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RING THEORY
After studying group theory we have observed that it was a set and a binary
composition on that set. Whereas here we’ll have one set and two binary compositions
on that. For example-

Ring: Let R be a non-empty set (R,+,-) is said to be ring if

(a) (R,+)is Commutative group

() YaeR,VvbeR=a+beR

(i) a+(b+c)=(a+b)+c,va,b,ceR

(i) vaeR 30eR st a+0=0+a=a

(iv) For each a3 (unique) - a such that a+(—a)=—a+a

(v) a+b=b+a,vVa,beR

Note- The set is an abelian group w.r.t the first binary composition.
(b) (R,-) is Semi-group

() vaeR,vbeR=a-beR

(i) a-(b-c)=(a-b)-c,va,b,ceR

Note- The set is a semi group w.r.t the second binary composition.
(c) Left and Right Distributive Law

() a-(b+c)=a-b+a-c, Va,b,ceR
(i) (a+b)-c=a-c+b-c, Va,b,ceR
Note- The second binary composition is distributive over first binary composition.

Q. (Z,+,) isRing?

Ans. (a) (Z,+) is cyclic group then (Z,+) is commutative group

(b) (Z/) is semi-group

(i) VaeZ,VbeZ=abeZ

(ii) a-(bc)=(ab)-c, Va,b,ceZ

(c) Left and Right Distributive Law
() a(b+c)=a-b+a-c, vabceZ

(i) (a+b)-c=a-c+b-c, Va,b,ceZ
Therefore (Z,+,-) is Ring.

Similarly,
(Q,+0),(R,+0),(C,+0) are also Rings.

Commutative Ring: A ring (R,+,D) is said to be commutative ring if ab=ba,Vva,beR
Q. (Z,+0,(Q,+0),(R,+L),(C,+L) are commutative rings?

Ans. (i) (R,+[) isringand a-b=b-a, Va,beR then (R,+[) is Commutative Ring.
Since Q < R and (R,+[) is commutative ring then (Q,+[) is commutative ring.

Similarly, (Z,+,) is commutative ring and also (C,+,[) is commutative ring.
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Ring with Unity: Aring (R,+[) is said to be ring with unity if 3 0=beR such that
a-b=b-a=a, VaeR

Q. (Z,+/[) is commutative ring with unity?

Ans.leZ stl-a=a-1=a,VaeZ and (Z,+[) is commutative ring then (Z,+,)) is
commutative ring with unity.

Similarly, (Q,+0), (R,+[), (C,+0) are commutative ring with unity 1.

Q. R={0} is commutative ring with unity?

Solution: R={0}, (R,+,) is commutative ring but not unity.

Gaussian Integer:

Z[i]={a+ibla,beZ}

Q. Show that (Z[i],+,-) is ring.

Solution: Gaussian Integer: Z[i]={a+ibla,b e Z}

(A) (Z][i].+) is commutative group

(i) x=a,+ib eZ[i],y=a,+ib, e Z[i] where, a,a,,b,b, e
x+y=(a,+ib)+(a,+ib,)

=(a,+a,)+i(b +b,)

=¢, +ic,, where ¢, =a, +4a,

c,=hb +b,

aely,el=>Cc=a+a,el

bheZb,eZ=c,=b+beZ

=, +ic, e Z[i] = x+y e z[i]

(ii) z=a,+ib, e Z[i]
x+(y+2)=(a,+ib)+((a, +ib,)+(a, +ik)) =(a +a, +a,)+i(b +b, +b,)
RH.S. = (x+y)+z=((a +ib)+(a,+ib,))+(a, +ib,) =(a +a, +a,)+i(b +b, +b,)
LH.S.=R.H.S;then x+(y+2z)=(x+y)+z

(i) x=a,+ib eZ[i] then J0=0+i0e Z[i]

s.t x+0=(a,+ib )+(0+i0) =(a,+0)+i(b,+0)=a,+ib e Z[i]

(iv) x=a,+ib eZ[i],a,b ez

a, €Z=—a €Z [because Z is group]

bheZ=-beZ

=-a +i(-h)eZ[i] >—x=a+i(-h)eZ]i] st x+(—x)=—x+x=0=0+i0
(v) x=a,+ib eZ[i],y=a, +ib, e Z[i]
x+y=(a,+ib,)+(a,+ib,)=(a,+a,)+i(b +h,) =(a,+a,)+i(b, +h)
=(a,+ib,)+(a,+ib) =y+x =>x+y=y+x,Vx,y e Z[i]
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() (Z[i].-) is semi-group.

(i) x=a,+ib eZ[i],y=a,+ib, e Z[i]

x-y=(a+ib)(a, +ib,) =(aa,—bb,)+i(ab, +ba,) e Z[i]
=xyeZ[i] [vaa,-bb,eZ,ab,+ba,eZ] .. xyeZ[i] vx,y
(i) x-(y-z)=(x-y)-z, ¥x,y,ze Z[i]

(c) Left and Right Distributive Law

(i) x(y+2)=x-y+x-2

(i) (x+Yy)-z=x-z+y-2, Vx,y,zeZ[i] then (Z[i],+) is Ring.

Q. (z[i].+-) is commutative Ring?
Ans. Yes
Q. (Z[i].+-) is commutative ring with unity?

Solution: Yes, x=1=1+0i e Z[i] is unity of Z[i]

Q. (Z,,+) isring. Show?

Solution: (A) (Z,,+) is commutative group because Z, is cyclic group.
(B) (Z,,-) is semi-group

() VaeZ ,beZ =abeZ,

(i) a-(b-c)=(a-b)-c,va,b

(c) Left and Right Distributive law

(i) a-(b+c)=a-b+a-c

(i) (a+b)-c=a-c+b-c,va,b,ceZ, then (Z,,+,) isaring.
Q. (Z,,+) is commutative ring?

Solution:

VaeZ,VvbeZ =ab=ba then (Z ,+,) is commutative ring.

Q. (Z,,+,-) is commutative ring with unity?

Solution: Need not be commutative ring with unity.
Note:

(i) If n=1 then (Z,,+) is commutative ring but not unity.

(i) If n=1 then (Z,,+,-)is commutative ring with unity say unity = 1

Q. (i) Show that Mn(R)z{A:[aij] a; € R} isring i.e. (M, (R),+,-) is Ring.

(i) R=2Z,xZ, isRing?

Solution: (i) M, (R) is not commutative for n>1

Note:

() M, (R),n>1 is Ring with unity but not commutative.

(i) If n=1then M (R)=R,(R,+,-) is commutative then M (R) is commutative ring with
unity.

nxm
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R=Z7,xZ, isring
R=ZxZ isring
R=2ZxQ isring

R=QxQ isring

R=RxR isring

R=CxC isring

R=Z[i]xZ[i] isring

Now, (A) (Z,,xZ,,+) is commutative group.

(i) x=(a,b)ez,xZ,

y=(a,b,)eZ,xZ,
x+y=(a,b)+(a,b,)=((a+a,).(b+b,))

ael, el =a+a, el

beZ b eZ =b+b eZ,
:>((a1+a2),(bl+b2))ezm><zn

(i) x+(y+2z)=(x+y)+z, VX, y,2€Z, xZ,

(iii) vx=(a,b)eZ,xZ,, 3e=(0,0)eZ,,xZ, such that
(a,1)+(0,0)=(a,+0,b,+0)=(a, b))

(iv) For each x=(a,,b)eZ, xZ,
3-x=(m-a,n-b)eZ, xZ

s.t X+(—x)=(-x)+x=(a,b)+(m—-a,n—b)=(m,n)=(0,0) under modulo
(v) x=(a,b)ez,xZ,, y=(a,,b,)eZ, xZ,
x+y=(a,b)+(a,b,) =(a +a, b +b) =(a,+a,b, +b ) =y +x
= X+y=y+X VxyeZ xZ (Z,xZ,+) is abelian group
(B) (Z,,xZ,,-) is semi-group

(i) x=(a,b)ez,xZ,

y:(avbz)ezmxzn

x-y=(a,b) (a,b,) =(aa, bb,)eZ,xZ, = xyeZ,%Z,
(i) x-(y-2)=(x-y)z, Vx,y,2€Z, xZ,

(c) Left and Right Distributive

() x-(y+2)=x-y+Xx-2, VX y,2€Z, xZ,

(i) (x+y)-z=x-2+y-2,VX,y,2€Z xZ,
s ZoxZ, s ring.

Similarly, ZxZ,RxQ,Z[i]xZ[i] is ring.
Q. Z, xZ, is commutative ring?

Solution: Yes, x=(a,,b)eZ, xZ,
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y=(a,b,)eZ,xZ,

x-y=(a,b) (a,b,) =(aa, bb,) =(aa,bb) =y-x vVx yeZ,xZ,
SXy=Yy-X, Vx-yeZ xZ then Z_xZ_ iscommutative.
Q. R=QxQ is commutative ring with unity?

Solution:

x=(a,b)eQxQ

y=(a2,b2)eQ><Q

Xy = yX, then QxQ is commutative ring

Now,

x=(a,b)eQxQ

y=(11)eQxQ

X-y=(a,b)(11)=(a 1b, 1)=(a,b)=x

It is commutative ring with unity.

Q. R=Qx{0} is commutative ring with unity?
Solution: Yes, R=Qx{0}

(1L0)eQx{0} s.t (1,0),(a,0)=(a,0)
(10),(a,0)=(a,0)s.t

(10)(2.0)=(2.0)

R=Qx{0} is commutative ring with unity (1,0)
similarly, (i) Z[i]x{0} — unity (1,0)

(ii) {0} xRxC are commutative ring with unity (0,1,1).

Integral Domain- before studying this we need to have an understanding about zero divisors
inaring.

Zero Divisors- A ring is said to have zero divisors if on composing it’s any arbitrary two
non-zero elements w.r.t the second binary composition the result comes out as zero element.
Here zero element is the identity element of ring w.r.t the first binary composition. For

example: In Z, we have proper zero divisors. Since 2.3=6=0 in Z,. Similar results we can

find in Matrices w.r.t multiplication.
ZERO DIVISOR

Definition: Let (R,+, ) is commutative ring A non-zero element, 0= a <R is said to be zero

divisor if 30=b e such that a-b=0
Note: If R is not commutative then

01 10 0 1|1 O 00
A= eM,(R), B= eM,(R); AB= = — represent A
00 00 0 00 O 00

is zero divisor

1 0}|0 1 0 1 00 ) ..
But BA= = # .. A'is not zero divisor.
0 0jJ]0O O 0 0 0 0
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INTEGRAL DOMAIN
A commutative ring with unity (R,+,-) is called Integral domain if

0#aeR,0beR=ab=0

i.e. a-b=0=eithera=00rb=0

Q. (Z,+,-) is an Integral Domain?

Solution: aeZ,beZ and ab=0=a=0 or b=0 then Z is an Integral Domain.
Similarly, Note: (Q,+,-),(R,+,-),(C,+-),(Z[i],+) are Integral Domain.

Q. Z,,={0,1,2,....11} is an Integral domain?

Solution: 024e€Z,,0-3eZ,, but 4.3=0 then Z,, is not integral domain.
Q. Z,, is an Integral domain?

Solution: 0=7eZ,,0~3eZ, but 7-3=0 then Z,, is not integral domain.
Note: Z is an integral domain iff n= p where p is prime.

*Z,[i]xZ,[i] and Z, xZ, is not an Integral Domain because (1,0)(0,1)=(0,0).
Q. Z, is an Integral Domain?

Ans. No, because Z, is not commutative ring with unity.

Q. R=ZxQ is an integral domain?

AnNs. (0,0)i(l,O)erQ, (0,0)i(O,l)erQ

But, (1,0)(0,1)=(1.0,0.1)=(0,0) then ZxQ is not an integral domain.

Q. R=ZxQxZ[i] is an integral domain?

Ans. No

Q. R=ZxQxZ[i]xZ,;xRxCxZj is integral domain.

Ans. No

Q. R=Rx{0} is an integral domain?

Solution: x e Rx{0} then x=(a,0), y e Rx{0} then y=(b,0)
x-y=0=(a,0)(b,0)=0=(0,0)

(a,0)(b,0) =(a:b,0) = (ab,0) =(0,0)

=ab=0,a,beR,R isintegral domain if either a=0 or b=0.

if a=0 then x=(0,0)

b=0 then y=(0,0)

xy=0=x=0,0r y=0

Gaussian Integer Modulo n

z,[i]={a+iblabez,}

z,[i]={a+ibjabez}={0}, Z,[i]={a+ibla,beZ,} ={0,1i1+i};Z,={0,1}
Z,[i]={a+ibla,bez,} ={0,1,2,i,2i,1+i,1+2i,2+i,2+2i}

Exam Point: O(Z,[i])=n’
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Q. Show that (Z,[i],+,-) is commutative ring.

Note: If n>1 then (Zn [|]+) IS commutative ring with unity 1.
Q. Z,[i] is an integral domain?

Solution:

Z,[i]={a+ibla,beZ,} is commutative ring with unity 1+ 0i
Z,[i]={0,1,i,1+i}

0#(1+i)eZ,[i], 0= (1+i)e Z,]i]
(1+i)(1+i)=2i =0 (modulo 2)

is not an integral domain.

Note: Z,[i]=0[Z,[i]]=9

(0,1,2)(0,1,2)

=(0,0)(0,1) (0,0) (1,0) (1,1) (1,2) (2,0) (2,1) (2,2)

0 2t 1 1+ 1421 2 240 2+2i
Q. Z,[i] is an integral domain?
Solution: Z,[i] = {a+ibja,b e Z;} ={0,1,2,i,2i,1+i,1+2i,2+i,2+2i}

Construct multiplication table of non-zero element (mod 3 applied)
1 2 I 2i 1+i 1+2i

1

2

2i

1+i

1+2i

2

1

2i

24+ 2i

2+i

2i

2

1

2+i

1+i

2i

2i

1

2

2

1+2i

1+i

1+i

2+ 2i

2+i

1+2i

2i

2

1+2i

1+2i

2+i

1+i

24+ 2i

2

2+i

2+i

1+2i

2+ 2i

1+i

1

2i

24+ 2i

2+2i

1+i

1+2i

2+i

1

0=aeZ,i] then Z,[i] is an integral domain.

3

[
0=beZ[i]; a-b=0

Q. R=2Z,[i] is an integral domain?
Ans. No, 0=2eZ,[i]

0%2eZ,[i]

2-2=4=0 (mod 4)

then Z,[i] is not an integral domain.

Q. R=Z,[i] is an integral domain?
Solution:

0 (2+i)eZi]

0 (2+4i)eZi]
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But (2+i)(2+4i)=0 then Z[i] is not integer domain.

=4+ 8i + 2i + 4i°

= A +10i— A =0 (mod 5)

Exam point: Z [|] is an integral domain if 4 divides p-3, Where p is prime.
e.g. (i) 4 does not divide (13-3) = Z,,[i] is not an integral domain.

(ii) 4 does not divide (13-3) = Z,,[i] is not an integral domain.

Q. Z><Z,Z><R,Z3[i]><Z7[i],Q>< RxC
QxZ,xZ,[i]xR,QxQ,RxR,CxC

QxC are not integral domain.

Q. Show that Z xR is not integral domain.
Solution:

(0,0)%(10)eZxR

(0,0)#(0,1)eZxR

(10)(0,1)=(0,0) then Z xR is not integral domain.

Q. ZxQxR isan integral domain?

Solution: No, (0,0,0)#(1,0,0)e ZxQxR
(0,0,0)%#(0,0,1)e ZxQxR But (1,0,0)(0,0,1)=(0,0,0)
then Z xQ xR is not integral domain.

Q. CxC is an integral domain?

Solution: (0,0)#(1,0)eCxC

(0,0)#(0,1)eCxC

(1,0)(0,1)=(0,0) then

R =CxC is not an integral domain.

Q. R=Cx{0} is an integral domain?

Solution: Yes, it is an integral domain.

Note: (Any Integral Domain ) x {0} is an integral domain.

Q. Show that Z,[i]x {0} is not an integral domain.
Solution:

Z,[i]x{0} ={(2-0)|(a.0)  Z,[i]x{0}}
(0,0)#(2+i,0) e Z[i]x{0}
(0,0)=(2+4i,0)e Z,[i]x{0}

but

(2+,0)(2+4i,0) =((2+i)(2+4i),0-0) =(0,0)

)
then Z,[i]x{0} is not an integral domain.
R={0

}x{0} is an integral domain?
Solutlon. R is not commutative ring with unity then R is not an integral domain.
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Note:
List of integral domains:

(i) Z (i) Q (i) R (i) C (v) Z, (vi) Z,[i] if 4] p—3, where p is prime. (vii) Z[i]
Note: Q[i]={a+ibjJa,beQ}, R[i]={a+ibla,beR} arealso integral domain.

Field: An integral domain (F,+,-) is field if each non-zero element of F has multiplicative
inverse.

Example: R=(Q,+,) is field?

Solution: Yes, (Q,+,-) is an integral domain U (Q)=Q—{0} it means each non-zero
elements of Q has multiplicative inverse then (Q,+,-) is a field.

Similarly, (R,+,-),(C,+,) are also field.

Q. Z,={0,1,2,3 4} is field?

Solution: Z, is an integral domain and each non-zero element of Z. has multiplicative
inverse

1'=1,2"=3,3"=2, 4" =4 then (Zs,+,-) is field.

Note: If F is field then F is an integral domain but converse need not be true.

e.g. Z is an integral domain but not field because 3 Z but 3*¢Z st 3-3"=1
Exam Point: If F is finite integral domain then F is field.

Q. Z, ={0,1,2,3, 4, 5,6}, Z, is finite integral domain and we know that every finite integral
domain is field then Z, is field.

Exam point: Z is field if and only if n=p

Q. Z,[i] is field?

Solution: Z, [i]is an integral domain and Z,[i] is finite then Z,[i] is field.

Note: Z [i] is field if 4] p—3

Q. Z,,[i] is field?

Solution: 4x13—3 then Z,[i] is not an integral domain then Z,,[i] is not a field.

Q. Z,,[i] is field?

Solution: 4|23-3, then Z,,[i] is finite integral domain, Z,,[i] is field.

Polynomial Ring
Definition: Let (R,+) be commutative ring. The

R[x]:{a0 +aX+ax +..+a,x"|a e R}

is called Polynomial ring with indeterminant x.
Note:

(1) f(x)=a,+ax+ax’+..+ax"eR[x],a R
g(x)=h, +bx+b,x*+...+b x" eR[x], b, eR
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f(X)+g(x)=(ay+0)+(a +b)x+(a, +b,)x* +...+(a, +b, ) X"

=Cy +CX+C, X +...+C, X" e R[x]= f (X)+g(x) e R[X]

2) f(x)-g(x)eR[x]

f(x)=x+1eR[x],g(x)=x*+2eR[X]
f(%)-g(X)=(x+1)(X* +2) =X° +2xX+X* +2 =3+ X* +2X+2

Degree of Polynomial: f(x)=a,+ax+a,x*+...+a, x"of degree n if a, #0. The degree
of f(x) is denoted by deg ( f (x)).

Q. f(x)=xX+x*+x+1leZ[X]

g(x)=x*—x*+x-1eZ[x], find gcd( f (x),g(x)) and L.C.M. ( f(x),g(x))?
Solution: f (x)=x>+x*+x+1, g(x)=x"-x*+x-1

then, f (x)=x*+X* +x+1=x*(x+1)+(x+1) = (x+1)(x* +1)

9(x)=x"=x* +x-1=x"(x-1)+1(x-1) = (x-1)(x* +1)

ged( f(x),g(x))=x*+1

LCM. (f(x),g(x))=(x*+1)(x=1)(x+1) =(x* +1)(x*—1) =x* -1

Discussion about (Q\/EJF)
(A (Q\/E,-F) is Abelian group
(1) x=a,+hv2eQV2, y=a, +b2 Q2
:>x+y=(a1+bl\/§)+(a2+b2\/§)=(a1+a2)+(bl+b2)\/§
—C,+C,\/2eQ/2 where C, =a,+a,€Q, CZ:bl+b2eQ:>x+yeQ«/§
() x+(y+z)=(x+Yy)+z, VX y,2eQ2
(3) ¥Xxe Q2 30=0+042€Q/2 st. x+0=0+x=x
(4) For each x=a, +b,v2 € Qv2 3—x=-a, ~b 2 €Q such that x+(-x)=(~x)+x=0
(5) x+y:(a1+b1\/§)+(a2+b2\/§)=(a1+a2)+(bl+b2)\/§ =(a,+a,)+(b, +0)V2 =y +x
(B) (Q\/i) semi-group
(1) x=(a+2,v2)eQ[V2 ],y =(b, +b,v2) e Q[ 2]
X-y = (a,+28,42) (b, +b,4/2) = (aby + 28,0, )+ (ab, +ah )v2 :Cl+C2\/§eQ[\/§]
:xy:yXEQ[\/E]
) x-(y-z)=(x-y)-z, ¥, y,ZEQ[ﬁ]
(c) Left and Right Distributive law
(1) x-(y+2)=xy+xz
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() (x+y)-z=x-y+y-z, VX, Y,z e Q2
(Q\/E,-h') IS ring.
Q. (Q\/z,-‘r,‘) is commutative ring with unity.
Solution: x=a, +b,+/2
y=a, +b2\/§
=(a1 +bl\/§)(a2 +b2\/§) = (aa, + 2bb, ) +(ab, +ba, )v2
=(2,,+20,,) +(b,3, +ab)v2
= yX. then (Qﬁ+) is commutative ring.
1=1+0v2 € Q+/2 such that 1.x=x-1=x VxeQ«/2 then (Q[\/ﬂ) IS commutative ring

with unity.
Q. Show that (QJE,+,-) is field.

= (af lebf){(af E)lelz)]\/EeQ\/E s.t xx*t=x"x=1 then (Q\/EJF) is field.

Note: Similarly Q[\/a} {a+b\/a| a,b eQ},d >0 and d is not perfect square then Q[\/E]

is field.
Q. R[2] is field?

Ans. Yes. Note: R[\/a} =R,d >0 and d is not perfect square then it is field.
d|?

Solution: Z[ d}: a+bJ_|a beZ} is integral domain but not field because 36[\/6}

Q. Construct Z[

but 3™ :—ez[ } then Z[ } is not field.

Q. Z[\/_]z{a+b\/_|a,bez},how many unit in Z[\/ﬂ?

Solution: (\/5—1) € Z[\/E] (\/§+1) eZ [\/ﬂ

such that (\/5—1)(\/5+1)=1 then ﬁ—l is unit similarly ﬁ+1 iS unit.
squaring equation (1)

(-1 (V21 =

(3-2v2)(3+2V2)=1=>3-242 and 3+242 is also unit

4 [\/5] has infinite units.
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Q. Z[ﬁ]:{a+b\/§| a,b eZ}, how many units?
Solution: (2+\/§)EZ|:\/_], (2—\/§)€Z|:\/§j|
(oo

Here 2++/3 and 2—+/3 are units

Again, squaring equation (1); (2+\/§)2 (2—\/5)2 =1
Z[\/ﬂ has infinite units.

Q.R=Z [\/5] , how many units?
Ans. Infinite

CHAPTER-2
Idempotent Element: Let (R,+,-) be a ring then an element a R is said to be idempotent

element of R if a®> =a. Special point to notice here that square doesn’t mean multiplication,
it means composition two times. So we must take care of it.
Q. R=2Z, how many idempotent elements in R?

