we/h

perpendicular to the major axis.

Solution:- Referred to the focus S (i.e. the centre of force) as pole, let the equation of the ellipse orbit
be I /r=1+ecosé (1)

Where | is the semi-latus rectum of the ellipse.

Let P(I’,H) be the position of the particle ay any timet. The resultant velocity v of the

particle at P is along the tangent to ellipse at P . Suppose the velocity V is the resultant of
two velocities P and ( where p is perpendicular to the radius vector SP and ( is
perpendicular to the major axis AA'. Resolving the velocities p and  at P along and
perpendicular to the radius vector SP, we have the radial velocities

dr/dt:qcos(%ﬂ—ej:qsine (2)

And the transverse velocity I’(d@/dt) = p+qsin(%ﬂ—0j =p+qcosé (3)
1 dr
From (2), q=———— 4
rom(2), 4 sin@ dt “
Differentiating both sides of (1) w.r.t 't' we have —%ﬁ =—esin 0d_9 .
re dt dt
ﬂzgsin Qrzd—e
dt | dt
:el—hsiné? [* in a central orbit, I’Zd—f: h]
Substituting the value of dr/dtin (4), we get 0 = m.el—hsin 0= el—h
|
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eh
- h? =l
=€ y = constant.
This given one desired result.

Again from (3), we have p = r?j_t_ gcosé

=E_e_’u(;050 [ rzd—0=h and q:e—lu:|
r h dt h
h  ufl |

- +2 2 - from(1),ecos§=—--1
r h\ir r

_h oM p

r hr h
h h® u

- 4 +h?=ul
r hr h [ # ]

=/ h = constant.
This given the other desired result.

Que(22):- If a planet were suddenly stopped in its orbit suppose circular, show that would fall into

the sunin a time which is 4/2/8 times the period of the planet’s revolution.

Solution:- Let a planet describing a circular path of radius a and centre S (the sum) be stopped
suddenly at the point P of its path. Then it will begin to move towards S along the straight line PS

under the acceleration y (distance)?
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If Qis the position of the planet at time t such that SQ =r, then the acceleration at Q is
11 1? directed towards S .

dv .
The equation of motion of the planet at Q is V—=—ﬁ2(—lve sign is taken as the

dr

acceleration at Q is in the direction of r decreasing) or vdv = —ﬁzdr
r

]J

2

Vv
Integrating —2 _H + A where A is a constant.
r

Butat P,r=SP=a and v=0.
[Note that the planet begins to move along PS with zero velocity at P ]

0=E+Aor A=-£.
a a

2 a-r ’ - .
%:g_gz%r) oF V=%=— /(Zyla)_ (%j(—lve sign is taken because r

decreases as t increases) or dt = — (ij . (L) dr (1)
‘\/ 21 \/ a-r

If t, is the time taken by the planet from P to S then integrating (1), we have

jfdt:-\/@ j° (ﬁ) dr or

( jj-m [ acos’ 0 ]Zacosesinada
a—acos’ o

Putting I =acos” @ so that dr =—2acosdsin8dé

_a[ j_[ 2cos’HdO=a J. 1+c032¢9 do
2p \/

=a (Zyj{éhr ;sm 20}0 :TZu)

27Z_a3/2
But the time period T of the planet’s revolution is givenby T =

Ji
%=$=§ ort z(\/2/8)T i.e. the time taken by the planet from P to S is </2/8

times the period of the planet’s revolution.
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Que(23):- A comet describing a parabola about the sun, when nearest to it suddenly breaks up,
without gain or loss of kinetic energy into two equal portions one of which describes a circle; prove
that the other will describe a hyperbola of eccentricity 2.

Solution:- Let a comet describe a parabola of latus rectum 4a about the sum S as the focus. The
velocity Vv of the comet at a distance I from the sun (i.e. the focus) is given by V2 = 2ulr (2)
If V is the velocity of the comet at he point nearest to the suni.e. at the vertex A, then from
(1), wehave V2 =2 u/a.
[ r=SA=a atthe vertex A]
Let m be the mass of the comet which breaks into two equal part m/2 and m/2 at A and
let their velocities at A be v, and V,. Itis given that on account of explosion of mass there is

. o 1 ., 1(1_,) 1(1
no loss or gain of kinetic energy. Therefore —mMV‘ =——my, |[+—|—-m, or
2 2\ 2 2\ 2

Vi +V; =2V2=2(2ula)  from(2)

or v/ +Vi=4ula (3)
Vi
If the portion of the comet with velocity V; at A describes a circle about S we have — = —
a a
or Vl2 = Jal (4)
a
3
Substituting this value of V12 in (3), we have V22 il hl ol
a a a
3 2 =
Now V2 O e at AV ——
a a r

Therefore the portion of the comet with velocities V, at A describes a hyperbola of transverse
axis 2a, (say).

In a hyperbola orbit with transverse axis of length 2a, the velocity v at a distance ' from

the focus (i.e. the sun) is given by V2 =,u|:g+1}
ra

Here at the pointA, V=V, and r=a

) {2 1} 3u {2 1} 1 1

, =M|—+—|or—=ul—+—|or—=—ora =a
a & a a a a

Thus the length of the transverse axis of the hyperbola described is 2a. Let 2b be the length
of the conjugate axis of this hyperbola and e be its eccentricity.

Now we know that in a hyperbola orbit vp =h =, [(,ul)
Here at the point A,\V=V, and p=a

vzaz\/(,u_l)z,/{y(bzla)} [1=b%/a]

a’(e’ -1
or (%uj a= % [ for the hyperbola b* = a’ (62 _1)]

or3=e’-lore’=4ore=2.
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Que(24):- Two particles of mass M, moving in coplanar parabolas round the sun, collide at right
angles and coalesces when their common distance from the sunis R . Show that the subsequent path
(m,+m, )2 R

2m, m,
Solution:- Let the two particles of masses M, and M, moving in coplanar parabolas round the sun S

of the combined particle is an ellipse of major axis

(as focus) collide at right angles at the common point P at a distance R from S.
The velocity v of a particle in a parabolic path at a distance r from the focus S is given by

ve=2ulr.

Let V,and V,be the velocities of M, and M, respectively at the time of collision at P . Then

2 2
V) = ZH and Vi = e
R R
v =V (1)

Let the two particles coalesce into a single body of mass (m1 + mz) after collision at P and
let this single mass move with velocity V at an angle with the direction of the velocity V, of
the mass m, .

By the principle of conservation of momentum in the direction of V, and perpendicular to it
(i.e. along the direction of V,), we have (m+m,)Vcosd=my,+m,0 and
(m,+m,)Vsin@=m.0+m,v,

2
Squaring and adding, we have (m1 + mz) VZ=mivZ+mivi =m? +v7 +miv]
[ vV =vf}
2 2 2
(m? +m3)v;
orVi=—-—— (2)
(m+m,)

2
Since (m1+m2)2 >m? +m?, therefore VZ <V/ ie. V? < ?,u

Therefore the path of combined body after collision at P is an ellipse with S as focus. If 2&,

is the length of the major axis of this ellipse, then the velocity at any point of this elliptic orbit

2 1
atadistance I from S is given by v° :,u|:F—a}
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But at the point P is elliptic orbit, r =R and v=V .

VZ:ﬂF—i} 3)
roa

(g +m)v? {2 1}mrﬁ+m§gﬁ: {2 1}

From (2) and (3), we have ——— =

(m,+m, )’

o L2 (m+m) 2 2) (m+mi)| 2 omm,
a R (ml+m2)2'R R (ml+m2)2 R'(ml+m2)2'
(ml+m2)2 . . . . .
23, =———.R, which is the required length of the major axis.
2mm,

Que(25):- Prove that in a parabolic orbit the time taken to move from the vertex to a point distance

1
NP
Solution:- For figure refer $7, page 20

P(r.0)

r from the focus is (r +l) (2r - |) , where 2| is the latus rectum.