Solution: Z ={0,+1,+2+....}

0eZst0°=0,1eZ st1*=1

so there are only 2 idempotent elements in R i.e. 0 and 1.
Q. How many idempotent elements in Q,R,C,Z,, [i]?

Q. R=2Z,, how many idempotent elements?

Solution: R=Z; ={0,1,2,3,4,5}

0eZ, st 0°=0,1eZ, st 1’ =1, 3xZ, st 3¥=9=3 (mod 6),4eZ, st 4 =16=4 (mod
6)

then 0,1,3,4 are Idempotent elements in R i.e. exactly four Idempotent elements.

Q. How many Idempotent element in Z,?

Solution: n=256, no of Prime divisors of n=1 i.e. 2 then
No. of Idempotent elements in Z,., = 2" =2 they are 0 and 1 only.
Q. How many Idempotent elements in Z,,?
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Solution: Z,, ={0,1,2,....29}

0eZ,st0°=0,1eZ, st =1,6€eZ,st6°=36=6 (mod 30)
10eZ,, st 10° =100=10 (mod 30),15€ Z,, s.t 15° =225=15 (mod 30)
16eZ,, st 16> =296 =16 (mod 30),21¢ Zy st 217 = 441=21 (mod 30)
25¢7,, st 25° =625=25 (mod 30)

Hence, 0,1,6,10,15,16,21 and 25 are ldempotent elements in Z,, i.e. 8 ldempotent elements
exactly.

Note: Matrix concept is used if A is idempotent then I-A is also idempotent where A be any
square matrix or order n.

Q. How many idempotent elements in Z,,?

Solution: 0* =0,1* =1,5° =5,16° =16

hence, 0,1,5 and 16 are Idempotent elements in Z,, i.e. exactly 4 idempotent elements.

Exam Point: No. of ldempotent elements in Z, =2 where d is the number of Prime divisors

of n.
e.g. R=2,,, then how many Idempotent elements.

Prime divisor of 30 are 2, 3and 5

Number of Idempotent element in Z,, =2° =8

Q. R=2Z,, how many Idempotent elements in Z,.

Solution: n=8, No. of Prime divisor of n=1 say (2) then

Number of Idempotent elements in Z, =2" =2

Q. Show that if a is idempotent element in R then 1—a is also Idempotent.

Solution: Let (R,+,-) isaring and aeR is ldempotent element then a* =a
Now,(1-a)’ =1*+a®-2a =1+a-2a ( al = a) =1-a..(l-a)" =(1-a)

—1—a isalso an Idempotent element in R.

Q. If R is Integral domain then R has exactly two idempotent elements.

Solution: Let (R,+,-) be an Integral domain if

a-b=0=>a=0o0rb=0 abeR (D)
Let x e R is an idempotent element of R then x* = x

= x*-=x=0=x(x-1)=0=x=0 or x-1=0=> If x=0 then 0 is Idempotent element in
R

If x—=1=0 then x=1 is Idempotent element in R.
Since R is an Integral domain then 0 and 1 both are Idempotent elements.

Q. How many Idempotent elements in  Z,Q,R,C,Z,(Z,[i]where4|p-3),
Qx{O},Rx{O},Cx{O}.

Solution: All of these has exactly two idempotent elements.

Q. How many Idempotent elements in Z,,[i]?

Solution: Here Z,,[i] and 4]23-3, then exactly 2 Idempotent elements.

Q. How many Idempotent elements in Z,xZ,?
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Solution: Z,xZ, ={(0,0),(0,1),(0,2),(0,3),(1,0),(11),(12),(L3)}
(0,0)eZ,xZ, st (0,0)°=(0,0), (0,1) €Z,xZ, st(0,1)° =(0,1)
(L0)eZ,xZ, st (L0) =(L0), (L1)eZ,xZ, st (11)° =(L1)
Q1. How many Idempotent elements in Z,,xZ,?
Q2. How many Idempotent elements in Z,[i]xZ, [i]?
Solution:
(1) R=Z,xZ,
Now, Idempotent element in Z,, ={0,1} =2°
Idempotent element in Z; ={0,1} =2
Idempotent element in Z,,xZ, =2°x2° =16
(2) Idempotent elements in Z,[i]xZ,[i] =2x2=4
BOOLEAN RING
Aring (R,+,-) is said to be Boolean ring if x> =x, VxeR
Q. R=Z, is Boolean Ring?
Solution: Z, ={0,1}, here 0e Z, st 0°=0, 1eZ, st 1 =1

Q. Give example of Boolean ring of order 4 and .
Ans. Boolean Ring of order 4:

R=2,x2,={(0,0),(0,1),(1,0),(11)}

(0,0)eZ,xZ, st (0,0 =(0,0)

(0,)eZ,xZ, st (0,1)° =(0,2)

(L0)eZ,xZ, st (10) =(1,0)

(L1)eZ,xZ, st (L1) =(1,1)

Boolean Ring of order o; R=2Z,xZ,xZ,xZ,x o is Boolean Ring of order o

NILPOTENT ELEMENTS

An element a <R is Nilpotent element of R if a" =0 for some n.
Q. How many Nilpotent elements in Z?

Solution: Z ={0,+1,£2,....}

0eZ suchthat 0' =0

0= aeZ thenais not nilpotent element of Z then Z has exactly one element.
Similarly Q,R,C,Z has exactly one Nilpotent element.

Q. How many nilpotent elements in Z,?

Solution: Z; ={0,1,2,3,4,5}, 0 Z, such that 0" =0
then 0 is the only Nilpotent element of Z;
5eZ,=5=25=15"=55"=1

Q. How many Nilpotent element in Z, ?
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Solution: Z, ={0,1,2,3,4,5,6,7}

0eZ,st0'=0,2eZ, st 2°=8=0 (mod 8)

4eZ, st 4 =16 =0(mod 8), 6° € Z, s.t 6°=216=0 (mod 8)

exactly 4 nilpotent elements they are 0,2,4 and 6 in Z,.

Q. How many Nilpotent element in Z,, ?

Solution: R=Z,,,, n=2° =512

number of Nilpotent elements in Z,, = 2°* =2° = 256

Note: If n=pixpi...xp¥, then number of Nilpotent elements
Z =pitxprtx peT, pis prime.

Q. R=2Z,, how many nilpotent elements?

Solution: R=2Z, n=8=2%. number of nilpotent elements in Z, =2°"=2*=4

Q. R=2Z,,, how many nilpotent elements?

Solution: R=2Z,,, n =12 = 2% x3. Number of nilpotent elements in Z,, =2**x3"* =2x1=2
Q. R=2,,, how many nilpotent elements in R?

Solution: R=27,,, n=30=2x3x5

Number of Nilpotent elements in Z,, =2 x3" x5 =1x1x1=1

then 0 is the only Nilpotent elements.

P!

Exam Point: If n=p-pz.....p¢ then Nilpotent elements =(p, x p,....x p)
e.g. (i) Nilpotent elements in Z,, =Z, . =(6) ={0,6,12,18,24,30,36,42}
) ={0,2,4,6,8,10,12,14} generated by (2).

Q. If R is an Integral domain the R has exactly one nilpotent element.

Solution: Let (R,+,-) be integral domain and a-b=0=a=0o0rb=0 ...(1)
Let x e R and x is nilpotent then

x" =0 for somen=x-x""=0

— x =0 or X" =0 [By definition of Integral Domain]

If x=0 then only 0 is the Nilpotent element

If x=0 then X" =0 ie.=>x-x"*=0=x=0o0r x"?=0

If x=0 then 0 is the nilpotent element

If x =0 then x"* =0 and we continue the above process until we get x =0.
Then, R has exactly one nilpotent element i.e. 0
Example:

R=2,Q,R,CZ[i].Z,,Z,[i], , Qx{0},Zx{0},Rx{0},xCx{0},Z,x{0} Z,[i]x{0}  has

exactly one nilpotent element.
Units: An element ae R is said to be Unit element of R if 'a' has multiplicative inverse in R.
The set of all units of R is denoted by U (R).

Example: (i) R=2Z, then find U (Z)?
Z={0,+1,42,43,..}. U(2)= {1, -1}

(ii) Nilpotent elements in Z,; =Z,
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(i) R=R, find U (R)?.

(iv) R=Z[i], find U (Z[i ])
(V) U(C)=C-{o}=C*
(vi) U(R[i])=C*

Solution:
U (215) = {L 2,4, 7,8,1],13,14}

all the elements of Z,; which are relatively prime with 15 i.e. in Z,; =(Z,5)*=U (15)
Q. R=2Z,, find U(Z,)?

Solution: U (Z,,)={1,3,7,9}

Note: No. of Units in Z, =¢(n)

Q. Find U (Z,[i])?

Solution: Z,[i]={0,1,2,i,2i,1+i,1+2i,2+i,2+2i}
U(Z,[i])={1.2,i,2i,1+i,142i,2+i,2+2i} =Z [] { }
Note: R=Z,[i], 4| p—3then U (Z,[i])=Z =
Q. U ([}, [i]) ="

Q. U(ZyxZ)=U(Z,)xU(Z,) =Zs x Z3,

Note: If each R is commutative ring with unity

U(R xR, xR;x...xR )=U (R )xU(R,)x...xU(R))
Q. R=Z,[i]={a+ibla,beZ,} ={0,1,2,i,2i,1+i,1+2i,2+i,2+2i}

(Z,[i]*.") is a group?

Now, Z,[i] =Z,[i]-{0} ={1,2,i,2i,1+i,1+2i,2+i,2+2i}
Solution:(1) Closure Property: Vae Z,[i]-{0}=Z, [l]
vbeZ,[i]-{0}=Z,[i] =a-bez,[i]-{0}=Z,][i]

(2) Associative: a'(b-c)=(a-b)-c,Va,beZs[i]*

=(z[i])*
1=(2, i)

Associated in Policy making for Rural Upliftment / education with Govt. Uttar Pradesh
Trainer in higher Mathematics since year 2013, Previous- Sr. Faculty in PIAIM
Chairman: Patiyayat Farmgrg®roducer Organisation




Mindset Makers for UPSC & IIT
Mobile: 9971030052

(3) Identity: VaeZ,[i] Lezi] st a-1=l-a=a

(4) Inverse of each element of Z, [l]

1'=1,2"=2,it=2i,2i"' =

(L+i) " =2+i, (1+2i) =2+2i,(2+i) = (1+i), (2+2i) " =(1+2i)
(Z3 [i], ) is a group of order 8.

Z,xZ,
Z,xZ,xZ,
Q, x

which mean Integral domain.
Z,[i] is commutative ring with unity, i.e. ab=ba,Vva,beZand Zs[i]* < Z,[i] and since
z [] is abelian so its subset is also abelian hence Z,[i]* must be abelian.

Z><Z><
Z,xZ,xZ, x

7§D or Q because Z,[i|* isan integral domain.
[ ] 4
Now,

zg[i]* ~Z,
Q. (Z,[i].+) is group?
Solution: Z, [l] is an Integral domain then (Z3 [i],+) is commutative group of order 9.

Now Z,[i]={0,1,2,1+i,1+2i,2+i,2+2i,i,2i}
YA

9

Z;%Z;5 here we work under addition
(1)=3,0(2)=3,0(i)=3=3i(mod3) =0i =
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0(2i)=(2i+2i+2i =6i =0(mod3)) =3
herefore,
to(o)=1,o(1)=3,o(2):3,o(i)=3
0(2i)=3,0(1+i)=3,0(1+2i)=3,0(2+i)=30(2+2i)=3
3% Ly

Z,[i] has no elements of order 9 then .".|Z,[i]~
Q. (Z,[i]-{0}.) is a group?
Solution: (2+i) e Z;[i]-{0}
(2+4i)eZ,[i]-{0} But (2+i)(2+4i)=0 and 0¢ Z[i]-{0}
Hence, (Z,[i]-{0},-) is not a group.

Note: (Z,[i]-{0}.-) is group if 4| p—3 where p is prime and of order p—1.

Q. R=2Z, is an Integral domain then (Z, —{0},-) is group?

Solution: Z, {0} =Z,*={1,2,3,4,5,6} =U (7)~ Z,

modulo 7 applied here

1€Z;,0(1)=1,2€2;,Q(2)=3,3€Z;,0(3)=6 then (Z,~{0},)=Z; ~ Z,
Q. R=Z,[i] isan Integral domain

() (2 [i] )=

(ii) (Z,[i].+)=~?

Subring: Let ¢#S < R,(S,+,-) is subring of (R, +,-) if

(i) YaeS,VbeS =a-beS [condition of subgroup S is subgroup]

(i) YVaeS,vbeS=a-beS

Q. (Z,+,-) is subring of (Q,+,-)?

Solution: ¢#Z < Q and (Z,+,-) isring then (Z,+,-) is subring of (Q,+,-).
Similarly, Z is subring of R,C, Q. is subgroup of R,C, R is subring of C.
Q. Show that S = {O} and S =R always subring of R.

Solution: Let (R,+,-) be aring

Case |: S ={0} is subring of R then

(i) VaeS,vheS=a-beS; (0-0=c{0}=5)

(i) vaeS,vbeS=a-beS(0-0=0€{0}=S5)

Casell: If S=R

(i) VaeS,VbeS=a-beR=S=a-beS

(i) VaeS,VbeS=a-beR=S=a-beS

From care | and 11

S ={0} and S =R are always subring of R. [Proved]
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Q. S =27 issubring of Z?

Solution: Z ={0,+1,42,43,....} , 2Z ={0,42,+4,46,...}

¢#2ZcZ; (2Z,+,) issubring of (Z,+,-) because 2Z itself is a ring.
(i) YVae2Z,Vvbe2Z = a-be?2Z (2Zis subgroup of Z)

(i) Vae2Z,Vve2Z =a-be2zZ

Q. mZ is subring of Z?
Solution: mZ is subring of Z because
(i) vaemzZ,vbemZ = a—-bmZ

(i) vaemZ,vbemZ = a-bemz
hence, mZ is subring of Z.
Q. Find subring of Z,?

Solution: Z, ={0,1,2,3,4,5}

Subgroup of Z,: S, ={0},S, =Z,,5,={0,2,4}, S, ={0,3}
S,={0} and S, = Z, are always subring of Z by the theorem.
s, ={0,2,4}

(i) Since S, is a subgroup of Z, i.e.
VaeS,,VbeS;=a-beS,

(ii)

From table, VaeS,;,VbeS, = a-beS, then S, is also a subring of Z;.
S, :{O’ 3}

(i) Since S, is a subgroup of Z; i.e.

Vae$S,,VbeS, =>a-beS,

(i)

Fromtable, VaeS,,VbeS,=a-beS§,

Thus, S, is also a subring of Z;

Hence, Z, has exactly 4 subrings.

Q. R=2,,, how many subrings in R?

Exam Point: Number of subrings in Z, =z(n)

a b
Q. R:MZ(R):{C d} a,b,c,d ER} is a, integral domain?
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Solution: No, M, (R) is not commutative ring, then M, (R) not integral domain.

If n=1 then it is commutative ring with unity hence an integral domain.
Note: (i) M, (R) is a ring with unity but not commutative hence not Integral domain.

(if) 2Z is commutative ring but not unity hence not an integral domain.
(iii) R={0} is also commutative ring without unity so not an integral domain.

a b a 0 ) )
Q. R=M,(R)= ¢ 4 a,b,ccdeR} and S = S a,ce R}, Sissubring of

M, (R)?
Solution: ¢ = S =M, (R)

(i)VA:{al O]ES,VB:FZ O}GS:A—B:FM O}{az O}
c, O c, O c, Oflc, O

Z:Z 8}68['.'aieR,CleR,a1—azeR]

{ai O}ES,B:F‘Z O}ES

c, O c, O

_|a Offa 0]_faa 0] ¢
¢, 0jlc, 0] [ca, O

a 0 . .
SZ{L 0} a,CER} is a subring of M, (R).

:A—B:{

a b 0 b
Q. R= MZ(R):{C a} a,b,c,d e R} and S :{O O} be R} is a subring of M, (R)
Solution: ¢#S cR

(i)LetA=B %}GS,B{O %}eS,A—Bz{O bl_bz}es

0 0 ©0

And (ii) A.B{o bl}[o bz}:A-B{o O}ES
0 0flo o 00

0 b
.S issubring of R. i.e. S :{0 O} be R} is subring or M, (R).

Sum of two subrings: Let A and B are two subrings of R then the sum of A and B is defined

={a+blacAbeB}

Q. (i) Intersection of two subrings of R is a subring of R?
(ii) Union of two subring of R is a subring of R?
(1i1) Sum of two subrings of R is a subring of R?

a o0 0 b
Solution:(iii) Az[C O} is subring of M, (R) and B={O 0} is subring of M, (R)
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{a b}
then A+B=
c 0

Now A =|1 YlearB B =2 %leasB. AR =T Y% 2|-|* | asB
A= oS RPN AR ol olT]2 2|®

Hence Sum of two subrings need not be a subring.
Q. 4|2 in Z,?

Solution: If a|b then 3x such that b =ax

If 4|2 then Ix € Z; s.t 2=4x i.e.4x=2(mod6)

ged(4,6) =2 and 2|2 then 4x=2(mod6) then it has 2 solutions.

ca=cb(modn)= azb(mod

n
gcd(c,n)]
Put x=2,then; 4.2=8=2(mod6)
Put x=5, then ; 4.5=20=2(mod6)
x=2 and x =5 are solutions of 4x=2(mod6)
Q.7]3in Z,?
Solution: Yes, 7]3in Z,
7x=3(mod8), x=7"3(mod8) = x =7.3(mod8) = x = 21(mod8) = x =5(mod8)
then x =5 is solution of 7x=3(mod8).

Ideal:
(i) Left Ideal: Let ¢ = | < R then (1,+,) is called Left Ideal of R if

(1) vael,Vbel =a-bel
(2) vael,VreR=rael

(ii) Right Ideal: Let ¢# | < R then (1,+,-) is said to be right ideal of R if
(1) Vael,Vbel =a-bel

(2) vael,VreR=arel

Ideal: Let ¢=1 <R,(1,+,-) is an Ideal of R if

(1) vael,Vbel =a-bel

(2) Vael,VreR =rael and arel
Q. Zis an ideal of Q?

Solution: No. 2€ Z, %e Q but %e Z then Z is not ideal of Q.

Q.Qisanideal in R?
Solution: No,2€Q, /2 e Rbut 242 ¢Q

Q. R isanidealin C?
Solution: 2eR,ieC, then R is not an ideal of C.

Q. Show that | ={0} and | =R are always Ideal of R.
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Solution:(i) Let | ={0}

(i) vael,vbel > a-bel

(i) vael,vreR=a-r=0=r-ac| then | ={0} is an ideal of R
(2) Let I =R

() vael,vbel =>a-beR=1I

(i) vael,vreR=raeR=1 and a-reR=1.

Hence | =R is an ideal of R.
Q. I =2Z isan ideal of Z?
Solution: ¢p#2Z cZ

() vae2Z,vbe2Z = a-be2Z
(i) Vae2Z,VreZ=ra=are2Z

then 2Z is an ideal of Z.

Exam point- Similarly, mZ is an ideal of Z.

Q. Show that every ideal of R is subring of R but converse need not be true?
Solution: Let I be an Ideal of R then

() vael,vbel =>a-bel

(i) Yael,VreR=rael and ar el

Now,
(i) Vael,vbel =a-bel (-1 isanideal)
(ii) Vael,vbel cR=a-bel and b-ae| then, | is subring of R.

Converse need not be true

Z is a subring of R but not ideal of R because 3 e Z,\/g e R but 3«/5 gZ
Q. Zisan ideal of Z[i]?

Solution: No, 3e Z,i e Z[i] but 3i¢Z then Z is not ideal in Z[i]

Q. Z[i] isan ideal of C

Solution :No, 2 e Z[i], %erut %e Z[i] then Z[i] is not ideal in C

Q. Iflisanideal of Rand 1€l then | =R
Solution: Let | is an ideal of Rthen | =R

Now,lel,reR=r-1el because |l isideal=r e |

=Rcl
From equation (1) and (2), | =R
Q. R=2Z,, find Ideal of Z,?

Solution: Z, ={0,1,2,3,4,5,6,7}

Subring of Z; are

,={0},1,=2,1,={0,2,4,6} =(2), 1, ={0,4} = (4)
here 1, ={0} and I, =Z, are always Ideal of R

Now, I,={0,2,4,6} is an Ideal because

(i) ael,,Vbel,=a-bel,
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(i) Yael,, VreZ,=>ra=arel,

then 1, isan Ideal in Z,. Similarly, 1, is also an ideal in Z,. Hence, Z; has exactly 4 ideals.
Q. R=2,, how many ideal?

Solution: No. of ideals in Z,, =7(10)=(1+1)(1+1)=4

Exam Point: No. of Ideal in Z, =7(n)

b
Q.() S= 4 ar a,be R} isasubring of M, (R)?
a+b b 2

a-b b

Give the example of a subset of ring that is subgroup under addition but not subring.
Solution: (i) and (iii)

s :{ajb aﬂ a,beR}g M, (R)

G)LHA:{ % a1+b]1es,8=[ % %+bﬂ
a+h b a,+b, b

A_B:{aiilbl aflbl}{a?asz azbtsz(aﬁblaﬁ—(;ﬁbz) (aﬁblbz:i?ﬁb‘?)}
{ a-a,  (a-3)+(b-b)
(a,-a,)+(b,~b,) b, b,

under addition.

1 140 2 240 1 12 2 4 2
(2) Let A= €S, B= 'A-B= — A-B= ¢S
140 0 240 0 1 0/2 0 2 2

Hence S is not subring of M, (R) as the (2) condition not satisfied.
Q. R=ZxZxZ and S :{(a,b,c)|a+b:c,a,b,c € z} . Sis subring of R? S is ideal of R?

Solution: a=(1,0,1)eS, b=(0,1,1)eS; a-b=(1,0,1)(0,11)=(0,0,1) ¢S
S is not subring of Z xZ xZ then Sis not Ideal of ZxZ xZ.

Q. R=(Zy,+,-), how many ideal in R?

Solution: No. of Ideals in Z,, =7(100) = 2° x5 =(2+1)(2+1)=3x3=9

Q. If F is field then F has exactly two ideals.
Solution: Let F be a field then each non-zero element of F has multiplicative iverse.

Let | ={0} is an ideal of F [Because {0} and itself is always ideal of R]
Now, consider | is an ideal of F and | = {0}

(ii) S :{ 2 a—b} a,beR} is a subring of M, (R)

eS
—a

} = A—BeS then S is subgroup of M, (R)

Then, 30=acl if acl then acF=a™ also exists because a is non-zero member of F
ie. 0OzaeF

Ozacl,a*eF=aa" el [because | isan ideal of F]=1e|

Now, 1€l and I isaan ideal of F then | =F
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Q. How many ideals in Q?
Solution: (Q,+,-) field and field has exactly 2 ideals say | ={0} and | =F then Q has

exactly 2 ideals say 1 ={0} and | =Q
Q. How many ideals in R ?
Solution: (R,+,0) is field and field has exactly 2 ideals say | ={0} and | =F then R has

exactly ideals say 1 ={0} and | =R.

Q. How many ideals in R[i]?

Solution: (R[i],+-) is field and field has exactly 2 ideals say | ={0} and | =F then RI[i]
has 2 ideals they are 1 ={0} and I =R[i].