(VERTEX)
S A >X

The polar equation of a parabola of latus rectum 2| referred to the focus S as the pole and

1
the axis SA, where A is the vertex , as the initial line | / r =1+ cos @ = 2 cos? 56’

or r:%IseCZ%G (1)

But we have rz(deldt):h
2 j{l%ec“i@ [ ]
dt=—df=>+——=-d@ h? =l
h (u1)

1 1
=Z(I3’2/\/;)sec459d9

Integrating the time taken from the vertex (i.e. & =0) to the point P(r, 9) is given by

3/2

:EI— rsec“lede
N
1132 o 1 1

= j (1+tan2§¢9jsec256?d<9

_Zﬁ )

t
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3/2
_1! I sec —¢9+2[tan 1ej[lseczle) do
4«/ 2 2 2

3/2
:ll— 2tan19+2 1tan"’le
27 T3 27,

i

(3’2/\/_)[tan 0+3tan3%6}
:—(IQ"2 /\/;)tan—e (3+tan2149j

6 2 2
But from (1), secZ%H:Zr/I .
1+tan2%6?=2rll or tanZ%H:(Zr/I)—lz(Zr—l)/I.

(3’2/\/_) {(2r=1)11} {3+ (2r-1)/1}

1 1¥2J(2r-1).(21 +2r) 1
- =

\/;I” 3\/;(HI) (2r-1).
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DYNAMICS
UPSC PREVIOUS YEARS QUESTIONS CHAPTERWISE(UPSC CSE/IF0S)

1.KINEMATICSIN TWO DIMENSIONS
2.RECTILINEAR MOTION
SIMPLE HARMONIC MOTION
PLANATORY MOTION
3.CONSTRAINED MOTION
MOTION IN A RESISTING MEDIUM
PROJECTILES

4.CENTRAL ORBITS
5.WORK, ENERGY AND IMPULSE

KINEMATICS IN TWO DIMENSIONS
QL. Ifthe radial and transverse velocities of a particle are proportional to each other, then prove
that the path is an equiangular spiral. Further, if radial acceleration is proportional to transverse
acceleration, then show that the velocity of the particle varies as some power of the radius
vector.

[5¢ 2020 IFoS]
Q2. A stone is thrown vertically with the velocity which would just carry it to a height of 40
m. Two seconds later another stone is projected vertically from the same place with the same
velocity. When and where will they meet? [6a 2016 IFoS]
Q3. A particle is acted on a force parallel to the axis of y whose acceleration is Ay, initially
projected with a velocity N parallel to x-axis at the point where y =a. Prove that it will

describe a catenary. [8d 2016 IFoS]
Q4. A particle is acted on by a force parallel to the axis of y whose acceleration (always towards

the axis of y) is xy™ and when y =a, it is projected parallel to the axis of x with velocity

/2_;4 . Find the parametric equation of the path of the particle. Here pu is a constant. [8b UPSC
a

CSE 2014]
Q5. The velocity of a train increases from 0 to v at a constant acceleration f,, then remains

constant for an interval and again decreases to 0 at a constant retardation f, . If the total distance
described is x, find the total time taken. [5¢c UPSC CSE 2011]

CHAPTER-2 RECTILINEAR MOTION

Q1. UPSC CSE 2023 A particle is moving under Simple Harmonic Motion of period T about
a centre O. It passes through the point P with velocity v along the direction OP
and OP = p. Find the time that elapses before the particle returns to the point P.

What will be the value of p when the elapsed time is TE? (10)

Q2. A particle moving along the y-axis has an acceleration Fy towards the origin, where F is
a positive and even function of y. The periodic time, when the particle vibrates between y =-a
and y=a, is T. Show that
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2—7[ <T< 2—7[

EoR

where F1 and F are the greatest and the least values of F within the range [—a,a]. Further,
show that when a simple pendulum of length | oscillates through 30° on either side of the
vertical line, T lines between 27.//g and 27z,/1/g\/7/3 . [7Tc UPSC CSE 2019]

Q3. A particle moving with simple harmonic motion in a straight line has velocities v, and v,
at distance x, and x, respectively from the centre of its path. Find the period of its motion.

[6b UPSC CSE 2018]
Q4. If the velocities in a simple harmonic motion at distances a, b and ¢ a fixed point on the
straight line which is not the centre of force, are u, v and w respectively, show that the periodic
time T is given by

, u> v ow
Lj'l_”z (b-c)(c—a)(a-b)=la b c/|.[5c2018 IFoS]
1 1 1

Q5. Let T1 and T2 be the periods of vertical oscillations of two different weights suspended by
an elastic string, and C, and C are the statistical extension due to these weights and g is the

47*(C,

-C
acceleration due to gravity. Show that g = T—TZZ) . [6b 2018 IF0S]

2

1 2
Q6. A particle is undergoing simple harmonic motion of period T about a centre O and it passes

through the position P(OP =b) with velocity v in the direction OP. Prove that the time that

elapses before it returns to P is Itanl(zv—-rbj. [5¢ 2017 IFoS]

T T
Q7. A body moving under SHM has an amplitude 'a' and time period 'T'. If the velocity is

trebled, when the distance from mean position %a, the period being unaltered, find the new

amplitude.

[5¢c UPSC CSE 2015]
Q8. A heavy particle is attached to one end of an elastic string, the other end of which is fixed.
The modulus of elasticity of the string is equal to the weight of the particle. The string is drawn
vertically down till it is four times its natural length a and then let go. Find the time taken by
the particle to return to the starting point. [5b 2015 IFoS]
Q9. A particle is performing a simple harmonic motion (S.H.M.) of period T about a centre O
with amplitude a and it passes through a point P, where OP =b in the direction OP. Prove that

Vs a

Q10. A body is performing S.H.M. in a straight line OPQ. Its velocity is zero at points P and
Q whose distances from O are x and y respectively and its velocity is v at the mid-point between
P and Q. Find the time of one complete oscillation. [5¢c UPSC CSE 2013]

Q11. A particle is performing a simple harmonic motion of period T about centre O and it
passes through a point P, where OP =b with velocity v in the direction of OP. Find the time
which elapses before it returns to P. [5b 2013 IFoS]

Q12. A particle is thrown over a triangle from one end of horizontal base and grazing the vertex
falls on the other end of the base. If 8, and 6, be the base angles and & be the angle of

projection, prove that, tan @ =tan g, +tané,. [5d 2010 IFoS]

the time which elapses before it returns to P to Icosl(gj . [5¢ UPSC CSE 2014]
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MOTION THROUGH RESISTING MEDIUM

Q1. A particle of mass m is falling under the influence of gravity through a medium whose
resistance equals p times the velocity. If the particle were released from rest, determine the
distance fallen through in time t. [7c 2015 IFoS]
Q2. A particle is projected vertically upwards with a velocity u, in a resisting medium which
produces a retardation kv> when the velocity is v. Find the height when the particle comes to
rest above the point of projection. [7c 2013 IFoS]
Q3. A particle is projected with a velocity v along a smooth horizontal plane in a medium
whose resistance per unit mass is double the cube of the velocity. Find the distance it will
describe in time t.

[8c 2013 IF0S]
CONSTRAINED MOTION

Q1. A particle of mass m, which is attached to one end of a light string whose other end is fixed
at a point O, describes a circular motion in a horizontal plane about the vertical axis through

O. Prove that the particle moves in a conical pendulum only if g <l®®, where | is the length

of the string and @ being angular velocity.

Further, a particle of mass m is attached to the middle of a light string of length 21, one end of
which is fastened to a fixed point and the other end to a smooth ring of mass M which slides
on a smooth vertical rod. If the particle describes a horizontal circle with uniform angular
velocity « about the rod, then prove that the inclination of both portions of the string to the
vertical is

2M
cos™ {(m+l—2)g} [6b]1F0S 2022
Milw

Q2. A heavy particle hangs by an inextensible string of length a from a fixed point and is then

projected horizontally with a velocity /2gh . If S?a >h >a, then prove that the circular motion

ceases when the particle has reached the height %(a+ 2h) from the point of projection. Also,

prove that the greatest height ever reached by the particle above the point of projection is
(4a—h)(a+2h)2

27a’ '
[7 JUPSC CSE 2021

Q3. A fixed wire is in the shape of the cardiod r:a(1+c036’), the initial line being the

downward vertical. A small ring of mass m can slide on the wire and is attached to the point
r =0 of the cardiod by an elastic string of natural length a and modulus of elasticity 4 mg. The
string is released from rest when the string is horizontal. Show by using the laws of

conservation of energy that a6’ (1+cos8)—gcosd(1—-cos@) =0, g being the acceleration due
to gravity.