Q. How many ideal in Z,,[i]?

Solution: Z,,[i] is field then Z,,[i] has exactly 2 two ideals say | ={0} and I =Z,,[i].
Q. 1={0,1,2,1+i,2+i} is an ideal of Z,[i]?

Solution: Z,[i] is field then Z,[i] has exactly 2 ideals say I, ={0} and I, =Z,][i]

then | # 1, and | = I, then | is not ideal of Z_]i]

Q. (i) How many ideals in Z,xZ_?

(i)How many ideals in QxR ?

(iif) How many ideals in RxQxZ,?

Solution: (i) R=QxR

Since Q is field then Q has exactly 2 ideals say I, ={0} and 1,=Q

Since R is field then R has exactly 2 ideals say I, = {0} and 1, =R
R=QxR

{01.Q {oj.R
Possible Ideal of QxR
Q) {0}><{0} (i) {O}XR (i) Qx{O} (iv) QxR
Number of ideals in QxR =4
Q. How many ideals in QxQxQ?
Solution: Q is field then Q has exactly 2 ideals say
I ={0} and 1 =Q
Idealsof R =QxQxQ

{0} Q {

0},Q {0}, Q

Ilz{O}x{O}x{O}, l, ={0}x{0}xQ, |3={0}><Q><{O},|4:Q><{0}><{0}

I :{O}XQXQ g :QX{O}XQ . =Q><Q><{0} , 1, =0QxQxQ; exactly 8 ideals
Q. How many ideals in Z;xZ,?

Solution: Z, ={0,1,2,3,4,5}
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and Z;={0,1,2,3 4}

then number of ideals in Z, =7(6)=(1+1)(1+1)=4

say I, ={0},1,=Z4,1,=(2)={0,2,4},1, =(3)={0,3}

Now, number of ideals in Z; =7(5)=(1+1)=2

say I, ={0},1s =2,

Then, Ideals in Z;xZ,:

(i) {0}x{0} (ii) {0} x Z; (iii) Z;x{0} (iv) Z,xZ;

(V) (2)x{0} (vi) (2)xZ (vii) (3)x{0} (viii) (3)xZ,

Q. Find ideals in QxRxCxZ, xZ,,[i].

Solution: Since Q is field then it has exactly 2 ideals say 1, = {O} ,=Q

Since R s field then it has exactly 2 ideals say I, ={0}, I, =R
Since C is field then it has exactly 2 ideals say 1, ={0}, I, =Q
Since Z, is field then it has exactly 2 ideals say 1, ={0}, | _Z7

Since Z,,[i] is finite field then it has exactly 2 ideals say I, ={0}, I, =Z,,[i]

#of ideals in QxRxCxZ,xZ,[i]=2x2x2x2x2=32

Maximal Ideal: Let R be a commutative ring An ideal A= R is said to be maximal ideal of
R if 3 anideal, B e R suchthat AcBc<R theneither A=B or B=R

Q. Find Maximal ideal in Z,?

Solution: Z, ={0,1,2,3}

Ideals of R=2,: 1, ={0},1,=(2)={0,2},1,=2,,1, =2, is not maximal by definition
l,={0}c1,=Z, but I, =1, and 1, #Z, then I is not maximal ideal 1, ={0,2} is
maximal ideal of Z, because of no ideal of Z, exist between I, and Z,

Then exactly one maximal ideal in Z,.

Q. How many maximal ideal in Z,,?

Solution: Z,,={0,1,2,3,4,5,6,7,8,9}

Ideals of Z,, are: 1, ={0},1,=(2)={0,2,4,6,8},1,=(5)={0,5},1, = Z,,

I, =2, is not maximal ideal by definition

l,={0}cl,cZ,but I, =1, and I, #Z,,

I, is not maximal ideal, 1, and I, are maximal ideals of Z,,.

Exam point: Number of maximal ideal in Z_, = number of prime divisor of n.

Q. Find maximal ideal in Z,,?

Solution: Z,, ={0,1,2,3,4,5,6,7,8,9,10,11}

deals of Z,, are : 1, ={0} x,1,=(2)={0,2,4,6,810} V,1,=(3)={0,3,6,9} V
l,=(4)={0,4,8} x,1;=(6)={0,6} x,1,=2,,:1;=Z,, is not maximal idea by definition.
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, and I, are maximal ideal in Z,,
Q. How many maximal ideal in Z,, ?
Solution: No. of maximal ideal in Z,, = number of Prime divisor of 27 =1 i.e. 3
l,={0,3,6,9,12,15,18,21,24} = Maximal Ideal in Z,,

Q. How many maximal ideal in Q?
Solution: R =Q s field then Q has exactly two ideals

I, =Q is not maximal by definition then I, = {0} is only maximal ideal.

Note: If F is field then F has exactly one maximal ideal.
Solution: If F is field then F has exactly 2 ideals say

I,={0} and I,=F

I, =F is not maximal ideal by definition then 1, ={0} is only maximal ideal of F .

Q. Find maximal ideal in R, C, Z 7

Solution: Since R, C, Z are field then they have exactly one maximal ideal.

Q. How many maximal ideal in QxZ,[i].

Solution: Since Q is field then it has exactly 2 ideals also Z,[i] has exactly 2 ideals as it is

also field.
R=QxZ,][i], ideals of R are

(i) 1, ={0}x{0},(ii) I, ={0}xZ,[i].iii) 15 =Qx{0} (i) 1, =QxZ[i]
I, =Q,xZ,[i] is not maximal ideal by definition.
l,c1,cQxZ,[i] but I, #1, and 1,#QxZ,[i]. Then I, and I, are maximal ideal of
Q><Z3[i].
Q. How many maximal ideal in QxZ, [i]xZ,,?
Solution: Ideals of QxZ, [i]xZ,,:
1= {0} {0} {0} 1, = {0} x{0)x Zy; x, 1y ={0}x Z, [i]x {0} x, 1, =Q>x {0} {0}
I, =QxZ,[i]x{0} V, I, =Qx{0}xZ,,\, I, ={0}xZ,[i]xZ,, , 1, =QxZ,xZ,
Iy =QxZ, xZ,, is not maximal ideal by definition I, = I, cQxZ,[i]xZ,, but I, =1 and
I #QxZ, [i]xZ, then I, is not maximal
I,{0}x{0}xZ,, c I, = QxZ,[i]xZ,,
but I, #1gand I =QxZ,[i]xZ,
is not maximal ideal.
3= {O}XZ [i]x{0} =1, =QxZ,[i]xZ, but I; =1, and I, #QxZ,[i]xZ,
5 Is not maximal ideal
2 =Qx{0}x{0} c 1y, = QxZ,[i]xZ, but 1, # I and I;=QxZ,[i]xZ,
, Is not maximal ideal
s =QxZ,[i]x{0},1;=Qx{0}xZ,,, I, ={0}xZ,[i]xZ,, are Maximal ideals.
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then QxZ, [i]xZ,, has exactly three maximal ideals.

Q. R=2ZyxZ,,, how many maximal ideals?

Solution: Maximal ideals of Z, =(2) =27,

Maximal ideals of Z,:

(i) (2) =224, (ii) (3) =3Z,,, (iii) (5) =5Z,,

Maximal Ideals of Z,xZ,,: 1, =2Z,xZ,y, |, =2Z,x2Z, |, =2, x32Z,, 1, = Z,x5Z,,
Note: R=R, xR,, maximal ideals of R are (maximal ideals of R;) xR, and R, x(maximal
ideal of R,)

Q. Maximal ideals in Z,xZ,,?

Solution: Maximal Ideals of Z,xZ,, arel, =(2)xZ,,, 1, =2, x{0}

I, = Maximal Ideal of Z,xZ,,, |, =2, xMaximal ideal of Z,

Q. How many maximal ideal in QxRxCxZ,,?

Solution: Since Q,R,C and Z,, are field so each has exactly 1 maximal ideal.

S QxRxCxZ,, has 1+1+1+1=4, maximal ideals.

Q. I ={0} is maximal ideal in Z?

Solution: I, =(2) =2Z isideal of Zand | ={0} = I, = ZBut I =1, and I, = Z

then |1 ={0} is not maximal ideal in Z.

Q. (2)=2Z is maximal ideal in Z?

Solution: 2Z ={0,%2,#4,46,....}, Z ={0,21,42,43,....}

2Z is maximal ideal in Z because no ideal exist between 2Z and Zs.t. 2Z cl cZ
Q. 4Z is maximal ideal in Z?
Solution: 4Z c2Z < Z but 4Z #2Z and 2Z # Z then 4Z is not maximal ideal.

Note: Maximal ideal of Z are pZ , where p is Prime i.e. (p).

Prime Ideal
Let R be a commutative ring an ideal P = R is called Prime ideal if a-b e P where
aeR,beR

= either acP orbeP.

Q. R=Z,, 1 ={0} isanideal of Z,; |1 ={0} is Prime Ideal in Z,,?

Solution: R=Z,, I ={0}. 3eR,5eR; 35=0e1={0}but 3¢ 1 and 5¢ | then
| ={0} is not Prime Ideal in Z,;

Q. How many Prime lIdeal in Z,;?

Solution: R=27,, Z,; ={0,1,2,3,4,5,6,7,8,9,10,11,12}

Ideals of R=Z, 1, ={0},1,=(3)={0,3,6,9,12}, 1, =(5)={0,5,10}, 1, = Z,;

|, =Z, is not Prime ideal by definition

I, is also not Prime ideal because 3.5=0< 1, but 3¢, and 5¢ I,

Now, 1,={0,3,6,9,12},1,={0,5,10}
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a-bel,,ael,orbel,.l, and I, are Prime ideal of Z .

Q. Z,=1{0,1,2,3,4,5)

Solution: Ideals of Z, are

l,={0},1,=(2)={0,2,4},1,=(3)={0,3},1, =Z,, 1, = Z is not prime ideal by definition
I, ={0} is also not prime ideal because 2-3=0e1, ={0} but 2¢ I, and 3¢1,.

1, ={0,2,4}

1
I,={0,2,4} isalso prime ideal in Z,Similarly, 1, ={0,3} 2
4
5

Now, for whole Z;
2 3

0 54 3

hence, similarly 1, ={0,3} is prime ideal in Z;.

Exam Point: Number of Prime Ideals in Z, = No. of Prime Divisor of n.
Q. How many Prime Ideals in Z,,?

Solution: Total number of Prime ideal in Z,, =
l,=(2)={0,2,4,6,810}, 1,=(3)={0,3,6,9}
Q. How many Prime ideal in Zp®q?

Q. 4Z is maximal ideal in 2Z .

Solution: 2Z ={0,%2,44,46,....},4Z = {0,44,48,+12,....} then 4Z is maximal ideal in 2Z .
Q. | ={0} is Prime Ideal in Z?

Solution: Let a,beZ and a-be | ={0}

a-b=0 = either a=0 or b=0 because Z is an Integral domain

If a=0then ael andif b=0then bel .l ={0} is Prime Ideal of Z.

Q. How many Prime ideal in Q?

Solution: R =Q and Q is field then Q has exactly 2 ideals say I, = {O} and 1,=0Q

But I, =Q is not Prime ideal by definition

~.1,={0} is Prime ideal of Q because acQ,beQ and a-be | ={0} = either a=0 or

b =0 because Q is an integral domain.

2
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Then, Q has exactly one Prime ideal.
Note: If F is field then F has exactly one Prime ideal say | ={0}.

Q. How many Prime ideals in QxR
Solution: Ideals of QxR are

(1) 1,={0}x{0}, (2) 1,={0}xR, (3) 1,=Qx{0},(4) 1,=QxR

I, =QxR is not Prime ideal by the definition.

I, ={0}x{0} is not Prime ideal because (1,0)c QxR and (0,1)e QxR
(1L0)(0,1)=(0,0) 1, ={0}x {0} but (LO) &1, and (0,2) ¢1,.
*Show that 1, ={0}xR is Prime ideal of QxR

Let (a,b)eQxR and (c,d)eQxR and

(a,b)(c,d)el,={0}xR, (ac,bd)el, =ac=0

= either a=0 or ¢=0 [~ Qs integral domain a€Q,ceQ]

If a=0 then (a,b)=(0,b)el,, If c=0 then (c,d)=(0,d)e

then 1, is Prime ideal of QxR . Similarly, 1, =Qx{0} is also Prime ideal of QxR
Then QxR has exactly 2 Prime Ideals.

Q. Find Prime Ideals in QxZ,[i]xR?

Solution: Ideals of QxZ,[i]xR

I, ={0}x{0}x{0}, 1, ={0} x{O} xR, I, ={0} x Z,[i]x {0
I; =QxZ,[i]x{0}, 1, =Qx{0} xR, I, ={0} x Z,[i|xR,
l; =QxZ,[i]xR is not Prime ideal by definition.

I, ={0}x{0}x{0} is not Prime ideal because
(L10)eQxZ,[i]xR, (0,0,1)eQx Z,[i]xR. (1,1,0)(0,0,1)=(0,0,0)

(0,0,0)el, but (1,1,0)¢ 1, and (0,0,1)¢ 1, so I, is not Prime ideal of Qx Z,[i|xR

I, ={0}x{0} xR is not Prime ideal because (1,0,1) e Qx Z;[i]xRand (0,1,1) e QxZ,[i]xR
(10,1)(0,1,1) =(0,0,1) e, but (1,0,1)&1,, s0 I, ={0}x{0}xR is not Prime ideal.
Similarly 1, and I, also not Prime ideals.

Hence, I, and I, are Prime ideals of Qx Z,[i]xR

1o =QxZ[i]x{0)

(a,b,c)eQxZ,[i]xR

(d,e, f)eQxZ,[i]xR and (a,b,c)(d,e, f)el,=QxZ,[i|xR

= (ad,be,cf )e I, = cf =0 = either c=0 or f =0 [~ R is integral domain]
If c=0 then (a,b,0)el,,If f =0 then (d,e,0)el,

Q. How many Prime ideal in Z?
Solution: It has infinite number of Prime ideals say | ={O} and | = pz, where p is prime.

e.g. 22,32,52,772,11Z are Prime ideal in Z.
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Q. Show that 6Z is not Prime ideal in Z.
Solution: 6Z = {0, +6,+12,
2eZ,3eZ,2-3=6e6Z but 2¢6Z and 3¢ 6Z then 6Z is not Prime ideal.

Q. (i) Union of two maximal ideal of R is maximal ideal of R?

(i) Intersection of two maximal ideal of R is maximal ideal of R?

Solution: (i) Need not e.g. 2Z is maximal ideal of Z and 3Z is maximal ideal of Z.

2ZU3Z isnotideal of Z. 2223z, 3€22U3Z;2+3=5¢2Z|J3Z then 2ZJ3Z is not
ring.

(i) Need not, e.g. 2Z is maximal ideal in Z

2Z(13Z =6Z and 6Z is not maximal ideal in Z.

Q. Intersection of two Prime ideal in Prime ideal?

Solution: Need not: 2Z is Prime ideal of Z

3Z is Prime ideal of Z. 2Z2(13Z =6Z , but 6Z is not Prime ideal of Z.

Exam Point: mZ\nZ =kZ , where k = L.C.M.(m, n)

Q. (i) Every Maximal ideal is Prime ideal?
Ans. Need not: e.g. 4Z is maximal ideal of 2Z but not Prime ideal because
2€27,2-2=4c4Z but 2¢47.

(i) Every Prime ideal is maximal ideal?
Solution: Need not. e.g. {0} is Prime ideal in Z but {0} is not maximal ideal in Z.

Exam Point: (i) If R is commutative ring with unity then every maximal ideal is Prime ideal.
(i) If R is finite commutative ring with unity then every prime ideal is maximal ideal.

Q. 1 =ZxZx{0} is maximal ideal in ZxZ xZ?

Solution:
|=ZxZ x{O} is not maximal ideal in Z xZ xZ because

Zxe{O}gZxeZZgZxeZ

but Zxe{O};’:ZxeZ and ZxZx2Z #ZxZxZ
Q. 1 =ZxZx{0} is Prime ideal is ZxZxZ?
Solution:

Yes, Z><Z><{O} is Prime ideal in ZxZxZ. As LxZxZ

~ Z is an integral domain then
ZxZ X{O}

Z xZ x{0} is Prime.

Principal Ideal: Ideal generated by single element is called Principal Ideal.
Example: | =(3) in Z, | is Principal Ideal?

Solution: Yes, because | is generated by single element (3) then | =(3) is Principal Ideal in
Z[i].

Q. I =(m) is Principal Ideal in Z?

Solution: Yes. Note: Every Ideal of Z is Principal Ideal Since its ideals are generated by < >
Q. 1 =(2,x) is Principal Ideal is Z[x].

Solution: No, because I is not generated by single elements.
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Q. R=Q ideals of Q are Principal ideal?

Solution: Q is field then Q has exactly two ideals

say I, ={0}=(0),1,=Q=(1) ={1-alaeQ}. I, and I, are both Principal Ideal.
Note: If F is field then all ideals are Principal Ideal.

Q. How many Principal ideal in Z,,[i]?

Solution:

Z,,[i] is field then Z,,[i] has exactly 2 ideals

L ={0}=(0) 1,=2,[i]~()

then both are Principal Ideals.

Factor Ring
Let R be aring and A is an ideal of R. Then %: {a+ Alae R} Is factor ring with operation

() (a+A)+(a,+A)=a +a,+A (i) (a,+A)(a,+A)=aa,+A
Example: R=Z,1=3Z; E=£:{a+3z|aez}; £={0+3z,1+32,2+32}
| 3Z 3z

Composition table of Z
3z

(1) Under Addition

0+3Z
0+3Z | 0+3Z
1+3Z 1+3Z
2+3Z 2+3Z
[(1+3Z)+(2+3Z)=3+3Z =0+3Z |

(ii) Under Multiplication

0+3Z | 1+3Z
0+3Z 0+3Z 0+3Z
1+3Z 0+3Z 1+3Z
2+3Z 0+3Z 2+3Z

From Table, é is Commutative ring with Unity 1+3Z ;

3Z
L—="7
Q 97
Solution: g—iz{a+92|ae3z}; g—§={0+92,3+92,6+92}

0+9Z ¢(3+92)eg—§,0+92 ¢(6+92)eg—§;(3+92)(6+92):18+92 =0+9Z

then g—i is not an integral domain and Z, is field then g—i #Z,.

2Z
=R Z,?
Q 77%
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Solution:i—;:{aJrQZ |lae2Z}={0+4Z,2+4Z}
0#2+4Z 6421_; and (2+4Z)(2+4Z)=4+4Z=0+1

:>2—Z is not integral domain then Z—Z/!Zz, because Z, is field. i.e. 2—Zz Ring but not
4z 47 4z
integral domain.

Z
—=7?
Q 6Z

Solution:GAZ:{a+az|an}:{0+62,l+62,2+62,3+6Z,4+6Z,5+62}

0+6Z ¢(2+62)e£, 0+6Z ¢(3+62)e£
6Z 6Z

(2+6Z)(3+6Z)=6+6Z =0+6Z then é is not integral domain of order 6;

" Zg is not an Integral Domain.
Q. Find Factor ring of Q?
Solution:Q is field then Q has exactly two ideals say |, = {O} and 1,=0Q

(1)%=%={a+{0}|aeQ} Ing
) %:%z{a+Q|aeQ}:{O+Q}; Igz{o}

Exam Point: If F is field then F has exactly two factor rings

~ F .. F
(i) TzF (ii) E~{O}

{0}
Q_
Q. Construct > =

Solution: Does not exist because Z is not ideal of Q.
Q. Construct factor ring of Z,,[i]?

Solution: Since Z,,[i] is field then Z,,[i] has exactly two ideals say I, ={0} and I, =Z,[i]
Then, factor ring,

Il

0 2zl Zzg[}i] ~ 2,4[i] (i szz[i] - ; H ~{0}

i .o

(L-1)

={a+ib+(1-i)|a+ibeZ[i]}

Q. I={(1

is an ideal of Z [l] construct

{
) Z
[

~i)
Z[i]
(-0
={a+ib+(1-i)|a,beZ} (1)
1-i+(1-i)=0+(1-i) =1-i=0=i=1 e (2)
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=i’=1"=-1=1=2=0
Z

i : , Z|i , :
<1—_[Ii]>={a+|b+<1—|>|a,bez} :%={0+<l—|>,1+<1—|>};
. é—%:{a+ib+<3—i>|a+ibe Z[i]} ={a+ib+(3-i)|a,beZ}
Solution: 3—i+(3—i)=0+(3—i) =3-i=0=3=i =3 =i’
=9=-1 (1)
=10=0 ..(2)
Giv_en into about modulo we are using
dll ={0+(3-i),1+(3-i),2+(3—1i),3+(3—1i),4+(3-i),5+(3—i),6+(3-i),7+(3-1),8(3—i),9+(3-i)}

i)
Z_[I]~Zlo, 0+i+(3-i)=0+3+(3-1i)

(3-1)

1+i+(3-i)=1+3+(3—i)=4+(3-i)

Exam Point: <aZ+[I|1)> ~Z,,. ifgcd(ab)=1

Exam Point: <az+[I|1)> ~ not integral domain if gcd(a,b)#1 and a=0, b0
Z[i]

Q. —Ltdo»
(2)

Solution: Z<T[I>] ={a+ib+(2)|abez} ={0+(2),1+(2),i+(2),(1+i)+(2)}
2+(2)=0+(2) =>2=0 e (2) Using
Modulo 2

No, relation found for i.; Meaning of (2) is 2Z[i].; Z<T[I] ~ Z,[i]

)

Note:

2] o Z[] e 2]
O T iy = Zelib< 22 () 7 = Lol 2o i) 727G

Z[i] :
~Z Z

(2+2i) UL
4+4=8=4x2
On squaring (2+2i) repeatedly.

Z[i]

Lt -9
Ry
Solution: ﬂ = Z—[I]

(41)  (4)
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[i]. (4i) = 4izi]

Z
Z[i] .
T>:{a+|b+<4>|a,bez}

4+(4)=0+(4) =>4=0
Now,
)

0+(4),1+(4),i+(4),1+i+(4),2+(4),2i+(4),2+2i+(4)
=11+ 2i+(4),2+i(4),3+(4),3i+(4),1+3i +(4),2+3i+(4)
3+3i+(4),3+i+(4),3+2i+(4)
% ~ Z4[i]
Note: (4i)=4iZ[i]=4(iz[i]) =4Z[i]=(4) .(4i)=(4)
Exam Point: 2[i] ~Z,[i]
(n)
Theorem 1: Let R be a commutative ring with unity and A is an ideal of R. % is an integral
domain iff A is Prime Ideal.
Theorem 2: Let R be a commutative ring with unity and A is an ideal of R. % is field iff A

is maximal ideal.
Q. Show that if R is commutative ring with unity then every maximal ideal of R is prime
ideal.

Solution: Let R is commutative ring with unity and A is maximal ideal of R. Then % is field

R . . . V- N
:>K is integral domain = A is Prime ideal.

Q. Show that if R is finite commutative ring with unity then every Prime ideal of R is
maximal ideal.

Solution:

Let R is finite commutative ring with unity and A is prime ideal of R.

If A is prime ideal of R then % is an integral domain and % is finite because R is finite.

R. . . . : R . .. : .
= A is finite integral domain= A is field = A is maximal ideal.

Q. I =(p)=pZ is maximal ideal is Z.

Solution: i = 5 ~ Zp — is field then i is field

(p) Pz (p)

= (p) is maximal ideal = pz is maximal ideal in Z
Q. Show that 1 ={0} is Prime Ideal but not maximal.
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Solution: R = Z is commutative ring with unity | ={0}; R_Z, z

I {0}

Z(R.H.S.) is an integral domain but not field then % is an integral domain but not field.

= {0} is Prime ideal but not maximal ideal in Z.

Q. (11) is maximal ideal in Z[i]?

Solution: ?1—[1I>] ~Z,,i]

Z,,[i] is field then I =(11) is maximal ideal also Z,,[i] is an integral domain hence (11) is
prime ideal in Z[i].

Q. pz is maximal ideal in Z?

Solution:

z ~Z,, Z, isfield = z is field = pz is maximal ideal
pz

—{O} is maximal and Prime ideal of F where F is field.

. F . F . . . . . . F .

Solution: — ~ F, F is field then — is field then 1 :{O} is maximal ideal similarly, — is
(0] {0} @

integral domain then | = {0} is Prime ideal.
Q. R=QxR, find maximal ideals and prime ideals of R.
Solution:R=QxR, ideals of R=QxR are I, ={0}x{0}, I,={0}xR, I,=Qx{0},
I,=0QxR

QxR QxR
(1) ~—=

L {0§x{0}

integral domain then 1, ={0}x{0} is not Prime ideal and maximal ideal.
@) QxR _ QxR

(0}x{R} ~ {0}x{R]
maximal and Prime ideal.
@ TR __AR g RaR

I3

~QxR, then QxR is not integral domain then

QxR
0

~Qx{0}~Q, Q is field then is field 1 ={0}xR is

xR
{0p<{Rj

Since R is field then QxR _ is field then 1 =Qx{0} is maximal and Prime.
{0}x{R}
4) gxi ~{0}x{0} = {0}. Since {0} is not integral domain then I, =QxR is not Prime
X
and maximal.
Q. R=QxRxZ,

Solution: I, =QxRx{0}, 1, =Qx{0}xZ, I, ={0}x Rx Z,, maximal ideal of QxR xZ,.
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)QxRxZ19
QxRx { }

Z,, is field then

(1 z{O}x{O}me =2y

QxRxZ,
QxRx{O}
Q><R><Zl9
—= =10txRx10
Q. Show that 1 =Qx{0}x{0} is not maximal and prime ideal in QxR xZ,,.

Solution:
QxRxZ,

Qx{0§x{0]

RxZ,, is not integral domain then | =Qx{0}x{0} is not maximal and prime ideal.

is field then 1, =QxRx{0} is maximal and prime.

z{O}xRme ~RxZ,

Q. 1 =(2) is maximal and prime in Z,?

Solution:<z78>={0+<2>,1+<2>} ~Z,.Z,is field then % is field then | =(2) is maximal and

prime.

Z[i] ,

(3+i)

Solution: 2] ={a+ib+(3+i)|a+ibeZ[i]} ~Z, .~Z,ie. ! Z,, and Z, has
(3+i) + [ ’ 10

exactly?

Q. How many maximal ideal in

Z[i]
(3+i)

maximal ideal then has exactly 2 maximal ideal. They are

2[i]
(3+i)

l, :<2+<3+i>>
|, =(5+(3+i))

Q. I =(2+2i) is Prime ideal in Z[i]
Z[i]

(2+2i)
| =(2+2i) is not Prime ideal

ZEZ[i],l-l-i eZ[i]

Another way, 2(1+i)=2+2iel but 2¢1 and 1+ig 1 then | =(2+2i) is nor Prime ideal.
2] z[] z,

(1+ > < 7i) 5Z°

Z|i Z|i Z

FURE NS

Z,xZ,xZ, has exactly three maximal ideal then R has exactly three maximal ideal.

} are maximal ideals of

Solution: ~ Not integral domain,

Q. Find maximal ideal in

Solution: xZ,[i|xZs = Z,xZ,[i]x Z,

Associated in Policy making for Rural Upliftment / education with Govt. Uttar Pradesh
Trainer in higher Mathematics since year 2013, Previous- Sr. Faculty in PIAIM
Chairman: Patiyayat FarmggProducer Organisation




Mindset Makers for UPSC & IIT
Mobile: 9971030052

z[i]  zJi]
Q. R= X ———— X
(1+i) (-7i) 10Z
Solution: Maximal ideal of R, R=Z,xZ,[i]xZ,, , are
|, =Z,xZ,[i]x2Z,y,1,=Z,%xZ,[i|x5Zy, 1, =Z,x{0}x Zy, 1, = {0} x Z, [i]x Z,,
There are 4 maximal ideal in R.

, how many maximal ideal of R?

2T
QL. R= L , how many idempotent element?
(1+5i)

Ans. 4 idempotent elements as it is = Z
Q2. (13i) is maximal ideal in Z[i]?
Q3. (3+6i) is Prime ideal in Z[i]?

Characteristic of Ring: Characteristic of Ring (R,+,-) is the least positive integer n such
that n-a=0 VaeR. Itis denoted by char(R). If such n does not exist then char (R) = 0.
Example: Z, ={0,1,2,3}. Find char(Z,) =?

Solution: n=4 such that ;4-0=0,4-1=0,4-2=0,4-3=0 then char(Z,)=4.

Q. Char (Z,)="

Solution: n=1 such that 1-0=0 then char (Z,)=1.

Exam Point: char(Z,)=n

Q. R=Z find char(z) =72

Solution: char (Z) = 0 because n does not exist such that n-a=0, VaeZ since Z is an

integral domain.
Similarly, Note: Char (R)=Char (C) = Char (Q)=0

Zli
Q. Char <2+[3]|> =?

Solution: <ZZ+[I3]|> ~Z,,.char(Z,;)=13 and as

Q. Char (Z,[i]) =~

Solution: Z,[i]={0,1,2,i,2i,1+i,1+2i,2+i,2+2i}

3-a=0, VaeZ,]i].char(Z,[i])=3

Q. (i) char (Z x Z,[i]) = ? (ii) char (Z,x2,)="?

Solution: (ii) Z,xZ, ={(0,0),(0,1),(0,2),(0,3),(1,0),(11),(1.2),(13)}
n=4 such that 4(a,b)=(0,0), v(a,b)eZ,xZ,

0,if char(R)=0orchar(S)=0

K; K =LCM(char(R),Char(S))

Note: Char(RxS)= {
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Q. Char (Zxszzxzs[i]x é“%mj

+
Solution: Zero, because char (Z) =

Q. Char(Z[i])="
Solution: Zero . Q. Q«/2 is not cyclic because Q = Q~/2 and Q is not cyclic.

Q| V2 |={a+by2|abeq} is field.

Q. How many maximal ideal, prime ideal, ideal, idempotent nilpotent and unit in Q[\/i] ?

Solution: 2 ideals, 2 Idempotent elements, 1 Nilpotent elements, c units 1 maximal ideal, 1
Prime Ideal.

Note: Similarly Q[\/ﬂ ={a+b\/a| abe Q},d >0 and d is not perfect square then Q[\/ﬂ

is field.
Q. I =Z xZ x{0} is maximal/Prime ideal in ZxZxZ.
AnNs. Yes, ﬂ ~ Z is an integral domain

ZxZ x{O}

St ZxZ x{O} is Prime Ideal.

CHAPTER-3: Ring Homomorphism
Ring Homomorphism: Let (R,+[) and (S,+[) are two rings. A mapping

f :(R,+0)—(S,+[) is said to be ring homomorphism if
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W) £ (cry)=F(0+ £(y) @ F(x-y)=1(x)-1(y)
Q. f:Z—2Z, f(x)=0-x is Ring homomorphism?

Solution: f (x)=0-x

(1) f(x+y)=0(x+y)=0-x+0-y = f(x)+f(y)

@ 1 (xy)=00x-y)=(0-x)-(0-y)= 1 (x)- T (y)

then f(x)=0-x is ring homomorphism.

Definition: f:R—R, f(x)=0-x is called trivial ring homomorphism.

Q. f:Z—2Z, f(x)=1-x is ring homomorphism?

Solution: f (x)=1-x

(i) f(x+y)=1(x+y)=1-x+1.y="f(x)+f(y)

(i) 1(x-y)=(1-x)-(Ly)= (- £(y)

then f(x)=1-x is Ring homomorphism.

Q. f:Z—>Z, f(x)=2x, is ring homomorphism?

Solution: f (x)=2x

(1) f(x+y)=2(x+y)=2x+2y="f(x)+f(y)

(2) f(x-y)=2(x-y)=2x-2y=f(x)-f(y)

~. f(x)=2x is not ring homomorphism.

Exam Point: f:Z — Z has exactly 2 ring homomorphism say f(x)=0-x and f(x)=1-x.
Q. f:2, 57,

f (x)=5x, is ring homomorphism?

Solution: f (x)=5x

(1) f(x+y)=5x+5y="f(x)+f(y)

(2) f(x-y)=5(x-y) = 25xy (25=5mod10) [25 [ idempotent
element] =5x-5y = f (x)- f (y)

then f (x)=5x is ring homomorphism for Z, — Z,, .

Q. f:Z, >Z,, f(x)=6x isring homomorphism?

Solution:(1) f(x+y)="f(x)+f(y); f(x+y)=6(x+y)=6x+6y="f(x)+f(y)

(2) f(1+3)=1(0)=6-0=0; f(1)+ f(3)=6-1+6-3=6+18=24 (mod 10 applied)= 4
f(1+3)= f (1)+ f(3) So, f(x)=6x is not ring homomorphism.

Q. f:Z, > Z,,, how many ring homomorphism?

Solution: Idempotent elements of Z,, are 0,1,5 and 6

f(x)=0-x ¥, f(x)=1-x x, f(x)=5-xV, f(x)=6-x V

f(x)=0-x and f(x)=5-x are ring homomorphisms.
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Here order of 0 in Z,; is 1, order of 1 is 10 order of 5 is 2, and order of 6 is 5 which is not
possible in Z,.
Q. f:Z;—>Z,, f(x)=5x is ring homomorphism.
Solution: 5 is an idempotent element of Z,, but O(5) is Z,, =2 but Z, has no element of
order 2then f (x)=>5x is not ring homomorphism.
Q. How many ring homomorphismin f:Z, > Z,,.
Solution: 0,1,5 and 6 are idempotent elements of Z,,
f(x)=0-x V, f(x)=1-x x, f(x)=5-x x, f(x)=6-x
and f(x)=6-x are only ring homomorphism.
Q. How many ring homomorphism f :Z,, —»Z,,?
Solution: Z,, has exactly 8 idempotent elements then f:Z,) —Z, has atmost 8 ring
homomorphism 0,1,6,10,15,16,21 and 25.
then f(x)=0-x, f(x)=1-x, f(x)=6-x, f(x)=10-x, f (x)=15-x, f (x)=16-x
f (x)=21-x, f (x)=25-xare ring homomorphisms.
Exactly 8-ring homomorphisms.
Exam Point: f:Z_ — Z_;Number of Ring Homomorphisms = No. of Idempotent Elements

inZ,
Q. How many ring homomorphismin f:Z2 —Z ?
Solution: Z  is field then Z, has exactly two idempotent elements say 0 and 1
f(x)=0-x _ _
exactly 2 ring homomorphism
f(x)=1-x
f(x)=0-x

f(x)=1-x

Q. f:Z, - Z,, how many ring homomorphism?

Example: f:Z2, > Z,; } are ring homomorphism

Solution: f(x)=0-x . Z4 has exactly 2 idempotent elements

f (x)=1-x. this has exactly one ring homomorphism say f (x)=0-x
Q f:Z, —>me, m >1 has exactly one ring homomorphism.
Solution: Explanation: f:Z —>Z

has exactly 2 idempotent elements say 0 and 1.

p
f (x)=0-x is ring homomorphism
f(x

)=1-x,0(1) in Z , = p" and Z, has no elements of order p" if m>1 then
p

f (x)=1-x is not ring homomorphism.

Note:
(1) f:Z,—> Z,, then it has exactly 2 ring homomorphism.
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2 f:2,—> me ,m>1 then it has exactly 1 ring homomorphism.

Q. f:Z,—»Z,,if m|n then how many ring homomorphism?
Solution:
If m|n, then number of ring homomorphism from Z —Z_ is equal to number of

idempotent element is Z .

Exam Point: If f:Z —Z_, and m|n then No. of Ring homeomorphisms from Z, ->Z_ =
No. of Idempotent elementsin Z_ .

Q. f:Z, — Z,, how many ring homomorphism?

Solution: Z, has exactly two idempotent elements say 0 and 1.

f(x)=0-x—>0O(0) in Z,=1 and Z, ahs elements of order 1 then f(x)=0-x is ring

homomorphism.
f(x)=1-x = O(1) in Z, is 4 and Z, has elements of order 4 then f(x)=1 is ring

homomorphism.
Then, it has exactly 2 ring homomorphism.

f:Z2>Z
Q. f:Q — Q ; hasexactly two idempotent elements say 0 and 1
f:R>R
f(x)=0-x
f(x)=1-x
Q. f:Z—2Z , how many ring homomorphism?
Solution: Exactly one ring homomorphism, say
f(x)=0-x
Exam Point: mz=nz if m and n are different because we won't get one-one and onto

mapping.
Q. f:ZxZ — Z, how many ring homomorphism?

Solution:

} exactly 2 ring homomorphism.

f(xy)=0
f.ZxZ>Z;f(xy
y

f (X,

)
) X ¢ are ring homomorphism
)

y
Q. f:Z —>ZxZ, how many ring homorphism.
Solution:

are ring homomorphisms.

Here (0,0),(0,1),(1,0)and(1,1) are idempotent elements of ZxZ .
Q. C isring isomorphicto R (C=R?).
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Solution: C is not ring isomorphic to R because x*=1 has 4 solutions in C say
(x=1,-1i,—i) but x* =1 has only 2 solutions in R say (x=1,-1).

Q. Q[i]=Q?i.e. Q[i] is ring isomorphic to Q?
Ans. No, reason is same as above.

Q. Q[i] is ring isomorphic to Q[\/z]?
Solution: No, because x* =1 has 4 solutions in Q[i] but in Q[\/ﬂ,x“ =1 has 2 solutions

also in Q[\/i] , X*—2=0 has solution but Q[i] don't have solution for x*-2=0.

Q. Q[\/E] zQ[\/g] is field isomorphic?

Solution: No, it is not field isomorphic because x*—2=0 has solution in Q[\/i] but
x? —2 =0 has no solution in Q[\/g] i.e. does not exist in Q[\/ﬂ

Q. f:Z,—>Z,,defined by f(x)=x*-x is ring homomorphism?

Solution: f:Z, »>Z,; f(x)=x*—x

(@) f(x+y)=(x+y) —(x+y) =x*+y?+2xy—x—y =(¥* = x)+(y* - y)+2xy
:<x2—x)+(y2—y)+0 (- 2xy=0) =f(x)+f(y)

) f(xy)=(xy) —x=x*y? =Xy —xy* +xy + X2y +xy* = (X = x)(y* =y )+ Xy (x+Y)

f (x-y):(x2 —x)(y2 —y)+ xy(x+y)=f(x)f(y)+xy(x+y) ...(1)

From (1), xy(x+y)=0, Vx,yeZ,

Case - I: If x=0,y=0, then xy(x+y)=0-0(0+0)=0

Case - II: If x=0,y=1then xy(x+y)=0-1(0+1)=0

Case - I1I: If x=1,y=0then xy(x+Yy)=0

Case - IV: If x=1,y=1then xy(x+y)=1-1(1+1)=1.2=2=0

then from all 4 cases, xy(x+Yy)=0, Vx,yeZ,

From equation (1) f (x-y)=f(x)-f(y)+0="f(x)-f(y), ¥x,yeZz,

then f (x)=x*—x, is ring homomorphism.

Q. f:Z, > Z,, how many ring homomorphism?

Solution: f (x)=0-x v, f(x)=1-x x, f(x)=8-x x, f(x)=21-x

V, f(x)=0-x, f(x)=21-x are ring-homomorphism. Non-Trivial Ring homomorphism
=2-1=1.
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CHAPTER-4
Irreducible Element

Definition: Let (R,+,D) is an integral domain. A non-zero non-unit element a R is said to
be irreducible element if a=bc,b € R,c e R then either b is unit or c is unit in R.

Example:a=6 ¢ Z is irreducible element of Z?
Solution: 6=2-3 and 2eZ,3<Z but neither 2 nor 3 is unit in Z then 6 is not irreducible

element of Z.
Q. a=11eZ isirreducible element in Z?
Solution:11=11-1=blc.b=11eZ,c=1<Z and 1 is unit in Z then 11 is irreducible element

inZ.

Q. —11 is irreducible over Z?

Solution: -11=11x(-1) =b-c,b=11eZ, c=-1eZ
and —1 is unit in Z then -11 is irreducible element over Z.
Q. 2 is irreducible over Z[i]?

Solution: No, 2=(1+i)(1-i) =bc, be Z[i],c e z]i]
but neither b =(1+1i) nor ¢ =(1—i) is unit in Z[i] therefore 2 is not irreducible over Z[i].

Q. a=2eZ isirreducible over Z?
Solution: Yes, because. 2=2x1=b-c, beZ,ceZ .1lisunitin Z then 2 is irreducible

element over Z.
Q. 3is irreducible over Z[i]?

Solution: 3 is irreducible element in Z[i]

Q. Show that 1+i is irreducible over Z[i]

Solution:Let 1+i =(1+ib)(c+id)

taking conjugate of equation (1)

1-i = (a=ib)(c—id)

Multiplying side by side of equation (1) and (2),

(1+i)(1-i)=(a®+b?)(c* +d*) = 2—(a* +b*)(c* +d?) ..(3)
Case I: If a®+b” =2 then ¢*+d* =1=(c+id)(c—id)=1=c+id isunitin Z[i]
Case Il If ¢®+d* =2 then a*+b* =1 = (a+ib)(a—ib)=1=a+ib isunitin Z[i]
From case | and Il, we conclude either c+id is unit or a+ib is unit of Z[i] then 1+i is
irreducible over Z[i].

Q. Show that 1—i is irreducible over Z[i]?
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Q. Show that 3 is irreducible element in Z[i]?

Solution: Let a=3eZ[i] and

3=(a+ib)(c+id) (D)
Taking conjugate,

3=(a—ib)(c—id) (2)
From (1) and (2), multiplying side by side

9=(a’+b?)(c?+d?) ...(3)
Case | : If a®+b* =9 then ¢®*+d* =1 =(c+id)(c—id)=1=(c+id) is unit in Z[i]
Case Il: If ¢®+d* =9 then a*+b* =1 = (a+ib)(a—ib)=1=a+ib isunitin Z[i]

Case II: If a®+b* =3 then ¢®*+d* =3 no, a,b,c and d exists in Z such that a* +b* =3 and

c¢?+d? =3 then case 11 not possible.
Hence, from case | and I, we conclude that either a+ib or c+id is unit then 3 is irreducible

element in Z[i].

Q. 5is not irreducible element in Z[i]

Solution: 5=(2+i)(2—i), but neither 2+i nor 2—i isunitin Z[i] then 5 is not irreducible
over Z[i].

Q. 3+«/§ irreducible over Z[ﬁ]?

Solution: Z[ﬁ]z{a+bﬁ|a,bez} ={a+ibJ§|a,beZ}

o =3+-5=3+Bi 2| V5]

Let3++/5i :(a+ibJ§)(c+idJ§)

taking conjugate of equation (1)

3—+5i=(a-ib)(c-id5)

From (1) and (2), multiplying side by side

9-i°5=(a—i’5b*)(c* —i*5d*) =14 = (a’ +5b*)(c?* +5d° )

Case I: If a® +5b? =14then c?+5d? =1 :>(c+idJ§) is unit

Case II: If ¢> +5d% =14 then a®+5d% =1 = a +ib+/5 is unit.

Case I11: If a®>+5b* =7 then ¢* +5d? =2, so, this is not possible because a,b,c and de Z .
From case |, and Il, we conclude that either a+ibJ§ iS unit or c+idJ§ iS unit then 3+«/§
is irreducible element in Z\/E.

Q. a=3+i, is irreducible over Z[i]?

Solution: 3+i=(2—i)(1+i) but neither 2—i isunit in Z[i] nor (1+i) isunitin Z[i].Then
it is reducible over Z[i].

Q. Show that | =(2,x) is ideal of Z[x].

Solution: Let Z[x]={a, +ax+..+a,x"|a €Z}
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2f (x)+xg(x)] (x),g(x)eZ[x]}..(l)
(x)=2f( )+xgl( ). k(x)el =k(x)=2f,x +xg,(x)
2(1,(0)- £,(0))  x(8,(0)- 0, (x)) =26, (x)+3, (x), £, (x)Z[].
gg(x)ez[x]:>2f3( )+xgg( Jel =h(x)—kxel =(2,x)...(2)
h(x) el =h(x)=2f,(x)+xg(x)
r(x)ezZ[x] =h(x)r(x)=2f(x)r(x)+xg(x)r(x)
=2f'(x)+xg'(x), f'(x)ezZ[x], g'(x)eZ[x]=h(x)r(x)el =(2,X)

Z[¥
R

Prime Element: Let (R,+,) is an integral domain A non-zero, non-unit element aeR is

then 1 =(2,x) is an ideal of Z[x].=

said to be Prime element if a|bc,be R,ce R = either a|b or a|c.

Example: a=7 inZ, a=7 is Prime element in Z.

Solution: Yes 7=71, then; 7|7=7|7, 7 is Prime

Q. a=61inZ, a=6 isPrimein Z?

Solution: 6|6=2B i.e. 6|]=2B but 6x2 and 6x3 then 6 is not Prime.

Q. a=30, is Prime?

Solution: 30|30 i.e. 30|10-3 but 30x10 and 30x3 then 30 is not Prime.
Q.5isPrimein Z[i]?

Solution: 5|5=5]|(2+i)(2—i) but 5x2+i and 5x2—i then 5 is not Prime.

Q. 2isPrimein Z[i]?

Solution: 2|2 i.e. 2}(1+i)(1-i) but 2x(1+i) and 2x(1—i) then 2 is not prime in Z[i].
Q. If'a" is Prime element then 'a’ is irreducible element.

Solution: Let (R,+,D) is an Integral domain and let a <R is Prime element and

a=bc (1)
Since 'a' is prime then a|a=a|bc = a|b or a|c

If a|b then 3 some teR s.t. b=at . (2)
From (1) and (2); b=bct =b—bct=0=b(1—ct)=0

=1-ct=0; b0 [ bcannot be zero since a is prime i.e. b is nonzero multiplicative

inverse of c is t]
=1l=ct =ct=1=c isunitinR. Similarly, a|c then b is unit in R.

a=Dbc then either b is unit or c is unit then a is irreducible elements. Then, every prime is
irreducible.

Q. 3isprime in Z[i]?

Solution:Yes, if 3|bc then 3|b or 3|c, where be Z[i],ce Z]i]

Note:

() x=a+ib; a=0,b=0 and a*+b” = p then x is prime element in Z[i].
(i) x=a+i0 and | =p, 4| p—3 then x is prime in Z[i]
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(iii) x=a+ib and |[x|=p, 4| p—3 then x is prime is Z[i]

Prime element in Z[i] is known as Gaussian Prime.