[5¢c UPSC CSE 2017]
Q4. A particle is free to move on a smooth vertical circular wire of radius a. Attime t=0 it is
projected along the circle from its lowest point A with velocity just sufficient to carry it to the
highest point B. Find the time T at which the reaction between the particle and the wire is zero.
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[7c UPSC CSE 2017]
Q5. A particle slides down the arc of a smooth cycloid whose axis is vertical and vertex lowest.
Prove that the time occupied in falling down the first half of the vertical height is equal to the
time of falling down the second half. [6b UPSC CSE 2010]

PROJECTILES

Q1. 6(b) UPSC CSE 2023 When a particle is projected from a point O1 on the sea level with a
velocity v and angle of projection 6 with the horizon in a vertical plane, its
horizontal range is Ri. If it is further projected from a point Oz, which is
vertically above O; at a height h in the same vertical plane, with the same
velocity v and same angle 6 with the horizon, its horizontal range is R2. Prove

that R2 > R1 and (Rz2 = Ry): Ry is equal to 1 (1+ 229h2 j—l 1 (15)
2 v“sin© o

Q2. 8(b) UPSC CSE 2023 A particle is projected from an apse at a distance Jc from the centre
of force with a velocity /% ¢ and is moving with central acceleration

A(r° —c?r). Find the path of motion of this particle. Will that be the curve
x*+y*=c?? (20)

Q3. 5(d) A projectile is fired from a point O with velocity 1/Zgh and hits a tangent at the point
P(x, y) in the plane, the axes OX and OY being horizontal and vertically downward lines
through the point O, respectively. Show that if the two possible directions of projection be at

right angles, then x> =2hy and then one of the possible directions of projection bisects the
angle POX. UPSC CSE 2022

Q4. 8(b) Describe the motion and path of a particle of mass m which is projected in a vertical
plane through a point of projection with velocity u in a direction making an angle € with the
horizontal direction. Further, if particles are projected from that point in the same vertical plane

with velocity 4\/5 , then determine the locus of vertices of their paths. UPSC CSE 2021

Q5. 5(c) A particle is projected in a direction making an angle « with the horizon. It passes
through the two points (x,,y;) and (X,, Y, ). Prove that

¥iR — Xzzyl_xizyz
R, =X X% (X, =)
where R denotes the horizontal range. 1FoS 2021

fana =

Q6. A short projected with a velocity u can just reach a certain point on the horizontal plane
through the point of projection. So in order to hit a mark h metres above the ground at the same
point, if the shot is projected at the same elevation, find increase in the velocity of projection.

[8b 2019 IF0S]
Q7. A particle projected from a given point on the ground just clears a wall of height h at a
distance d from the point projection. If the particle moves in a vertical plane and if the
horizontal range is R, find the elevation of the projection. [1e UPSC CSE 2018]
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Q8. From a point in a smooth horizontal plane, a particle is projected velocity u at angle a to
the horizontal from the foot of a plane, inclined at an angle 3 with respect to the horizon. Show
that it will strike the plane at right angles, if cos 8 =2tan(a— /). [5d 2016 IFoS]

Q9. A particle is projected from the base of a hill whose slope is that of right circular cone,
whose axis is vertical. The projectile grazes the vertex and strikes the hill again at a point on
the base. If the semivertical angle of the cone is 30°, h is height, determine the initial velocity
u of the projection and its angle of projection. [7b UPSC CSE 2015]

Q10. A particle is projected with a velocity u and strikes at right angle on a plane through the
plane of projection inclined at an angle 3 to the horizon. Show that the time of flight is

2u 2u*  sing

, range on the plane is and the vertical height of the point

g\/(1+33in2ﬁ) g 1+3sin*p
2 ain2
struck is 2us—|n;B above the point of projection. [6¢ 2012 IFoS]
g(1+3sin’ B)

Q11. A projectile aimed at a mark which is in the horizontal plane through the point of
projection, falls x meter short of it when the angle of projection is o and goes y meter beyond
when the angle of projection is B. If the velocity of projection is assumed same in all cases,
find the correct angle of projection. [5d UPSC CSE 2011]

Q12. If v,,v,,v, are the velocities at three points A, B, C of the path of a projectile, where the

inclinations to the horizon are a,a—f,a—24 and if t,t, are the times of describing the arcs

AB, BC respectively, prove that

vt, =vt, and 1+i: 8oyl

1 VS V2

. [5d UPSC CSE 2010]

CENTRAL ORBITS

QL. If a planet, which revolves around the Sun in a circular orbit, is suddenly stopped in its
orbit, then find the time in which it would fall into the Sun. Also, find the ratio of its falling
time to the period of revolution of the planet. [5d UPSC CSE 2021]