Q. a =3++/-5 is prime in Z[\/g]?

Solution: & =3+ /=5 = 3+/5i

3+JE|(3+J§i)(3—J§i), 3+v-5|14, 3+J-5|72

but 3++/~5x7 and 3++/-5x2 the 3++/=5 is not prime in Z[ﬁ].;
(3++/5i)(3-+5i) =14

Q. 13is prime in Z[i]?

Solution: 13|13, 13](2+3i)(2—3i)but 13x(2+3i) and 13x(2—3i) then 13 is not prime in
Z[i]

Q. 3+i isprimein Z[i]

Solution: 3+i|(2—i)(2+i)but 3+ix(2—i) and 3+ix1+i

or 3+i|(3+i)(3-i); 3+i|10=5x2

but 3+ix5 and 3+ix2 then 3+i is not prime in Z[i].

Associate: Let (R,+,-) be an integral domain An element a e R is said to be associate to

beRif 3 untUeRsta=Ub
Q.-lisassociateto 1inZ

Solution: Yes a=Ub. —1=(—1)1. -1 is unit in Z,

Q. iand -i are associate in Z[i]

Solution: i=(-1)(—i) and -1 is unit in Z[i]

Q. 2+3i and 2i -3 are associate in Z[i]?

Solution: Yes 2i—3=i(2+3i). a=Ulb. ieZ[i] stiisunitin Z[i]
Irreducible Polynomial:

Note: (1) R is commutative ring then R[x] is also commutative ring.

(2) If R is commutative ring with Unity then R[x] is commutative ring with unity:.

Explanation:
Suppose 1 is unity of R then

f (X)=1+0.x+0.x"+....+0.x" € R[]

s.t f(x).0(x)=g(x), vg(x)eR[x]

(3) If R is an integral domain then R[x] is also integral domain.
Explanation:

0= f(x)eR[X]

0 g(x)eR[x]

f(x).g(x)=0, if R is integral domain.
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(4) If R is field then R[x] is an integral domain (R[x] is not field because x e R[x] but
X e R[x] st xx =x"x=1).

Irreducible Polynomial: Let (R,+[) be an integral domain. A non-zero, non-unit
polynomial f (x)eR[x] is said to be Irreducible Polynomial if f(x)=g(x).h(x) where
g(x)eR[x] and h(x)eR[x] thin either g(x) is unit or h(x) is unit in R[x].

Example: f(x)=2x*+6 is irreducible over Q?

Solution: f (x)=2x"+6 =2(x* +3) =g(x).h(x), where g(x)=2 and h(x)=x"+3
g(x)eQ[x] and h(x)=x*+3eQ[x]. g(x)=2 is unit in Q[x] then f(x)=2x*+6 is
irreducible over Q.

Q. f(x)=2x*+6, is irreducible over z?

Solution:

f(x)= 2(x2 +3)

=g(x).h(x), where g(x)=2ez[x], h(x)=x*+3eZ[x]

but neither g(x) is unit nor h(x) inunitin Z[x] then f (x)=2x*+6 is reducible over Z.
Q. f(x)=2x*—4 is irreducible over Q?

Solution:

f(x)=2x"—4=2(x*~2) =g(x).h(x), where g(x)=2eQ[x], h(x)=(x*-2)eQ[X]
g(x)=2 isunitin Q[x] then f (x)=2x*—4 is irreducible over Q.

Q. f(x)=2x*-8, is irreducible over Q?

Solution: f (x)=2x*-8=2(x*~4) =g(x)h(x) ..(1)

where g(x)=2eQ[x] and h(x)=x*-4eQ[X]

g(x)=2 isunitin Q[x] but f (x) is not irreducible because h(x) is not irreducible.

From equation (1)

F(x)=9(x)}h(x) =g(x)-(x* -4) =g (x)(x-2)(x+2)

then f(x)=g(x)(x—2)(x+2)=g(x)h(x)h,(x)

()= ()8 (1)

R()=(x-2)=Q[x]

h, (x)=(x+2) eQ[x], but neither h,(x) nor h,(x) is unit in Q[x].

Then, h(x) is reducible over Q.= f (x)=g(x).h(x) is reducible over Q.

Note: If f(x)=g(x).h(x) and g(x) s unit then the behaviour of f (x) is depending on
f

s
h(x), i.e. h(x) is irreducible then f (x) is irreducible and if h(x) is reducible then f (x) is

reducible.
Q. f(x)=x*+1 isirreducible over Q?
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Solution: f (x)=x*+1=(x+i)(x—i)=g(x).h(x), where g(x)=(x+i)eC[x] and
h(x)=(x—i)eC[x] but neither g(x) nor h(x) is unitin C.

C[x] then f (x) is reducible over C.

Q. f(x)=x*+1, isirreducible over R and Q?

Solution: f (x)=x?+1 is irreducible over R and Q.

Einestein's Irreducible Criteria
Let f(x)=a,+aXx+...+ax" eZ[x]. If there exist prime p such that p|a,, p|a,.... pla,,

but p does not divide a and p“notdividea, then f (x) is irreducible over Q.

Q. f(x)=3+6x+12x*+x’ e Z[x] is irreducible over Q?

Solution:

f (x)=3+6x+12x*+x°

p =3, such that 3|3,3|6,3|12 but 3{1 and 3” {3 then f (x) is irreducible over Q.

Q. f(x)=12+6x+18x>+x", is irreducible over Q?
Solution:
Given, f(x)=12+6x+18x>+x"

i.e, f(x)=12+6x+0.x*+18x° +x*

3 p=3 suchthat 3|12, 3|0, 3|18, but 3}1 and 37 {12 then f (x) is irreducible over Q.
Q. f(x)=x*+1eZ[x] is irreducible over Q?

Solution:

f (x)=x*+1e Z[x] does not satisfies E.I.C. but f (x) is irreducible over Q.

Note:
Let F isfieldand 0zacF

(i) If f(ax) is irreducible F then f (x) is irreducible over F.
(ii) If a.f (x) is irreducible over F then f(x) is irreducible F.

(iii) If f(x+a) isirreducible over F then f(x) is irreducible over F.

Q. Show that f (x)=x*+1 is irreducible over Q by E.I.C.?

Solution: f (x)=x*+1

0xa=1€Q

f (x+1):(x+1)2+1:x2 +2X+2

f(x+1)=2+2x+x* ..(2)
From equation (2)

p=2 suchthat 2|2, 2|2, but 241 and 2° 12 then f(x-+1) is irreducible over Q.

= f (x) is irreducible over Q.
Q. f(x)=x isirreducible over Q by E.I.C.2
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Solution: f (x)=x ...(D)
Put x=x+2

f(Xx+2)=x+2=2+x ..(2)
From equation (2)

p=2,st22, 241 and 2* {2 then f(x+2) is irreducible over Q.

= f (x)=x is irreducible over Q.
Q1. Show that f (x)=1+xX+X"+....+x"" is irreducible over Q.
Solution: f (X)=1+X+X"+....+Xx""
xP -1
f(x)=
()=
a' -1

This is G.P. then

0#1eQ such that

f (XJrl):(XL)p_1 :3[(x+1)p —l} :%Hl+ pX + p%{,,ﬁ XDJ_]}

(x+1)-1 X

2!

p(p-1)
21

:% p)(+—p(p_|1)xz +....+xp}

f(x+1)=p X4+ XP ...(3)

(p-1)

3 p such that p|p,p| pT_I....p| p but ptl and p?4p then f(x+1) is irreducible
over Q then f (x) is irreducible over Q.

Q2. f(x)=1-x+x"—x’+...+x"" is irreducible over Q?

Solution: f (x)=1—X+x* =X +...+x"*

0#-1€Q suchthat f(—1x)=f (—X)=1+x+x*+..+x""

f (—x) is irreducible over Q then f (x) is irreducible over Q. (By above question).

Q3. f(x)==1-x—x*—x>...x"*, is irreducible over Q.

Solution: f(x)=-1-x—x"—x"..x"" (1)
0#-1eQ st (-1) f (X) =1+ X+ X" +X* +...+x"" ..(2)

(1) f (x) is irreducible over Q then by above question (1), f (x) is irreducible over Q.
Q. f(x)=x*+1 isirreducible over Z,?

Solution: Let f (x)=x*+1=(x+a)(x+b) ..(1)

=X’ +1=x"+(a+b)x+ab ..(2)

From equation (2)
a+b=0 --(3)
ab=1 ..(4)

Associated in Policy making for Rural Upliftment / education with Govt. Uttar Pradesh
Trainer in higher Mathematics since year 2013, Previous- Sr. Faculty in PIAIM
Chairman: Patiyayat FarmgygP roducer Organisation




Mindset Makers for UPSC & IIT
Mobile: 9971030052

Choose aand b from Z, s.t a+b=0,

a|b| a+tb=0
(i) 0+0=0 | Mod7
(i) 1+6 =0 applied
(i) | 2|5 2+#5=0
(iv) | 3| 4| 3+4=0
No, such pair exit in Z, such that a+b=0 and ab=1 then f(x)=x"+1=(x+a)(x+b)
then f (x) is irreducible over Z,.

Q. f(x)=x*+x+5 isirreducible over Z,,?

Solution: Let f (x)=x*+x+5=(x+a)(x+b)

x> +Xx+5=x"+(a+b)x+ab

then

a+b=1

ab=5

Chooseaandbin Z,, st a+b=1

a| b |a+b=1
1+0=1 Mod 11
0 |2+10=1 | isapplied
3+9=1
4+8=1
5+7=1
6+6=1

satisfied a+b=1and ab=5

a=3

b=9

s.t. ab=5=3.9=5 (mod 11)

From (1),

x2+x+5=(x+3)(x+9) then f(x) is reducible.

Note: (1) f(x)eZp[x] if f(x);to, VxeZ, then f(x) is irreducible over Z .

(2) If F isfield and f(x) is single degree polynomial then f (x) is irreducible over F.

*If F is not field then above result (2) need not be true
e.g. f (x) =6x Iis single degree polynomial but not irreducible over Z.

f(x)=6x=g(x).h(x), g(x)=6eZ[x], h(x)=xeZ[x]
But neither g(x) is unit in Z[x] nor h(x) is unitin Z[x].
Then f (x) is not irreducible over Z.

Note:
3.1f f(x)eZ[x] and if degree of f(x)>1 then f (x) is always reducible over C.

4.1f f(x)eZ[x] and degree of f(x)>2 then f(x) is always reducible over R.
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Explanation: Let f(x)eZ[x] and degree of f(x)=4 and f(x) has no real roots then

f (x) has imaginary roots say, a+ib and c+id such that
f (x)=(x~(a+ib)(x~(a=ib) (x~(c+id)(x~(c~id)))))
- ((x-a)-i0){(x-a) +i0)(x~)-i0) (x)+id)
:((x—a)2+b2)((x—c)2+d2)

=9(x):n(x)

where g(x)=((x-a)’ +b?) e R[x] and h(x)((x~c)’+d*)eR[x]

but neither g(x) is unit in R[x] nor h(x) is unit in R[x] then f(x) is reducible over R .

Q. f(x)=x*+1 isirreducible over Z,?

Solution:

x> +1eZ,[x]

Z,-{0,1,2,3,4,5,6}

f(0)=1 f(1)=2, f(2)=5, f (3)=10=3 (mod)
f(4)=3f(5)=5f(6)=2

f(x)#0, VxeZ,, thus f(x) is irreducible over Z,.
Q. f(x)=1+x’ isirreducible over Z,?

Solution: f (x)=1+x*, Z,={0,1}

then f(0)=1, f(1)=2=0 (mod 2)

here f(x)=0 f(1)=0 therefore f(x) is not irreducible over Z, i.e. it is reducible over

Z,.

Q. f(x)=x*+312312x+123123 is irreducible over Z,?
Solution: Z, ={0,1,2}

f (0)=123123=0 (mod 3)

then f (x) is reducible over Z, i.e. not irreducible.

Q. f(x)=x*+312312x+123123, is irreducible over Z,|Z,,?
Solution: No, it is reducible over Z, and Z,,.

Q. f(x)=x*+312312x+123123 is irreducible over Q?
Solution: f (x)=x>+312312x+123123e Z[X]

3 p=3 such that 3|123123,3|312312,310, but 3x1 and 3*x123123
f (x) = x> +312312x+123123 is irreducible over Q.

Q. f(x)=1+x+x?, is irreducible over Z,?

Solution: f (x)=1+Xx+x’

then
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z,={0,1}. f(0)=1f(1)=1

f(x)=0, vxeZ, then f(x)=1+x+x" is irreducible over Z, .
Q. f(x)=1+2x+x, isirreducible over Z,?

Solution: f (x)=1+2x+x’

Z,={0,12}. f(0)=L f(1)=1 f(2)=1

f(x)#0, VxeZ,then f(x) is irreducible over Z.

Galois Field
Definition: If F is finite field of order p and f (x)eF[x] is irreducible polynomial over F

F
of degree n. Then Fld is field of order p". It is denoted by GF(p" ) where p is prime.

(F()

= {8, +ax+a,’ +...+a, X"+ < f (x)>|a e F}

Z,[x]
(f(x)
where F is field of order p and f (x) is irreducible polynomial over F of degree 'n".

Q. Construct Galois Field of order 2?
Solution:

GF(2')= ZZ)[;(] {2+ (X3 €2,

GF(p")= :{a0 +aX+3,X +..+a,_ X" +(f(X))]a e zp}

Q. Construct Galois Field of order 3.
Q. Construct Galois field of order 4.
Solution:

GF(4):GF(22): <Zf2([;()]> :{ao +a1x+<f (X)>|ai ez,

where f (x) is irreducible polynomial of degree 2 over Z, .

GF(ZZ):%:{a0 +aX+(1+ X+ X" )| a8 eZZ}

:{O+<1+x+x2>,1+<1+x+x2>,x+<1+x+x2>,1+x+<1+x+x2>}

Z,[x]

each non-zero elements of >
<1+ X+ X >

has multiplicative inverse.

1+x+x2+<1+x+x2>:0+<1+x+x2>

=1+x+x*=0 ..(2)
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1+<1+x+x2> <1+§([+1 > such that

(1+<l+x+x2>) 1 _1+<1+x+x >

Z,[x]
<1+ X+ X >

x+<1+x+x2> s.t.

(x+<1+x+x2>) _1+x+<1+x+x >
(x+<l+x+x2>)(1+ x+<1+ X+ x2>)
:x(1+x)+<1+x+x2>
:x+x2+<1+x+x2>
:—1+<1+x+x2>

:1+<1+ X+ x2>; under modulo 2

From equation (2) 1+ x+x* =0
=>X+x=-1

Q. Construct Galois Field of order 8
Solution:

GF(8):GF(23):

={a0+a1x+a2x2+<f (x)>|a0,a1,aez}
where f (x) is irreducible polynomial of degree 3 f (x)=1+x+x’ is irreducible polynomial
over Z, or degree 3.
GF(2°) :Zz—[x]:{ao +a,X+a,X +<1+ X + x3> la eZ,
<1+ X+ x3>

:{0+<1+ X+ x3>,1+<1+x+x3> x+<1+x+x3> X2 +<1+x+x3>,1+x+<1+x+x3>,1+ xz+<l+x+x3>,x+x2+<1+x+x3>,1+x+x2+<1+x+x3>}

@ —* 1
a, —PO /\

Z,|x
Q. How many elements in L]S such that x" =1 but x* #1k <7
@+x+x>

Solution:
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3 Z,[x]
x+<l+x+x >e<l+x+x3> such that

( 1+x+x ) —x2+<1+x+x3>
( 1+x+x) =x® <1+x+x3>
=—1- x+<1+x+x3>

=1+ X+(1+x+x°) [ After using modulo 2]

(x+ l+x+x )4 X+ 1+x+x )(1+x+<1+x+x>)

(x+{
=X+ X +<1+x+x3>
=

(x+ l+x+x ) X+ X’ + 1+x+x )(x+<1+x+x3>)
= X" +X +<1+x+x>

=X —1—x+<1+x+x>

:1+x+x2+<1+x+x3>
(x+<1+x+x3>)6=x(1+x+x2)+<1+x+x3>
:x+x2+x3+<l+x+x3>

:—1+x2+<1+x+x3>

:1+x2+<1+x+x3>
(x+<1+x+x3>)7=x(1+x2)+<1+x+x3>
:x+x3+<l+x+x3>

:—1+<l+x+x3>

:1+<l+x+x3>

0+<1+x+x3> will give O+<1+x+x3> at any power and 1+<1+x+x3> is unity will be as it

is at any power.

.. No. of elements are = 6

Q. Construct Galois field of order 9.
Solution:

GF(3*)= <fi[;(2]> = {ao +ax+(1+x°)|a € Z,

= {0+ {10 7) X (143 ) 1 (14 5X), 24 (143 ), 20+ (143 ) Lt ok (LX) 1o 20+ (1 X7), 24 20+ (1457, 24 X+ (L) |
RZ,xZ,

f(x)=1+x% Z,={0,1,2}

f(0)=1
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f(1)=2
f(2)=5=2 then f(x) is irreducible over Z,.
a, 0

N

0 1 2
Z, (]
<1+ x2>
Q. Construct Galois Field of order 27

Solution:

GF(27)=GF(3*)=

0 1

Q. How many elements in such that x® =1 but x* =1 if k <8.

Zy[x]
<l+ 2X + x3>
={a0 +a1x+a2x2+<1+2x+x3>}
Q. | :<1+ X+ x2> is maximal ideal in Z,[x]?

Solution:
| = <1+ X+ x2>

Z,|X
f (x) =1+x+x* is irreducible polynomial then L]z is field then
<1+x+x >

| = <1+ X + x2> is maximal ideal.

et 2]
.H deal in ——3—4
Q. How many ideal in <1+2x2+x3>
Solution:

| =(1+2x +x°)

Z,| X
f (x)=1+2x*+x" s irreducible over Z, then & is field of order 27 then

<1+ 2x° + x3>
Z,[x]

<1+ 2x% + x3>

has exactly two ideal say,

Maximalideal

Q. How many ideal in Qx Z3[X2] ?
<1+x >

Solution:

R:Qx<fi[;]> —QxGF(%)

Ideal of QxGF(BZ) are
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|1:{0}X{0}

1, = {0} xGF{3*}

I, :QX{O}

I, =QxGF(3)
Q. Show that | = <x2 +1> is maximal and prime ideal in Q[x].
Solution:

Q[x] 2

<X2+1>:{a0+a1x+<1+x >|a0,aleQ}
1+x2+<1+x2>:0+<1+x2>
=1+x*=0

= X=4lI
From equation (1) and (2), we get
Q[x] _ 2\|q e
<1+X2>—{%+%i+<1+X>|ai o
~Qli]

L Q[¥]
Q[i] is field then <l+x2>

Q. Show that <1+ x2> is maximal /prime ideal in R[x]

is field then ideal <1+ x2> is Maximal and prime.

Solution:
R[x]
<1+ x2>
f (x)=1+x? is irreducible over R
R[x]
<1+ x2>
1+ x° +<1+ x2> :O+<1+ x2>

:{ao +ax+(1+x°)| 4 eR}

:{ao +ax+(1+x° )| eR}

=1+x*=0
= X =i
R[x]

m:{ao +a1i+<1+x2>|ai eR}

~R[i]=0

R|x

¢ is field then <1 [ J> is field then | :<1+ x2> is maximal ideal and prime ideal.
+ X

Q.1 =<3+ x2> is maximal ideal in R[x]

Solution:
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R[x] :{a0+a2x+<3+x2>|ai € R}

<3+x>

3+x°=0

={a0 +a2i+<3+x2>|ai € R}
~ R[i]
R[i] is field then | :<3+ x2> is maximal ideal.

_<x> is Prime ideal but not maximal ideal in Z[x]

Z is on integral domain but not field hence | :<x> Is Prime ideal but not maximal ideal.

Q.| =<x2 +1> is Prime ideal but not maximal in Z[x].

Solution:

<fz[j:]1> :{ao +a1x+<1+ x2>|ai eZ}

1+ x2+<1+x2>:0+<1+ x2>
=1+x*=0

= X=+i

<fz[j:]1> :{ao +a, +<1+ x2>|ai eZ}

~Z [I]
Z [l] is an integral domain but not field hence the ideal | = <x2 +1> is prime ideal but not

maximal.
Q. Show that | =(x) is maximal ideal and prime ideal in Q[x].

Solution:

-t t0la el

~Q

Q is field then 1 =(x) is maximal and prime.

Q.() | :<x2—2> is maximal ideal in Q[x] but not R[x].
Solution:
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I =(x"-2)
)?2[_)(]2> :{a0+a1x+<x2—2>|ai eQ}
Q[x]

(7]

f (x)=x*—2 is irreducible polynomial over Q then is field

Q[x] :{ao4_‘fj1\/§4_<x2—2>|ai eQ}

Q \/5] is field then | :<x2—2> is maximal in Q[x].

(ii) 1=(x*-2) is not irreducible over R.

Solution:

I =x2—2=(x—\/§)(x+\/§)

Ilz(x—\/f)e R[X]

I, :(x+ 2)e R([X]

101, =x*-2e(x* - 2)

But neither I, is member of <x2—2> nor 1, is member of <x2—2> then <x2—2> nor 1, is
member of <x2 —2> then <x2 —2> is not prime ideal.

R[x]
(¥*-2)
R[x]
(¥-2)

= | :<x2 —2> is not maximal.

Q. (GF(23),+) ~?, where GF(23) is Galois field of order 8.
(1) Z; x

(2) Z,xZ, x

(3) Z,xZ,xZ, \

(4) D, x

(5) Q, x

Solution:

= is not integral domain

= is not field

GF(23): Z[X] , where f (x) is irreducible polynomial over Z,.
(f(x)

Here, no element has order greater than 2.
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" (GF(ZS),+>zZZ><ZZ><Z2

Note: (GF(p”),+)z

Note: F=GF(p") then char (F)=P

Q. Let F is field of order 27, then char (F)?
Solution:

GF(p")= = {8, +ax+...+a, X"+ < flaeZ,[x]}

. . Z,[x]
where f (x) is irreducible polynomial of degree 'n’ then v ae<fp( )>
X
then char(zp—[x]J =P
(f(x))
= char(GF( p"))z P
Note: If F is field of order p" then F ~GF(p")

Note: If Fis field then char (F) =0, field is infinite
= p, finite field
i.e. char (F) =0 or p (For infinite and finite field respectively)

Q.1 =<x2 +1> is prime / maximal in ¢[x]?

Solution:

I =(x*+1)

f (x)=x*+1 is not irreducible over ¢ because

F () =(x=1)(x+)

=g(x)-h(x) where g(x)=x—ieg[x], h(x)=x+ieg[X]
but neither g(x) nor h(x) is unit in ¢[x]

1, (%) =(x-i)e
1, (x) = (x+i)
1 (x) 15 (x) =
(x+i)el <
#[x]

<x +1>

is not field

such that pa=0

#[x]
d(x]

S
(x=i)(x+i)=(x*+1)el :<x2+1> but neither (x—i)g | :<x2+1> nor
X2+ > then 1 —< 2+1> is not Prime ideal in ¢[x].

Now, = not integral domain

is not field then | = <x2 +1> is not maximal.
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Qx| _ Q[x] _ Q[x] Q[x]

et (-n(x+1) {(x-1) ((x+1))

Note: Let R be a commutative ring with unity and 1,,1,,1,...1, are ideals of R and

ged (1, 1;)=1i= j. Then,

Q. Find number of ideals in < 2 1
X —

Solution:

ol ox . o
<x2—1> <(x—1)(x+1)> (x-1) (x+1)
~QxQ

Q[x]

=

~QxQ
)

<x2 -1

No. of ideals in QxQ =4

Then,
Q[x]

(-1

has exactly 4 ideals.

Q. How many Prime ideal in

Solution:
Qx] _ Q[x]
<x4—1> <(x2—1)(x2+1)>
Qi
(x=1)(x+1)) (x*+1)
_Qlx]_ol _ Q[
(x=1) (x+1) (x*+1)
~QxQxQi]
Prime ideals is QxQxQ][i] are:
I, ={0} xQxQJi], I, =Qx{0}xQi]
I, =QxQx{0}
Q[x]
(x'-1)
Q[x]

Q. How many Prime ideal in -——+
(x-1)

then has exactly 3 Prime ideals.

Solution:
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= Q] By Eirentoin's Irreducibility Criteria
1> <(x—1)(x4 + X+ X+ x+1)>

Q[x]
(x-1) <x4 x4+ %2 +x+1>
Q[X]

<x“+x3+x2 +x+1>

is field.

~QxF, where F=

X
Q xF has exactly two prime ideals then <QS[ ]1> has exactly two prime ideals.
X —

5 [X] ~?
(%)
Solution:
Z,[x] ~
(x)
~ 25

Q. Construct Q[\/f \/5]

Solution:

S

22>

{3, +(x) 13 € Zs

= x=13

%{%%ﬁ%xz—@'@ GQ[‘E]}
~Q[V2,43]

Q. Construct Q[\/E \/§ \/5]

Solution:

Qx] _
<ﬁ_@NQPEJ
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73 ~Q[Iﬂ

wz[ﬁ,ﬁ,ﬂ

Note: Q[\/E\/ﬂ can also be written as Q[\/E+\/§] or Q[\/§+\/§]
Q2,35 ]=Q[ V2 +5 + 6]

- Dimension [Q\/E\/é\/g Q\/E] =4

Dim[ Qv2:QV2 |=1

Q. Q[\/f,i], construct.

Solution: <)?2[_X]2> :{a0 +ax+(x -2)|a eQ}

<z

[ ] d {a0+a1x+< +1>|aieQJ§}

x+>

<
{ +a +1|aeQ\/_}

<[£]1[>X] =QlV2Jl1=e[ V2]

Q. Which of the following polynomial is irreducible over R =

Q]

()’

(@) 1-y°

(b) 1+ y?

(€) 1+y+y?

(d) ¥y’ -y +y-1

Ans.(c) Q[X]
:Q i

ramal

@ If f(y)=1-y*=(1-y)(1+y)=a(y)-h(y)

9(y)=(-y)eQ[i][y]

h(y)=(1+y)eQ[i][y]

but neither g(y) nor h(y) is unit in Q[i][y] then f (y)=1—y* is reducible over Q[i].

y
(b) f(y)=1+y*=(y+i)(y-i)=9g(y)-h(y)

Solution: R =
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g(y)=(y+)Qli][y]

h(y)=(y-i)<=Qli][y]

but neither g(y) nor h(y) isunitin Q[i][y] f(y)=1+y? isreducible over Q[i].
(c) ax* +bx+c=0

—b++/b?—4ac
2a
f(y)=1+y+y?

| 1412 —4xdxd

2x1
1443
2

v 8 58

=9(y)-h(y)
but g(y)eQJi][y] and h(y)eQJi][y] then f(y)=1+y+y? is irreducible over Q[i].

d) f(y)=y -y +y-1=y*(y-1)+1(y-1)
:(y2 +1)(y—1)

X=

=g(y)-h(y)
~(y*+1)Q[i][y]

)
h(y)=(y—1)eQ[i][y] but neither g(y) nor h(y) is unit in Q[i][y] then
)=

9(y

y* -y +y -1 is reducible over Q[i].

fy

Hence, 1+ y + y?* is only irreducible polynomial. i.e. (c) is correct option.

Q. I =Z<[;(,]x> :{a+<2,x>|an[X]}

where 1 =(2,x)={2f (x)+x-g(x)| f(x),g(x)eZ[x]}

Q. Show that | =(3,x) is maximal in Z[x].
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Solution:
Z|X

<3[xg %

and Z, is field then | =(3,x) is maximal ideal.
Z[xy
(x,

where Z[x,y]= {ao+a1x+a2y+a3xy+a4x2+....|aier}
Now, X/T Z2[d _,
% A

Q. Show that | =(x,y) is maximal and prime ideal in Q[x,y].
Solution:

={a+(xy)lacQ[xy]}

Q.

>] {a+(xy)laeZ[xy]}

~Q and Q is field then 1 =(x,y) is maximal and prime ideal in Q[x, y].

Q. Show that | =(2,x,y) is maximal and prime ideal in Z[x,y].
Solution:

o

~ Z, is field then
I =(2,x,y) is maximal and prime ideal in Z[x,y].
Q. Show that | =(x,y) is Prime ideal but not maximal in Z[x,y].
—Z [X] =9
(2)

Solution: 2[x] _ {a+(2)|aez[x]}

Q.

Subfield: Let (F,+ ) is field are ¢ #S c F (S,+,-) is called subfield of (F,+,-) if
(i) VaeS,VbeS=a-beS

(i) VaeS,0#beS=ab™eS

Example: (Q,+,-) is subfield of (R, +,)
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Solution: ¢ #Q < R and (Q,+,-) is field then (Q,+,) is subfield of (R, +,)

Similarly, (i) (R,+,) is subfield of (D,+[), (ii) (Q,+) is subfield of (QJE ,+,D)

Q. Let F be afinite field of p" then no. of subfield of F=z(n), no. of positive divisor of n.
Suppose K, K,,...K, positive factor of n then subfield of F of order

(i) O(F,) = p“ (ii) O(F,)= p“ (iii) O(F.)=p*

Q. Let F be field of order 2*, find # of subfield in F.

Solution: F:GF(Z“):%, where f (x) is irreducible polymeric over Z, of degree 4.
dim(GF(2°):2,)=4 ie. dim(GF(2*):GF(p'))=4

Subfield of GF(2*) are :GF(p*)=GF(2'),GF(p*)=GF(2?),GF(p*)=GF(2¢)

then F has exactly 3 subfields.

Q. How many subfields in Fwhere O(F)=3'?

Solution: number of subfield in F=7(100) = 2* x5* =(2+1)(2+1)=3x3=9
Theorem:
(i) If F is field then (F*) is abelian group of order O(F)—1.
(i) If F is finite field then (F*[)) is cyclic of order O(F)-1
i.e. F*~Zy)4
Now, automorphism,
fi(F*D) > (F) = 12, > Zy
Aut(F*) = Aut (Z,5)=U(26) =Z,,. So Aut(F*)~ Z,,
Since Z,, is cyclic then Aut(F*) is cyclic group of order 12.
Q. Let F be finite field of order 9, how many elements in F such that x* =1, xeF
Solution: O(F)=9=3.(F.*[)~ Z,
number of elements of order 1 in Z; =1
number of elements of order 2 in Z, =¢(2)=1

number of elements of order 4 in Z, =¢(4)=2

Total number of elements = 1+1+2 = 4. then F has exactly 4 elements satisfied x* -1
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CHAPTER-5
Principal Ideal Domain: An integral domain (R,+/[) is said to be Principal Ideal domain if

every ideal of R is Principal ideal.
Q. R=2Z isPrincipal Ideal Domain?

Solution: Every ideal of Z is Principal ideal ((m)) then Z is Principal ideal domain.

Q. R=Q is Principal ideal domain?

Solution: Q is field then Q has exactly two ideal

say, I, ={0}=(0),1,=Q=(1) Principal Ideal then Q is P.I.D.
Note: If F is field then F is P.I.D.

Q. R=ZxQ isP.I.D.

Solution: Z xQ is not integral domain then it is not P.1.D.

Q. M, ( ):ﬂé SM&QQdeR}BPLD?

Solution: M, (R) is not integral domain hence it is not P.I.D.
Q. R=GF(3) isP.1.D.?

Solution: R =GF(3) is field it is PID

Q. R=Z[x]isP..D.?

Solution: 1 =(2,x) is not Principal ideal in Z[x] then Z[x] is not P.1.D.

Q. Which of the following is/are true.

@ r=Lspipr@ Re DY pipo@ r= 2 ispips

(x) (2)(y) (4.%)

QxR

Qx{0}

(4) R= is P.1.D.
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Solution:(1) Qlx ~ Q is field then M is field then M is P.1.D.
X

(x) (x)
Z,[x.y]

Z,[xy] _
2% ;’> ~ Z, then —<2,x, Y) is P.1.D.

VA Z|X
3 [ ] ~Z,, Z, is not integral domain then —— is not integral then L is not P.1.D.

(4,x) (4,x) (4,x)
@ 2R R then 2R s fietd then 2XR isp.ip.
Qx{0] Qx{0} Qx{0]
Q. Which of the following is not order or P.1.D.?
(1)25(2)35(3)49 (4) 11
Solution: We know that if F is finite field then O(F)=p"=GF(p")
Since, every field is on integral domain then order of finite integral domain is also p".
(1) 25=5% = p", then it is possible for order or P.I.D.

(2) 35=5x7 = p", then it is not possible for order of finite integral domain then it is not
possible order of P.1.D.
(3) 49=7%=p", then it is possible order of P.I.D.

(4) 11=11" = p", then it is possible order of P.I.D.
Euclidean Domain
Definition: An integral domain (D,+,o) is said to be Euclidean Domain if 3 a function d

from non-zero elements of D to non-negative integer such that

@ d(a)Sd(a,b), VO0zaeD,VO#beD

(2) If aeD,0#be D then 3 gorder in D s.t. (q is not necessarily prime)
a=bqg+rwhere r=0 or d(r)<d(b).

Q. Show that (Z,+[) is Euclidean domain

Solution: D =(Z,+,)) is an integral domain

Let d(a)=|al, VO#aecZ

(1) Let 02aeD,0+beD;d(a)=|a<|abl=d(a,b) =d(a)<d(ab)
(2)If acZ,0-beZ then 3 Unique q and r such that

a=bg+r,where r=0o0r r<b=r=0,r=|r|<b|=d(r)<d(b)=r=0o0rd(r)<d(b)
then (Z,+,-) is E.D.

Q. If F is field then F is Euclidean Domain

Solution: Let (F,+,-) is field and let

d(a)=1 vOzaeF (1) 0#acF,0=beF; d(a)=1=d(a,b)
[0xacF,0#beF =0+a-beF then d(a,b)=0]
(2)If acF,0#beF sta=a-1+0=ab'b+0=(ab™)b+0

(2)

a=(ab™)b+0=g-b+r, where g=ab™ and r=0; a=bq+r, where r =0
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then if F is field then it is Euclidean Domain.
Q. If F is field then F[x] is Euclidean Domain.

Solution: Let F is field then F[x] is an integral domain.

Suppose, d ( f(x)) = degree (f(x)), V0= f(x)eF[X]

(1) Let 0= f (x)eF[x], 0= g(x)eF[x]

d(f(x)) =degree (f(x))< degree (f(x)) +degree (g(x))

= degree ( f (x)ig(x))=d(f(x)g(x))=d(f(x))<d(f(x)-g(x))

(2) If f(x)eF[x], 0=g(x)eF[x] then 3 q(x) and r(x)eF[x] such that

f (x)=g(x)1(x)+r(x) where r(x)=0 or

degree (r(x)) < degree (g(x)) =r(x)=0 or d(r(x))<d(g(x))

then F[x] is Euclidean Domain.

Q. Show that Z[i]={a+ib|a,beZ} is Euclidean Domain.

Solution: 0 x=a-+ib e Z[i] such that

d(x)=a’+b?

(1) Let 0= x=a,+ib e Z]i]

0#y=a,+ib eZ[i] such that d(x)=a/ +b’ (1)
Now,d(x,y)=d(a,+ib)(a, +ib,) =d((aa, —bb,)+i(ab, +ba,))

=(aa,—bb,)" +(ab, +ha,)’ =a’a; +bh? - 2aa, (b, +a’b? +b’al +2ab, Ba,

= af(az2 +b22)+bf(a§ +b22) =d(xy) :(a12 +bf)(a22 +b22) ...(2)
d(x)=(af +b7)<(af +b7)(al +b)=d (xy) then d(x)<d(x,y)

(2) If x=a,+ib eZ[i], 0= y=a,+ib, e Z[i]

x _a+ib _(a+ib) (a-ib) af
y a,+ib, (a,+ib,) (a,—ib,) aj+1
Hence, Z[i] is P.1.D.

Q. Q[x] is Euclidean Domain?

Solution: Since Q is field then Q[x] is Euclidean Domain.

Q. Z,,[x] is Euclidean Domain?

Solution: Z,, is field then Z,,[x] is Euclidean Domain.

Q. Z[i][x] isE.D.?

Solution: Z,[i] is not an integral domain then Z.[i][x] is not Euclidean Domain.

Q. GF(3°) isE.D.?

Solution: Yes, GF(3°) is field and we know that every field is E.D. then GF(3°) is E.D.

=x=yg+r,r=0ord(r)<d(y)
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Unique Factorization Domain
Definition: An integral domain (D, +,-) is said to be Unique Factorization Domain if

(1) Every non-zero, non-unit element of D can be written as product of Irreducible element of
D and

(i) The factorization is Unique upto associate.

I.e. Let a is non-zero, non-unit element of D and a=aa,....a. where aa,....a_ are irreducible

element of D.
If a=hbb,...b,, where bb,...b,

a,a,...a, =hb,..b, then r=S and a; is associate to b; (only one b, )
Example: (Z,+,e) is U.F.D.

Solution: a=10eZ; 2x-5=10=2x5; -2 is associate to 2 and -5 is associate to 5.
Then, the factor of 10 is Unique upto associate. Va e Z, s.t. factorization 'a’ is unique upto
associate then Z is Unique Factorization Domain.

Q. z[ﬁ] is U.F.D.?

Solution: Z[ /-5 |={a+iblabez} = 2| V-5 |={a+by5|abeZ}
:z[ﬁ]:{aﬂﬁm,bez}

1462[\/3]; (3+iB)(3-ixB)=14=7x2

But (3+ |J§) is not associate to 7 or 2. and (3— |J§) iS not associate to 7 or 2.

then factorization of 14 is not Unique upto associate.. Then, Z [\/3] is not Unique

Factorization Domain.

Q. z[ﬁ] is U.F.D?

Solution: Z[\/E] ={a+ibJ§| a,be Z} X (1+\/§i)(1—\/§i):4z 2x2

here, (1+ J§|) is not associate to 2 and (1—\/§i) iS not associate to 2

then factorization of 4 is not Unique upto associate then Z [\/3] is not U.F.D.

Note: (1) Z[ﬁ] :{a+ib\/a|a,b eZ} is not Unique Factorization Domain if d > 2

Note: Z|+/—d |,d =1,2 is Euclidean Domain
1V

Note: Relation Field =E.D. = PID = U.F.D = Integral Domain
Q. Which of the following is true

(1) UF.DcPIDcED.,(2 EDcPIDcU.F.D

(3) PIDcEDcU.F.D,4) EDcU.F.DcP.I.D

Q. Qv2 isU.F.D., PID?

Solution: Q[\/ﬂ is field then Q2 is E.D.:Q[\/ﬂ is P.I.D.:Q[ﬁ] is U.F.D.
Q. Z[x] isE.D?

Solution: Z[x] is not P.I.D. then Z[x] is not E.D.
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U.F.D.
Q. Q[x,y] is Euclidean Domain?
Solution: I =(x,y) is an ideal of Q[x,y] and I is not Principal Ideal then Q[x, y] is not

P.1.D.
= Q[x,y] is not E.D.

is E.D., PID, UFD?

. o Z[xy] . . Z[xy] .
since Z, is field then is field then 5 is E.D., PID and UFD.

(2.xy)
Q. Z[\/E]z{a+b\/§|a,bez} is

E.D., PID and UFD?

Solution: Z [ﬁ] isnotUF.D.= Z [\/3] isnotP.I.D.=> Z [ﬁ] is not E.D.
Q.Z [J—_l] is U.F.D, PID and E.D.?

Solution: Z[v=1|=2[i] is E.d.= Z[i] isP..D.= Z[i] is UF.D.

Q. z[ﬁ}:{a+i\/6b|a,bez} is E.D.?

Solution: (3+k/5)(3—h/§)=15=5x3 and 1562[\/3]

but (3+k/§) is not associate to 5 or 3 and (3—k/6) iS not associate to 5 or 3

then Z[\/E] is not E.D.:Z[ﬁ] i notPID:Z[ﬁ] is not U.F.D.

f (x)=x"+3x* —9x* +7x+27 then
(a) f (x) is irreducible over Z, (b) f(x) is irreducible over Q
(©) f(x)is

Solution: If any polynomial f (x) is irreducible in Z, then it is always irreducible over Q

s irreducible over Z, (d) f (x) is irreducible over Z.

but it should not be so forn a- f (x) i.e. we will check the irreducibility over Z first if
f (p)=1 then it is not reducible i.e. irreducible over Z,.

Condition:
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Note: (i) If degree of f (x) over Q and degree of f (x) over Z are same and f (x) is
irreducible over Z,, (for some p) then f(x) is irreducible over Q.

Note: (i) If f(x)=a-g(x), a=1or-1(aisnotunit) and f(x) is irreducible over Q then
f (x) is irreducible over Z.

Example: f(x)=2x*+2 is irreducible over Q but not irreducible over Z because
f(x)=a-g(x)= 2(x2 +1)

Q. f(x)=x>+2x*+x-1, f(x) isirreducible over field K.

(a) f(x) isirreducible over K =Q  (b) f(x) is irreducible over K =R x

(¢) f(x) isirreducible over K =2, (d) f(x) is irreducible over K =Z, A

Solution: (b) f(x) is reducible over R since the degree of polynomial is 3.

f (x) is irreducible over Z, because f(x)=0 VxeZ, and degree of f(x) over Z, and
degree of f (x) over Q both are same then f (x) is irreducible over Q.

CHAPTER-6
Extension Field
Let H is subfield of K. The field is called extension field of F.

Q. Q is subfield of Q[\/E] then Q\/E is called extension field of Q.
Ans. It has 2 extensions since Q < Q[\/E] and Q[\/ﬂ c Q[\/E]

Q. How many subfields of Q[\/E]

Solution:
Q and Q[\/ﬂ are two subfields of Q[\/ﬂ then exactly two subfields.

Similarly, Q[\/ﬂ has two subfields Q and Q[\/_]

Q. How many subfields in Q(\/i \/5)7

Solution:

QQ(\/_)Q(\@) and Q(\/E\@) exactly 4 subfields.

Note: If L is extension field of K and K is extension field of F then L is extension field of F
ie [L:K][K:F]=[L:F]

Imp: Extension of field is not symmetric hence it is not an equivalence relation. Then
dim[L:F]=dim[L: K]xdim[K:F]

Q. Find dimension of Q[\/E \/§ JE] over Q.

Solution:

dim| Q[V2,v3,45]:Q]

[Qv2,43,45:Q|=[Qv2,43,v5:QV2,\3 ][ QV2,3:Qv2 | Qv2:Q]
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dim[ Q2,43,45:Q |=dim[ Qv2,43,45:Qv2,43 || Qv2,4/3: Q2 ]dim QV2: Q]
=2x2x2=8

Q. Find dim[Q\/EJri/ﬂ

Solution:

[QV2+35:QV2] = oV2,(5)": V2 |

then dimQ[\/EJrﬁ/g:Q\/ﬂ =

Q. dim Q(2)".(3)".(8)":Q(3)" | =2

Solution:

dim| Q(2)*,(3)"".(5)"":Q(3)" |~ 4x7=28

Note: Aut (K |F)~Z,, where K is extension field of F with dimension m and F is finite

field.
Example: K is field of order 3'*
Aut (K|F) = Z,,, = Galon Group

Aut (GF(3%)|GF(3")) % Zy
Aut (GF(31°°) | GF(3')) ~Zy

GF(3)=

dim| GF(3): GF(3") | =100
then Aut(GF(3%)|GF(3')) ~ Z,,,
Q. How many subgroups in Aut (F) where O(F)=2°

Solution:
O(F)=2°=GF(2°)

Aut (GF(2°)|GF(2') )

(6F(2)
onm[GF(z8 ): GF( 21] 8 then
(6F(2)

Aut (GF(2°)|GF(2") )
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# of subgroups in Z, =T (8)=2°=(3+1)=4
Q. Let G be a Galois group of the splitting field of x> —2 over Q.
Splitting Field: Let K is an extension field of F and f (x)eF[x] A field K of F is called

splitting field over f (x) is

(i) f(x) can be written as product of linear factors over K.
For example:

(i) f(x)=x*+1eQ[x]

Q[i] is splitting field of Q over f (x)=x*+1

(i) f(x)=x*-3eQ[X]

Q[\/ﬂ is splitting field of Q over f (x)=x"-3

Q. Q(JE, i) is splitting field of Q over x? +2
Solution:

Q[x] :

2l o[z
<x +2> [ ]

Q. Let G be a Galois group of the splitting field of x> —1 over Q.
Solution:

f (x)=x"—1eQ[x] but f(x) is not irreducible

f(x)=x"-1=0

=x =1

=x=(1)",let () =0

f(0)=1+w+0’ +&’+ o' =0

f(0)=1+w+0’ +&’ + &

f(0)=1+w+0’ + @’ + " is irreducible polynomial over Q of degree 4 then order of
Galois Group = 4, because degree of extension is 4.

Then, Galois Group = Aut (K |Q)={A'| A" =¢}

~Z,

Note: f(x)—x"—1 over Q then Aut(K |Q) = Galois Group ~U (n).
Q. f(x)=x"—1 over Q then Galois group is isomorphic to?
Solution:

Aut(K |Q) = Galois group ~U (7) = Z,

Q. Let G be a Galois Group over

f (X)=x>—2 over Q. Find O(G)?

Solution:
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degree of [Q(w):Q

degree of [Q(ZVS) : QJ =5

degree (Q(Z) a):Q)=5><4=

Aut(Q(Z) ():Q)=Galois Group of order 20

_|AB'|A*=¢,B*=e, AB£BAi=0123
j=01234

v
o)
o[ Aut(Q(2)* (#):Q)|=20

Q. Let G be the Galois group of the splitting field x> —2 over Q then which of the following
statement are true?

(@) Gis cyclic

(b) G is Non-Abelian

(c) O(G)=20

(d) G has elements of order 4

Q. Let F<C be the splitting field x" —2 over Q and Z :a)=e?. Let [F:Q(@)]=0

and [F :Q(Z)J/q:b.Then
@ a=b=7

(b) a=b=6

(c) a>b

(d) a<b

Solution:

F is splitting field over x’ -2
dim[F:Q]=?
f(x)=x"-2

=x"-2=0

=x"=2-1

= x=(2)"(1)"

=x=(2)" 0, 0=(1)"
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Lo o o, oo, o
[F=Q(2)":Q|-7x6-42
[F=0(2)"@:Q|=|Q(2)" @:Q(w) |[Q()

42 =ax6

Q. Let G be a Galois group of splitting field x*—2 over Q. Find subgroup in G?
Q. Let @ be a Complex number such that @ =1 but w=1. Suppose L is field Q((Z)]/3 co)

generated by (2)]/3 and @ over Q field then number of subfields K suchthat Q c K < L is
(1)2
(2)3
(3)4
45
Solution:
f(x)=x*-2=0
=x-2=0
=x*=21
13

x=(2)" (1"

x=(2)" o, where = (1)"
degree [ (2)1/3 }
Then,
Aut [Q(Z)j/3 a):Q} = Galois Group
—{A'B'|A"=¢,B*=¢,AB=BAi=01]=0,12}

A= o
B=xX
then Galois Group = S;.