Q2. A particle of mass 5 units moves in a straight line towards a centre of force and the force
varies inversely as the cube of distance. Starting from rest at the point A distant 20 units from
centre of force O, it reaches a point B distant 'b’ from O. Find the time in reaching from Ato B
and the velocity at B. When will the particle reach at the centre? [6b 2020 1FoS]

Q3. Find the law of force for the orbit r* =a”cos26 (the pole being the centre of the force).
[6b 2019 IFoS]
Q4. A particle moves in a straight line, its acceleration directed towards a fixed point O in the

1
533
line and is always equal to y(a—zj when it is at a distance x from O. If it starts from rest at a
X
. L . . . : 8 |6
distance a from O, then prove that it will arrive at O with a velocity a\/6x after time T
U

[8b 2017 IF0S]
Q5. A particle moves with a central acceleration which varies inversely as the cube of the
distance. If it is projected from an apse at a distance a from the origin with a velocity which is

J2 times the velocity for a circle of radius a, then find the equation to the path. [5e UPSC
CSE 2016]
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Q6. A particle moves in a straight line. Its acceleration is directed towards a fixed point O in
5

13
. . a . . .
the line and is always equal to u( ] when it is at a distance x from O. If it starts from rest

X2
at a distance a from O, then find time, the particle will arrive at O. [8c UPSC CSE 2016]

Q7. A mass starts from rest at a distance 'a’ from the centre of force which attracts inversely as
the distance. Find the time of arriving at the centre. [6d UPSC CSE 2015]

Q8. A particle moves in a plane under a force, towards a fixed centre, proportional to the

distance. If the path of the particle has two apsidal distance a,b(a > b), then find the equation
of the path.
[8b UPSC CSE 2015]

Q9. A particle moves with a central acceleration which varies inversely as the cube of the
distance. If it be projected from an apse at a distance a from the origin with a velocity which is

J2 times the velocity for a circle of radius a, determine the equation to its path. [8c 2015
IFoS]

4
Q10. A particle whose mass is m, is acted upon by a force my(x+a—3j towards the origin. If
X

it starts from rest at a distance 'a' from the origin, prove that it will arrive at the origin in time
T
oJu
Q11. A particle moves with an acceleration
a4
IIJ(X+—3J
X
towards the origin. If it starts from rest at a distance a from the origin, find its velocity when

its distance from the origin is %. [5d UPSC CSE 2012]

[5¢ 2014 IF0S]

Q12. A particle is moving with central acceleration y[rs —c“r] being projected from an apse

at a distance ¢ with velocity (2?”) c¢?, show that its path is a curve, x* +y* =c".

[7a 2012 IFoS]
Q13. A particle of mass m moves on straight line under an attractive force mn®x towards a

point O on the line, where X is the distance from O. If x=a and % =u when t =0, find x(t)

for any time t > 0. [7c(ii) UPSC CSE 2011]
Q14. A particle moves with a central acceleration ,u(r5 —9r), being projected from an apse at

a distance /3 with velocity 34(2;1) . Show that its path is the curve x*+y*=9.
[7b UPSC CSE 2010]
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Y7,
(distance)

at a distance R. Show that its path is a rectangular hyperbola if the angle of projection is,

Q15. A particle moves with a central acceleration 5 It is projected with velocity V

sin™t ”2 7 |- [7D 2010 IFoS]
VR|Vv?Z -2
%)

KEPLER’S LAWS OF PLANETARY MOTION
QL. A particle starts at a great distance with velocity V. Let p be the length of the perpendicular
from the centre of a star on the tangent to the initial path of the particle. Show that the least

distance of particle from the centre of the star is A, where V21 =\ z* + p?V* —u. Here pisa
constant.
[7c UPSC CSE 2020]
Q2. Prove that the path of a planet, which is moving so that its acceleration is always directed
7,
(distance)

which the path becomes (i) ellipse, (ii) parabola and (iii) hyperbola. [8b UPSC CSE 2019]
Q3. A planet is describing an ellipse about the Sun as a focus. Show that its velocity away from
the Sun is the greatest when the radius vector to the planet is at a right angle to the major axis

of path and that the velocity then is ﬂ, where 2a is the major axis, e is the eccentricity