No. of subgroups in S; =6 says,
le{l}:sz{l(l'z)}’Hs:{I’(13)}
H, ={1(23)} . H, ={1,(123)(132)}

Hy, =S,
The subgroup H of S, such that {e} = H < S; are H,,H;,H, and H;.

3
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Then, S, has 4 subgroup st. {e}cH S,
then
L=[Q(2)" @:Q] has 4 subfields . Qc K L.

Theoretical Chapter
Theorem 1. The characteristic of a ring with unity is 0 or n > 0 according as the unity

element 1 regarded as a member of the additive group of the ring has the order zero or n.
Proof. Let R be a ring with unity element 1. If 1 has order zero, then the characteristic of the
ring is zero.

Suppose 1 is of finite order n so that 1 + 1 + 1 + ... upto n terms =0 i.e., nl =0.

Let a be any element of R. Then, we have; na=a+a+a-+... upto n terms

=la+la+la+... uptonterms =(@+1+1+... upton terms)a [by dist. law]
=(n)a=0a=0. .. orderofais,, n.

Hence the characteristic of the ring is n.

Theorem 2. The characteristic of an integral domain is 0 or n according as the order of any
non-zero element regarded as a member of the additive group of the integral domain is either
Oorn.

Proof. Let D be an integral domain. If a non-zero element of D is of order zero, then the
characteristic of D is zero.

Let the order of the non-zero element a be finite and equal to n. Then na = 0.

Suppose b is any other non-zero element of D.
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We have na =0=(na)b=0
= (a+a+a+...uptonterms)b=0 = (ab+ab+ab+... upton terms)=0
=a(b+b+b+... uptonterms)=0 = a(nb)=0.
But D is without zero divisors. Therefore a=0 and a(nb)=0 < nb=0.
But the order of a is n=> n is the least positive integer such that na = 0. Also we have n0 =0.
Thus n is the least positive integer such that nx=0 Vv x e D. Hence D is of characteristic n.
Theorem 3. Each non-zero element of an integral domain D, regarded as a member of the
additive group of D, is of the same order
Proof. Let D be an integral domain. Suppose a is a nonzero element of D and o(a) is finite
and say, equal to n. Suppose b is any other non-zero element of D and o(b) = m.
We have o(@)=n=na=0 = nb=0 [see theorem2] =o(b),, n=>m,, n.
Similarly o(b)=m=mb=0=a(mb)=0 = a(b+b+... upto m times) =0
= (ab+ab+ab+... uptomtimes)=0 = (a+a+a... uptomtimes)b=0 = (ma)b=0

= ma=0 [+~ b=0 and D is without zero divisors]

=o0(a), m=>n, m
Now m,, n,n,, m=>m=n. Hence o(a)=o0(b).
Also if o(a) is zero, then o(b) cannot be finite. Because o(b)=m=ma=0i.e., the order
cannot be finite. Hence o(b) must also be zero. Hence the theorem.
Theorem 4. The characteristic of an integral domain is either 0 or a prime number.
Proof. Suppose D is an integral domain. Let 0=ae D. If o(a) is zero, then the characteristic
of D is 0. If o(a) is finite, let o(a) = p. Then the characteristic of D will be p. We are to prove

that p must be prime.

Suppose p is not prime. Let p = p1p2 where p, #1,p, #1 and p, < palso p,<p.
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Since D is an integral domain, therefore the product of two non-zero elements of D cannot be
equal to zero. .. aa=0i.e., a’#0.

Now in an integral domain two non-zero elements are of the same order.

o(@)=p=o0(a’)=p=pa’=0 =(p,p,)a’=0 [* p=pp,]

= (a”+a’+a’ +... upto p,p, terms) =0 = (pa)(p,a)=0

= entherpa=0orp,a=0 [ D iswithout zero divisors]

But p1 < p and p2< p. Also p is the least positive integer such that pa = 0. Hence p must be
prime.

Characteristic of a field. Every field is an Integral domain. Therefore the characteristic of a
field F is 0 or n > 0 according as any non-zero element (in particular the unit element 1) of F
is of order O or n.
Thus in order to find the characteristic of a field F, we should find the order of the unit
element 1 of F when regarded as a member of the additive group of F. If the order of 1 is
zero, then F is of characteristic O . If the order of 1 is finite, say, n then the characteristic of F
is n.
The characteristic of the field of real numbers is 0. The characteristic of the finite field

(1,,%,X,) is 7where I7={0, 1, 2, 3, 4,5, 6}.

13. Imbedding of a ring into another ring.

Definition. A ring R is said to be imbedded in a ring R’ if there is a subring S’ of R’ such that
R is isomorphic to S'.

Obviously a ring R can be imbedded in a ring R’ if there exists a mapping f of R into R’ such

that f is one-to-one and f(a+b)= f(a)+ f(b), f(ab)=f(a)f(b) Va,beR.
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For then f(R) is a subring of R’ and f is an isomorphism of R onto f(R) making R isomorphic
to f(R).

Theorem. Any ring R without a unity element can be imbedded in a ring with unity.

Proof. Let R be any ring without unity. Let Z be the ring of integers.

Let R"'=RxZ={a,m):acRandmeZ }.

We shall show that when been defined in RxZ , then it becomes binary operations have been
defined in RxZ , then it becomes a ring with a unity element containing a subring,
isomorphic to R.

If (a, m) and (b, n) are two elements of RxZ , then we define addition in RxZ by the
equation

(a,m)+(b,n)=(a+b,m+n)

And multiplication in RxZ by the equation

(a,m)(b,n) = (ab + na + mb, mn). ...(2)

In the right hand side of (1), a + b is addition of two elements of R and m + n is addition of
two integers. In the right hand of (2), ab is multiplication of two elements of R, mn is

multiplication of two integers and na, mb are units of R, mn is multiplication.

Since a+beR and m+neZ, therefore (a+b, m+n)(a+b, m+n)eRxZ.Thus RxZ is

closed with respect to addition. Further ab,na,mbeR=ab+na+mbeR. Also mneZ.
Therefore (ab+na+mb,mn)e RxZ and RxZ is closed with respect to multiplication.
Now let (a,m),(b,n),(c, p) be any elements of RxZ. Then we observe:

Associativity of addition. We have
[(@,m)+(b,M]+(c,p)=(a+bm+n)+(c,p) =(a+b]+c,[m+n]+p)=(@+[b+c],m+[n+ p])

=(a,m)+(b+c,n+ p)=(a,m)+[(b,n)+[(c, p)]
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Commutativity of addition. We have
(a,m)+(b,n)=(a+b,m+n) =(b+a,n+m) [ addition is commutative in R and also in Z]
=(b,n) + (a,m).

Existence of addition identify. We have (0,0) € RxZ . Here the first 0 is the zero element of

R and the seconds 0 is the zero integer. Also (0,0) +(a,m)=(0+a,0+m)=(a,m)

(0, 0) is the additive identity.
Existence of additive inverse. If (a,m)e RxZ , then
(-a,—m) e RxZ and we have
(—a,—m) + (a,m) = (~a +a,—m+m) = (0,0)
(-a,—m) is the additive inverse of (a, m).
Associativity of multiplication. We have
[(@,m)(b,n)](c, p) = (ab +na +mb,mn)(c, p)
— ((ab+na +mb)c + p(ab +na-+mb) + (mn)c, (mn) p)
= (abc +n(ac) +m(bc) + p(ab) + (pn)a +(pm)b + (mn)c, (mn) p).
Also (a,m)[(b,n)(c, p)]=(a,m)(bc+ pb+nc,np)
= (a(bc + pb+nc) +(np)a+m(bc + pb +nc), m(np))
= (abc +a(pb) +a(nc) + (np)a + m(bc) + m(pb) + m(nc), (mn) p)
= (abc + p(ab) +n(ac) + (np)a -+ m(bc) + (mp)b + (mn)c, (mn) p)
We see that [(a,m)(b,n)](c, p) = (a,m)[(b,n)(c, p)]
Distributive laws. We have
(a,m)[(b.n) +(c, p)]=(a,m)(b+c,n+ p)
= (a(b+c)+(n+ p)a+mb+c),m(n+p)) =(ab+na+mb,mn)+(ac+ pa+mec,mp)

=(ab + na+ mb,mn) + (ac+ pa+mc,mp) =(a,m)(b,n)+(a,m)(c, p).
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Similarly we can show that the other distributive law also holds good.
Thus RxZ is a ring with respect to the operations defined on it.
Existence of multiplicative identity. We have
(0,) eRxZ. if(a,m)eRxZ,then
(0,DH(a,m) =(0a+m0+1a,1m) =(0+0+a,m) =(a,m).
Also (a,m)(0,1) =(a0+1a+m0,ml)=(0+a+0,m)=(a,m)
(0, 1) is the multiplicative identity. So RxZ is a ring with unity element (0, 0)
Now consider the subset S’=Rx{0}of RxZ which consists of all pairs of the form (a, 0). We
shall show that Rx{0} is a subring of RxZ . Let (a, 0), (b, 0) be any two elements of R x{0}.
Then (a,0)—(b,0) =(a,0) + (-b,~0) = (a—b,0-0) = (a—b,0) <Rx{0}.
Also (a,0)(b,0) = (ab+0a+0b,00) = (ab+0+0,0) =(ab,0)eR x{0}.
R x{0} is a subring of RxZ .
Finally we shall show that R is isomorphic to Rx{0}. be a mapping from R to R x{0}defined

as ¢(a)=(a,0) VaeR. ¢ isone-one. We have

¢(a) = d(b) = (a,0) = (b,0) = a=b = ¢ is one-one.

¢ is onto. Let (a, 0) be any element of Rx{0}. Then a< R and we have ¢(a)=(a,0).

Therefore ¢ is onto. ¢ preserves additions and multiplications.
If a, b be any two elements of R, then
d(a+b)=(a+b,0)=(a,0)+(b,0) =d(a) + d(b).
Also ¢(ab) = (ab,0) = (a,0)(b,0) = d(a)d(b) .

¢ preserves compositions.
Hence ¢ is an isomorphism of R onto R x{0}.

This completes the proof of the theorem.
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14. The field of Quotients.

Definition. A ring R can be imbedded inaring S if S contains a subset S’ such that R is
isomorphic to S'.

If D is a commutative ring without zero divisors, then we shall see that it can be imbedded in
a field F i.e., there exists a field F which contains a subset D" isomorphic to D. We shall
construct a field F with the help of elements of D and this field F will contain a subset D’
such that D is isomorphic to D'. This field F is called the "field of quotients” of D, or simply
the “quotient field” of D.

On account of isomorphism of D onto and D’ are abstractly identical. Therefore if we identify
D', with D, then we can say that the quotient field F of D is a field containing D. We shall
also see that F is the smallest field containing D.

Motivation for the construction of the quotient field. We are all quite familiar with the

ring | of integers. Also our familiar set Q of rational numbers is nothing but the set of

quotients of the of the elements of I. ThusQ = {5 pel,0=qel } . If we identify the rational

=3 2 gial g 3 with the integers..., —3,-2,-1,0,1,2,3,..., then 1 Q.

Also if and %and % € Q, then we remember that

~a C . .. a ¢ ad+bc
(')BZE iff ad = bc, (i) E+E: o (iii)
Taking motivation from these facts, we now proceed to construct the quotient field of an
arbitrary integral domain. We have the following theorem:
Theorem 1. A commutative ring with zero divisors can be imbedded in a field.

Every integral domain can be imbedded in a field.
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From the elements of an integral domain D, it is possible to construct a field F which contains
a subset D’ isomorphic to D.

Proof. Let D be a commutative ring without zero divisors. Let Do be the set of all non-zero
elements of D. Let S=DxD,. i.e., let S be the set of all ordered pairs (a, b) where a,be D
and b=0. Let us define a relationll in'S. We shall say that (a,b) ~(c,d) if and only if ad =

bc.
We claim that this relation is an equivalence relation in S. Reflexivity. Since D is a

commutative ring, therefore ab = ba ab=baVva,b e D. Therefore (a,b) ~(a,b) V (a,b) €S.
Symmetry. We have (a,b) ~(c,d)
= ad =bc=da=cb [.- Multiplication is commutative in D]
=cb=da=(c,d)~(a,b)
Transitivity. Let (a,b) ~(c,d) and (c,d) ~(e, f).
Then ad =bc and cf =de. .. adf =bcf and bef =bde.
adf =bde [.-D is a commutative ring]
= afd-bed =0=(af —be)d=0 = af —be=0 [--d =0 and D is without zero divisors]
= af =be=(a,b) ~ (e, f).

Thus ~ is an equivalence relation in S. Therefore it will partition S into disjoint equivalence
classes. We shall denote the equivalence class containing (a, b) by %. Other notations to
denote this equivalence class are (a, b) or [a, b].

Then E:{(c,d) €S:(c,d) ~(a,b)}

Obviously % —c/d iff(a,b) ~(c,d) i.e., iff ad =bc.
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Also %:? V x € D,. The reason is that
X

(a,b) ~ (ax,bx) since abx = bax.

These equivalence classes are our quotients. Let F be the set of all such quotients i.e.,

F:{%:(a,b)es}.

We now define addition and multiplication operations in F as follows:

¢ ad+bc ac ac
—+—= and ——=—.
b d bd bd bd

Since D is without zero divisors, therefore b=0, d #0=hd =0 . Therefore both

ad +bc

- and% are elements of F. Thus F is closed with respect to addition and

multiplication. We shall now show that both addition and multiplication in F are well defined.

For this we are to show that if

! ! ! !

C ¢ a ¢ a c ac a'c
—=—,then—+—=—+—and——=——
d b d b d bd b'd’

_a and
b!

a
b

! !

We have E:i:>ab’—ba’ andE:C—:cd’:dc’.
b b d d

Now to show that E+E :g+c_ we are to show that
b d b d”
ad +bc a'd’'+b'c’
bd  bd

i.e..(ad +bc)b'd’ =bd (a'd"+b'c’).

Now (ad +bc)b’d" =adb’d" +beb'd" =ab’dd’ + bb'cd’

=ba'dd’ +bb'dc’ [~ ab’'=ba’andcd’=dc’]
=bda'd’ +bdb'c’=bd (a'd’+b'c’) , which was desired.

Again to show that %% = E—;— we are to show that
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PN

ac_ac i.e., acb’d’=bda’c’.
bd b'd’
Now acb’d’=ab’cd’ =ba’dc’ =hda’c’, which was desired.

Therefore both addition and multiplication are well defined on F. We shall now show that F

is a field for these two operations.

Associativity of addition. We have &+ -2d*bc_cb+da_c  a
b d bd db

Existence of additive identify We have

0 e F wherea=0. If % is any element of F, then

¢ Od+ac O+ac ac ¢
4+ == = —— == [+ acd =adc]
d ad ad ad d

0 is the additive identify. It should be noted that
a

9 % aben, Ao £=2iffca=doie., c=0.
a d a

Existence of additive inverse. If %e F, then _Fa eF.

Also we have, —_a+§:w:%:9
b b b b a

_Fa is the additive inverse of %.

Associativity of multiplication. We have

e_ace (a)e _a(e) ace afce
f bd f (bd)f b(df) bdf bldf

Commutativity of multiplication. We have

acc_ac_ca_ca
bd bd do db’

Existence of multiplication identify. We have
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EeF where a = 0. Also if EeF,then
a

acac ac ¢

——=—= [ (ac,ad) ~(c,d) because acd = adc]
ad ad d

a . - . . a

— is the multiplicative inverse of —,

a

Distributivity of multiplication over addition. We have

c . e)_gcf +de a(cf +de) acf +ade (acf +ade)bdf

f) b df bdf bdf bdfbdf

_acfbdf+bdfade_ﬁ+a_de_§+§_§£+§
bdfbdf bdf bdf ba bf bd bf’

Similarly the other distributive law holds.

F is a field under the addition and multiplication defined above. This field F is called

the field of quotients of D.

We shall now show that the field F contains a subset D' such that D is isomorphic to

Let D’={%eF:a,0¢XeD}.Then D'cF. If x#0, y=0 are elements of D, then
X

— since axy =xay. Therefore if x is any fixed non-zero element of D, we can write
y

D’={%e Frac D}.

X

We claim that the function ¢: D — D’ defined by
d(a) :% Vv ae D is an isomorphism of D onto D'.
¢ is one-one. We have

¢(a):¢(b):>%:b—;:>axx:xbx:>ax2 —bx? = (a—b)x? =0
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=a-b=0,sincex’#0 =a=b. .. ¢isone-one
disonto D'. If e D', then aeD. Also we have ¢(a) -
X X

Thus ¢ is onto D'.

2 2 2
Also ¢(a+b):(a+b)x:(a+k;)x _ +sz :axx+2xbx :§+%:¢(a)+¢(b)
X X X X X X

DX _ (@)0%) _axBX_ 2.

X X X X

and ¢(ab) = (af’()x -

¢ is an isomorphism of D and D’. Hence D=D'
Hence

If we identify D’ with D i.e., if in F we write a, b, ¢ etc. in place of %’b_x’% etc., then we
X X X

see that D is contained in F. Thus F (the field of quotients of D) is a field containing D.

In the next theorem we shall show that the quotient field F of D is the smallest field
containing D. In other words if D is contained in any other field K, then F will also be
contained in K.

Theorem 2. If K is any field which contains an integral domain D, then K contains a subfield
isomorphic to the quotient field F of D. In other words the quotient field F of D is the
smallest field containing D.

Proof. Let D be a commutative ring without zero divisors, Let ac D and 0=beD. Since K
is a field containing D, therefore acK,0zbeK =ab*eK.

Let K’ be the subset of K containing the elements of the form ab* where a,b e D with b = 0.

Thus

K’:{ab’leK:a,O;tbeD}.
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We shall show that K’ is a subfield of K and K’ is isomorphic to the quotient field F of D. Let
abteK',cd™*eK’ Then 0=b,0=deD.
Now ab™—cd*=add b —cbb*d* = (ad —bc)d b = (ad —bc)(bd) * e K’, since
ad—-bceDand O#bdeD.
Further suppose that 0=cd ™ eK’. Then c=0 and we
have (ab™)(cd *1)’1 =ab'dc =ad(ch) ™ eK’, since ad e D and 0=cbeD.

Hence K' is a subfield of K. We shall now show that the quotient field F of D is isomorphic

to K'. We have Fz{%:ae D,OibeD}

Consider the mapping f :F — K’ defined by
f[éjzabl VEE F.
b b

The mapping f is one-one because we have

f (Ej =f (Ej —abt=cd™
b d
= ab™bd =cd 'bd = ad =chd *d

:>ad=bc:>(a,b)~(c,d):>% g

Also fis onto K'. If ab™® is any element of K’, then %e F and f [gj =ab™.

Further f (3 + Ej _ f [M) — (ad +bc)(bd)™
b d bd

= (ad +bc)d b =add b +bed

—abtt+cd = f(§j+ f (Ej
b d
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Also f(%%]:f(%):(ac)(bd)1=(ac)d1b1 ~(ab™)(cd )= f(%)f[%)

Hence F =K'

yed [ 2)(S
— (ab™)(cd )_f(bjf(dj

Hence F=x=K'".

If we identify K' with F, we see that if D is contained in any filed K, then F is also contained
in K. Therefore F is the smallest field containing D.

Cor. The quotient field of a finite integral domain concludes D. The quotient field F of D is
also the smallest field containing D. Hence F coincides with D.

Ex. What is the quotient field of 2 Z, where Z is the ring integers?
Theorem: Any two isomorphic integral domains have isomorphic-quotient fields.

Let f be an isomorphism of D onto D'. If a, b, c, etc. are the elements of D then f (a), f (b),
f(c) etc. will be the elements of D'. Also.

F(@+b)y=f(a)+f(b)andf(ab)=f(a)f(b) +a,b D.
Let F, F' be the quotient fields of D, D' respectively. Then F consists of the equivalence

classes (quotients) of the from % where a, 0 # b € D and F' consists of the equivalence
classes of the

1@ where f(a),0= f(b)eD".
f (a)

Consider the mapping ¢ : F — F' defined by ¢(Ej :EvE eF
b) f@ b

First we shall show that the mapping ¢ is well defined i.e., if.

© then ¢(§]=¢(Ej we have 2= = ad =nc
d b d b d

_ - f@_ 1) _ 42a)
:>f(ad)_f(bc):>f(a)f(d)_f(b)f(c):>f(b)_f(d):>¢(b -

. ¢ is well defined.

¢ is one-one, we have

al_ e f@ _ flo) _ _ _ a_c
¢[Ej_¢(djz>f(b)_f(d):f(a)f(d) f(0)f ()= f(ad) =T (bc) = ad =bc = =~

¢ is one-one
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Also ¢ is onto F'. 1@ eF', then
f(b)

2 ¢F and ¢(Ej :@. Therefore ¢ is onto F'.
b b) f(b)

Further

¢(§+£j_¢(ad +bc)_ f(ad +bc) f(ad)+ f(bc)
b d) bd ) f(bd)  f(b)f(d)

_f@F@+ O _f@  f© =¢(3j+¢[ijAlso
f(b) f (d) f(b) f(d) ' \b d

_¢(£j_ f(ac) _ f(@)f(c)
“"\bd ) f(bd) f(b)(d)

@10 _fa) (¢
~ (o) f(d)‘¢(bj¢(dj

.. ¢ 1s an isomorphism of F onto F..

~ F=F.

Theorem 1. Show that every prime field of characteristic 0 is isomorphic to the field of
rational numbers.

Proof. Let F be a prime field of characteristic 0. For the sake of convenience let us denote the
unity element (multiplicative identity) of F by e. Since F is of characteristic 0, therefore for
any integer n, we have ne=0 (zero element of F) if and only if n=0.

Here ne is an integral multiple of the element e of F. We have neeF. Consider a subset F' of F
defined as F= {me/ne: m, ne the set of integers | with n=0}.

Since n = 0 = ne =0, therefore ne is an inversible element of F. So me/ne=(me) (ne)* is
definitely an element of F. We claim that F' is a subfield of F.

Let E,% - (me)(n,e) — (ne) me) = (mn,)e” - (n;mz)eZ _ (mn,)e —(nm,) [-e?=¢]
nle nze (nle) (nZG) (nan) € (n 1n2 )e

=MEF‘sinceO;«tnln2 el.

(nn,)e

Again let e by any element of F' and % be any non-zero element of F'. Then my, ny € |
nle 2

with n1 = 0. Also mz, n1 € | with m, =0,n, = 0. We have.