Ty1-¢€°
and T is the periodic time. [7b 2017 IFoS]
Q4. The apses of a satellite of the Earth at distance r1 and r> from the centre of the Earth. Find
the velocities at the apses in terms of ry and r2. [5¢ 2011 IFoS]

to a fixed point (star) and is equal to 5, Is a conic section. Find the conditions under

WORK, POWER & ENERGY

Q1. 5(d) A person is drawing water from a well with a light bucket which leaks uniformly. The
bucket weighs 50 kg when it is full. When it arrives at the top, half of the water remains inside.
If the depth of the water level in the well from the top is 30 m, then find the work done in
raising the bucket to the top from the water level. 1FoS 2022

Q2. A light rigid rod ABC has three particles each of mass m attached to it at A, B and C. The
rod is struck by a blow P at right angles to it at a point distant from A equal to BC. Prove that

2 52 2

the Kinetic energy set up is EP_aza—berz' where AB=ab and BC =b. [5e UPSC CSE
2ma“+ab+b

2020]

Q3. A four-wheeled railway truck has a total mass M, the mass and radius of gyration of each
pair of wheels and axle are m and k respectively, and the radius of each wheel is r. Prove that

if the truck is propelled along a level tack by a force P, the acceleration is % , and find
m
M +

2

r
the horizontal force exerted on each axle by the truck. The axle friction and wind resistance are
to be neglected.

Download books https://mindsetmakers.in/upsc-study-material/



https://mindsetmakers.in/upsc-study-material/

[8c UPSC CSE 2020]
Q4. The force of attraction of a particle by the earth is inversely proportional to the square of
its distance from the earth's centre. A particle, whose weight on the surface of the earth is W,
falls to the surface of the earth from a height 3h above it. Show that the magnitude of work

done by the earth's attraction force is %hW , Where h is the radius of the earth. [5d UPSC CSE

2019]
Q5. A spherical shot of W gm weight and radius r cm, lies at the bottom of cylindrical bucket

of radius R cm. The bucket is filled with water up to a depth of h cm (h > 2r). Show that the
minimum amount of work done in lifting the shot just clear of the water must be

3 3
{W (h —%]-FW '[r —h+ ;r H cmgm. W' gm is the weight of water displaced by the shot.

RZ

[8a UPSC CSE 2017]
Q6. An engine, working at a constant rate H, draws a load M against a resistance R. Show that

2

the maximum speed is H/R and the time taken to attain half of this speed is '\;H (Iog 2—%) :

[6b 2014 1FoS]

Q7. A particle of mass 2.5 kg hangs at the end of a string, 0.9 m long, the other end of which

is attached to a fixed point. The particle is projected horizontally with a velocity 8 m/sec. Find

the velocity of the particle and tension in the string when the string is (i) horizontal (ii)
vertically upward.

[7a UPSC CSE 2013]

Q8. A heavy ring of mass m, slides on a smooth vertical rod and is attached to a light string

which passes over a small pulley distant a from the rod and has a mass M (> m) fastened to
its other end. Show that if the ring be dropped from a point in the rod in the same horizontal

plane as the pulley, it will descend a distance %before coming to rest. [7a UPSC CSE
M?*—m

2012]
Q9. A particle is projected vertically upwards from the earth's surface with a velocity just
sufficient to carry it to infinity. Prove that the time it takes to reach a height h is

32
1 (EJHHD] —1}.[5c 2012 IFoS]
3\\ g a

Q10. A mass of 560 kg. moving with a velocity of 240 m/sec strikes a fixed target and is
brought to rest in ﬁ sec. Find the impulse of the blow on the target and assuming the

resistance to be uniform throughout the time taken by the body in coming to rest, find the
distance through which it penetrates.

[7a UPSC CSE 2011]
Q11. After a ball has been falling under gravity for 5 seconds it passes through a pane of glass
and loses half its velocity. If it now reaches the ground in 1 second, find the height of glass
above the ground. [7c(i) UPSC CSE 2011]
Q12. The position vector I of a particle of mass 2 units at any time t, referred to fixed origin
and axes, is

F=(t"-2t)i+ Lo i+1t2|2
2 2
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At time t=1, find its Kinetic energy, angular momentum, time rate of change of angular
momentum and the moment of the resultant force, acting at the particle, about the origin. [8d
2011 IFoS]
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