> = eF'since 0=nm, €.
ne{ ne ne me (ne)(me) (nm,)e* (nm,)e

me ( EJ _mene _(me)(ne) _ (mn)e’ _ (mny)e

Therefore F' is a subfield of F. But F can have no proper subfield because F is a prime field.
Therefore we must have F' = F.
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Thus F = {me/ ne : m, n | with n = 0} if Q is the filed off rational numbers, then Q = {m/ n :
m, n | withn = 0}

Let f be a mapping from F into Q defined as

f (me/ne) = m/n:m, n e | with n=0.

f is well-defined. We
me m,e 2 2
have ——=— :(mle)(nze) = (nle)(mze) = (mlnz)e = (nlmz)e :>(m1n2)e = (nlmZ)e
1 2

=(mn, —nm,)e=0=mn, —nm, =0

SN L (E] =f [Ej .. the mapping f is well-defined.
n n ne ne

e

fisone-one. We have f[mjz f(%]. :>(mle)(nze)=(n1e)(m2e):>%=%:f IS one-
ne e ne ne

e

one.

f is onto. Let m/n be any element of Q. Then me/ne € F and it such that f (me/ne) = m/n.
Therefore f is onto.

f preserves compositions. We have

. ( me Mj _ {(mle)(nze) + (nle)(mze)} v {(ml +n,+ nlmz)e}

ne ne (ne)(ne) (nyn,)

n, +nm m € m,e
_mn, 12=ﬂ+_2=f(mlj+f{ zj
nn, n o n ne n,e

Also f [EEJ _ f {M} _f {(mzmz)e}

ne n,e (n,n,)e? (nn,)e

MM, MM, ff ME g ME
nn nn, ne n,e

Theorem 2 Every field of characteristic 0 contains a subfield isomorphic to the field of
rational Number.
Proof. Let F be any field of characteristic 0 and let e be the unity element of F. Since F is of
characteristic 0, therefore for any integer n, we have ne = 0 if and only if n = 0.
Consider the subset F' of F defined as

F'={me/ne:mel,0=nel}
Now prove that F' is a subfield of F and F' = Q where Q is the field of rational numbers. Give
the same proof as in theorem 1.
Theorem 3. Every prime field of finite characteristic p is isomorphic to the field I, of the
residue classes of the set of integers modulo p.
Proof. Let F be a prime field of finite characteristic p. Then p must be a prime number. The unit eleme
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ne = 0 if and only if p is a divisor of n.

Consider a subset F’ of F defined as F'={ne:nelwherel is the set of integers.}

F' is a cyclic subgroup of the additive group of F. Since F' is generated by e whose order is p,
therefore F' contains p distinct elements. We claim that F' is a subfield of F. For this we shall
prove that F' is an integral domain and we know that every finite integral domain is a field.
Let me, ne be any two elements of F'. Then me—-ne=(m-n)eeF'sincem-nel

Also (me)—(ne)=(mn)e’ =e F' since mnel
Thus F' is a subring of F. Since F is without zero divisors, therefore F' is also without zero
divisors. Therefore F' is a commutative ring without zero divisors. Therefore F' is an integral
domain and so F' is a subfield of F. But F can have no proper subfield because F is a prime
field. Therefore we must have

F=F'={ne:nel}

Now we shall prove that F =1

Let f be a mapping from F into I, defined as

F (ne) = the residue class [n], V nel
f is well defined. We have ne = me

=(n-m)e=0= p is devisor of n —m =n=m(mod p)

=[n]=[m]= f(ne)= f (me)=T is well- defined.

F is one- one. We have f(ne) = f(me)

= [n]=[m]=n-mis divisible by p=(n-m)e=0

—ne=me=>Tis one — one.
fis onto. Let [n] by any element of Ir. Then nee F and is such that f (ne) = [n]. Therefore f is
onto.

f preserves compositions. We have

f (me+ne)=f((m+n)e)=[m+n]=[m]+[n]=f (me)+ f (ne)

f (me)(ne)= f ((mn)e)=[mn]=[m][n]= f (me) f (ne)

Hence F =1,

Note. The ring of endomorphisms of an abelian group G is a ring with unity. If 1 denotes
the identity mapping of G 1:G—G such that 1 (a)=(a),V aG, then 1 is the unit element of
this ring. Obviously 1 is an endomorphism of G and we have 1f = f = f1v feR. The ring R

may not be commutative and may have zero divisors.
Theorem 2. Every ring with unity is isomorphic to a ring of endomorphisms of an abelian

group.

Proof. Let R be a ring with unity element 1. The additive group of R is an abelian
group. Let S denote the ring of endomorphisms of the abelian group R.

Ifa eR, let fa denote the mapping of R into itself defined

by the rule f,(x)=axV xeR

Obviously f. is an endomorphism of the additive group of R.

For, if x,yeR,We have f,(x+y)=a(x+y)=ax+ay="f,(x)+f,(y)

Thus is an endomorphism of the additive group of R. Let of S. First we shall show that

fon=fat fo. fp =0, T =—1,

Now for all xeR, We have f,_, (x)=(a+b)x=ax+bx=f,(x)+ f,(x)=(f, + f,)(x)
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Therefore f,,,=1f,_f,

Further f,(x)=(-a)x=—(ax)=-f,(x)]=—(-f,)(x)

Therefore f , =—f,

Now let f,, f, be any two elements of T. We have
fo—fy=f,+(-f)="f,+f, =1, ="f., Since a—beR Therefore
f.,eT.Alsof f =f, T since abeR Thus f,,f T

= f,—f,eTand f,f, T . Therefore T isa subring of S.
Now we shall show that the ring R is isomorphic to the ring T. Let ¢: R—T such that
¢(a)=f,vaeR
$is one — one. If a,beRThen
g(a)=¢(b)=f,=f,= f,(x)=1,(x)VxeR = ax=bx V xeR
=al=bl [.. 1eR] =a=b. Therefore ¢is1-1.
gisonto. Let f, eT. Then acRand we have ¢(a)=f. Therefore ¢ is onto.

¢ preserves compositionsin Rand T. Let a,beR. Then
g(a+b)="f,, =f, +f =4(a)+g¢(b)
And g(ab)=f, =f,f, =¢(a)é(b)
Hence ¢ is an isomorphism of the ring R onto the ring T and therefore R=T
Theorem 4. An ideal S of a commutative ring R with unity is maximal if and only if the
residue class ring R/S is a field.
Proof. Since R is a commutative ring with unity; therefore R/S is also a commutative ring
with unity. The zero element of the ring R/S is S and the unity element is the coset S+1 where
| is the unity element of R.
Let the ideal S be maximal. Then to prove that R/S is a field.
Let S+b be any non zero element of R/S. Then S+b#S i.e., b es. To prove that S+b is
inversible.
If (b) is the principal ideal of R generated by b, then S+(b) is also an ideal of R. Since b ¢S,
therefore the ideal S is properly contained in S+(b). But S is a maximal ideal of R. Hence we
must have S+(b)=R.
Since 1 ¢R, therefore we must obtain 1 on adding an element of S to an element of (b).
Therefore there exists an element ac €S and x R such that

a+ab=1 [Note that (b) ={ab:a e R}]

a-ab=ae$S
Consequently S+1=S+ab=(S+a)(S+b)

~.S+a=(S+b)" ThusS + b is inversible .

- R/Sisa field.

Conversely, let S be an ideal of R such that R/S is a field. We shall prove that S is a maximal
ideal of R.

365

Let S' be an ideal of R properly containing S i.e., Sc S and S=S. Then S will be maximal if
S'=R. The elements of R contained in S already belong to S’ since Sc S. Therefore R will be
a subset of S' if every element « of R not contained in S also be-longsto S'. If « < R is such
that a ¢S, then S+a =S i.e., Sta isanon-zero element of R/S. Also S' properly contains S.
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There- fore there exists an element g of S' not contained in S so that S+ g is also a non-zero
element of R/S. Now the non-zero elements of R/S form a group with respect to
multiplication because R/S is a field. Therefore there exists a non-zero element S+y of R/S
such that

(S+y)(S+B)=S+a
[We may take S+y=(S+a)(S+5)]
=S+yf=S+a=yf-acS=yf-aeS' [.S<ST
Now S’ is an ideal. Therefore yeR,eS'= yBeS' Again

ypeS \ypf-S'= yﬁ(yﬁ—a)eS' ie.aeS'
Thus RcS! Also S'cRas S’ is an ideal of R.
. S=R
Hence the theorem.
Theorem 1. Let R be a commutative ring and S an ideal of R. Then the ring of residue
classes R/S is an integral domain if and only if S is a prime ideal.
Proof. Let R be a commutative ring and S an ideal of R.
Then R/S={S+a:aeR}

Let S +a, S + b be any two elements of R/S. Then abeR
We have (S +a) (S+b) =S +ab
=S +ab[.. Risacommutative ring]
= (S +b) (S +a)

R/S is a commutative ring.
Now let S be a prime ideal of R Then we are to prove that R/S is an integral domain. For this
we are to show that R/S is without zero divisors. The zero element of the ring R/S is the
residue class S itself. Let S+a, S+b be any two elements of R/S.
Then (S+a) (S+b) = S (the zero element of R/S)
=S+ab=S=abeS
Eitheraor b isin S, since S is a prime ideal
—eitherS+a=SorS+b=S [Notethat acS«<S+a=S]
= either S+aor S + b is the zero element of R/S.
. RIS is without zero divisors.
Since R/S is a commutative ring without zero divisors, therefore R/S is an integral domain.
Conversely, let R/S be an integral domain. Then we are to prove that S is a prime ideal of R.
Let a, b be any two elements in R such that abeS. We have
ab e S=S+ab=S =(S+a) (Stb) =S.
Since R/S is an integral domain, therefore it is without zero divisors. Therefore

(S+a) (S+b)=S (the zero element of R/S)
= either S+aorS+biszero —eitherS+a=SorS+b=S
= either aeSorbeS=Sisa prime ideal.

This completes the proof of the theorem.

Note If R is aring with unity, then R/S is also a ring with unity. The residue class S+l is
the unity element of R/S. There- fore if we define an integral domain as a commutative ring
with unity and without zero divisors, even then the above theorem will be true. But in that
case R must be a commutative ring with "nity.

Theorem. Let R be a commutative ring with unity. Then every maximal ideal of R is a
prime ideal.
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Proof. R is a commutative ring with unit element. Let S be a maximal ideal of R.
Then R/S is a field.
Now every field is an integral domain. Therefore R/S is also an integral domain. Hence by
theorem 1, S is a prime ideal of R. This completes the proof of the theorem.
But it should be noted that the converse of the above theorem is not true i.e., every prime
ideal is not necessarily a maximum ideal.

Solved Examples

Ex.1. Let R be the field of real numbers and S the set of all those polynomials f (x)eR[x]

such that f (0) = 0=F (1). Prove that S is an ideal of R [x]. Is the residue class ring R [X] / S an
integral domain ? give reasons for your answer.
Solution Let f (X), g (x) be any elements of S. Then

f(0)=0f(1)andg(0)=0=9(1)

Let  h(x)=f(x)-g(x) Then

h(0)=f (0)-g(0)=0-0=0and f(1)-g(1)=0-0=0
Thus h(0)=0=h(1) Therefore h(x)e S

Thus f(x),g(x)eS=h(x)=f(x)-g(x)eS
Further let f (x) be any element of S and r(x) be any element of R[x]. Then f (0) =0 =f(1),
by definition of S.
Lett (X)=r(X) f(X) =F(X) r(x) [R[X]is a
commutative ring]
Then t(0)=r@©O)f(0)=r(0).0=0
and t(1)=r(2)f(1)=r(1). 0=0.
t(X)e S
Thus  r(x)eR[x], f(x)eS=r(x)f(x)eS
Hence S is an ideal of R[X].
Now we claim that S is not a prime ideal of R[x]. Let f (x) = x (x-1). Then f (0) =0 (0-1) =0,
and f (1) =1 (1-1) = 0. Thus f(x) = x (x-1) is an element of S.
Now let p (X) = X, q (X) = x-1.
We have p (1) = 1# 0. Therefore p(x)¢S Also q (0) = 0-1 =- 1 # 0. Therefore q (x) S.
Thus x(x—1)eS while neither xeS norx—-1eS Hence S is not a prime ideal of R [x].

Since S is not a prime ideal of R [x], therefore the residue class ring R[x]/S is not an integral
domain.

Ex.2 Let R be the ring of all real valued continuous functions defined on the closed interval
[0, 1]. Let

M={f(x) € R: f (t)=0}.

Show that M is a maximal ideal of R.

Solution. First of all we observe that M is non-empty because the real valued function e(x)
on [0, 1] defined by belongs to M.

e (x)=0 v x € [0, 1]

belongs to M.

Now let f(x), g(x) be any two elements of M. Then f(1/3) =0, 8(1/3) =0, by definition of M.
Let h(x) = f(x) - 8(x). Then h(1/3)=(3)-g(1/3) =0- 0=0.

Therefore h(x) e M.

Thus f(x),g(x)eM =h(x)=f(x)-g(x)eM.
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Further let f(x) be any element of M and r(x) be any element of R. Then f(1/3) = 0, by
definition of M.

Let t(x)=r(x)f(x)="f(x)r(x) [ R is a commutative ring]

Then t(1/3)=r(1/3) f (1/3)=r(1/3) Therefore t (x) eM

Thus r(x)eR, f(x)eM =r(x)f(x)eM

Hence M is an ideal of R.

Clearly M # R because i(x) eR given by i(x) =1 V x<[0,1] does not belong to M.
The ring R is with unity and the element i(x) is its unity element.

Let N be an ideal of R properly containing M i.e., Mc N and M # N. Then M will be a
maximal ideal of R if N=R, which will be so if the unity i(x) of R belongs to N. Since M is a
proper subset of N, therefore there exists 1 (X) ¢N such that A (x) ¢ M.

This means 4(1/3)# 0. Put A(1/3) = ¢ where c0.

Let us define S(x)eR by f(x)=cV x[0,1] Now consider
1(x)eR given by u(x)=2(x)-B(x)
We have p(1/3)=A(1/3)- p(L/13)=c—c=0

Therefore 1 (X) eM and so p (X) also belongs to N because N is a super-set of M. Now N is
an ideal of R and A(x), p (x) are in N. Therefore A(x) - H(X) = S (X) is also an element of N.

Now define y(x)eRbyy(x)=1/cvxe[0,1]. Since N is an ideal of R, therefore
7(x)eRand B(x)e N = y(x) B(x) e N.We shall show that y(x)B(x)=ix
For every x[0,1] we have
7(x)B(x)=(1/c)c=1
Therefore »(x)B(x)=i(x) by the definition of i(x).
Thus the unity element t (x) of R belongs to N and consequently N = R
Hence M is a maximal ideal of R.
Ex. 3. If R is a finite commutative ring (i.e., has only a finite per of elements) with
unit élement prove that every prime ideal of R is a maximal ideal of R,
Solution. Let R be a finite commutative ring with unit element. Let S be a prime
ideal of R. Then to prove that S is a maximal ideal of R. Since S is a prime ideal of R,

therefore the residue class ring
R/S is an integral domain. Now R/S={S+a:aeR}

Since R is a finite ring, therefore R/S is a finite integral do- main. But every finite integral
domain is a field. Therefore R/S is a field. Since R is a commutative ring with unity and R/S
is a field, therefore S is a maximal ideal of R.

CSE

Ex.4. Give an example of a ring in which some prime ideal is not a maximal ideal.
Solution. Let I [X] be the ring of polynomials over the ring of integers I. Let S be the
principal ideal of I [X] generated by x i.e., let S = (x). We shall show that (x) is prime but not
maximal.

We have S = (X) = {x f(x): f(x) e | [X]}.

First we shall prove that S is prime.

Let a(x), b(x) €l [x] be such that a(x) b(x) e S. Then there exists a polynomial ¢ (x) € | [X]
such that

Xe(x)=a(X)b(x) ...(1)
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Leta (X) =a, +aXx+aXx +..,b(X)=b, +bx+bx* +...

c(x)=(c, +Cx+...)=(a, +a,x+...)(b, +bx+...) Then (1) becomes

X(C, +CXx+...)=(a, +ax+...)(b, +bx+...)
Equating the constant term on both sides, we get
a,b, =0
=a,-0o0rb,=0 [.. I'is without zero divisors]
Now a, =0=a(x)=aXx+a,x" +..

=a(x)=(x)(a, +a,x+..)=>a(x)e(x)
Similarly by =0=b(x)=bx+b,x* +...

=b(x)=(x)(b +bx+..)=b(x)e(x)
Thus a (x) b (x) e(x) =either a(x)e(x) or b(x)e(x)
Hence (x) is a prime ideal.
Now we shall show that (x) is not a maximal ideal of I [x]. For this we must show an ideal N
of I [x] such that (x) is properly contained in N, while N itself is properly contained in I [x].
The ideal N = (X, 2) serves this purpose.
Obviously (x) — (%, 2). In order to show that (x) is properly contained in (X, 2) we must show
an element of (x, 2) which is not in (x). Clearly 2 e (x, 2). We shall show that 2 ¢ (x).
Let 2e(x). Then we can write,
2=xf (x) for some f(x)el[x]
Let f(x)=a,+ax+..
Then2=xf (x)=2=x(a, +ax+...)
=2=aX+ax +..
=2=0+aXx+aXx +..
=2=0 [by equality of two polynemials]
But 2 # 0 in the ring of integers. Hence 2 ¢(X). Thus (X) is properly contained in (X,2).
Now obviously (x,2)< I[x]. In order to show that (x,2) is properly contained in (x, 2). is
properly contained in I [X] we must show an element of | [x] which is not in (x, 2). Clearly 1
el [x]. We shall show that 1¢(x,2). Let 1 I[x] Then we have a relation of the form
1=xf (x)+2g(x) where f(x)g(x)el[x].
Let f(x)=a,+ax+..,9(x)=by+Bx+
Then 1=xf (a, +ax+...)+2(by + Bx+...)
=1=2b, [Equating constant term on both sides]
But there is no integer bo such that 1 = 2bo
Hence 1¢(x,2) Thus (x,2)is properly contained in I [x].

Therefore (X) is not a maximal ideal of I[X]

Theorem 10 An ideal S of the Euclidean ring R is maximal iff S is generated by some
prime element of R.

Proof. We know that every ideal of a Euclidean ring R is a principal ideal. Suppose
Sis an ideal of R generated by p so that S=(p). Now we are to prove that

(1) S is maximal if p is a prime element of R.
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(i) p is prime if S is maximal.
First we shall prove (i). Let p be a prime element of R such that (p) = S. Let T be an ideal of
R such that Sc T < R. Since T is also a principal ideal of R, so let T = (q) where g<R.

Now ScT-(p) < (q) — pe (@)= p=xqforsome xeR=q/p

Since p is prime, therefore either g should be a unit in R or g should be an associate of p.
If g is a unit in R, then T=(g)=R.

If g is an associate of p, then T=(q)=(p)=S.

Thus either T-R or T=S.

Now we shall prove (ii). Let (p) = S be a maximal ideal. We are to show that p is prime. Let
us suppose that p is composite i.e., p is not prime.

Let p = mn where neither m nor n is a unit in R.

Now p = mn=m\p=(p)<(m)

But (m)< R. Therefore we have (p)<(m)cR

But (p) is a maximal ideal, therefore we should have either

(m) =(p) or (m =R

If R = (m) then R (m)

~leR=1e(m) =1=ymfor some yeR = mis inversible =misa unit in R.

Thus we get a contradiction.

If (m) = (p), then me(p). Therefore m = Ip for some 1R

~p=mn=Ilpn=pin .. p(1-In)=0

=1-In=0 [..p # 0 and R is without zero divisors ]
=In=1 =nis inversible =nis a unit of R.
This is again a contradiction. Hence p must be a prime element of R
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Revision Document: Ring Theory
Ring: Let R be a non-empty set (R,+,-) is said to be ring if
(a) (R,+)is Commutative group (b) (R,-) is Semi-group (c) Left and Right Distributive

Law
Note- The set is an abelian group w.r.t the first binary composition.

Examples: (Z,+,-) is Ring, (Q,+[),(R,+0),(C,+0) are also Rings.

Commutative Ring: A ring (R,+,D) is said to be commutative ring if ab=ba,Vva,beR
Q. (Z,+0,(Q,+0),(R,+L),(C,+[) are commutative rings.

Ring with Unity: Aring (R,+[) is said to be ring with unity if 3 0=beR such that
a-b=b-a=a, VaeR

leZ stl-a=a-l=a, VaeZ and (Z,+[) is commutative ring then (Z,+[) is

commutative ring with unity. Similarly, (Q,+[), (R,+/), (C,+[) are commutative ring
with unity 1.
Gaussian Integer: Z[i]= {a+ib|a,b € Z} : (Z [|]+) is commutative ring with unity.

z,[i]={a+iblabez,}

z,[i]={a+ibjabez}={0}, Z,[i]={a+ibla,beZ,} ={0,1i1+i};Z,={01}
Z,i]={a+ibla,bez,} ={0,1,2,i,2i,1+i,1+2i,2+i,2+2i}

Exam Point: O(Z,[i])=n’

IR ={0} is commutative ring with unity? R = {0}, (R,+[) is commutative ring but not
unity.
LIf n=1 then (Z,,+,-) is commutative ring but not unity.

LIf n>1then (Z,,+,-)is commutative ring with unity say unity = 1

UM, (R),n>1 is Ring with unity but not commutative.

LIf n=1then M, (R)=R,(R,+,) is commutative then M, (R) is commutative ring with
unity.

UR=Z_xZ_ isring, R=ZxZ isring, R=ZxQ isring, R=QxQ isring

IR=RxR isring, R=CxC isring, R=Z[i]xZ[i] is ring

IR =Qx{0} is commutative ring with unity? Yes, R =Qx{0}

(L0)eQx{0} ; (10).(a,0)=(a,0)s.t (1L0)(a,0)=(a,0)
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R=Qx{0} is commutative ring with unity (1,0). similarly, (i) Z[i]x{0} — unity (1,0)
11{0}x RxC are commutative ring with unity (0,1,1).
Polynomial Ring: _Definition: Let (R,+,-) be a commutative ring. The set

R[x]={a+ax+a,x* +...+a,x"|a eR} _is called Polynomial ring with indeterminant x.

Degree of Polynomial: f(x)=a,+ax+a,x*+...+a, x"of degree n if a, #0. The degree
of f(x) is denoted by deg ( f (x)).
Note: (1) R is commutative ring then R[x] is also commutative ring.

(2) If R is commutative ring with Unity then R[x] is commutative ring with unity.

ZERO DIVISOR Definition: Let (R,+,-) is commutative ring A non-zero element,

O=acR issaid to be zero divisor if 30-b e such that a-b=0
Note: If R is not commutative then

0 1 10 0 1|1 O 00
A= eM,(R), B= eM,(R); AB= = —> represent A
00 00 0 0|0 O 00

) .. 1 00 1 01 00 i ..
is zero divisor But BA= = # - A'is not zero divisor.
0 0fl0 O 00 00

INTEGRAL DOMAIN: A commutative ring with unity (R,+,-) is called Integral domain if
0OxaeR,0beR=ab#0i.e a-b=0=ceithera=00rb=0.
(Z,+,-) is an Integral Domain.

Z_ is an integral domain iff n=p where p is prime.

Z,[i] is an integral domain if 4 divides p-3, Where p is prime.

Z xR is not integral domain. (0,0)#(1,0)eZxR, (0,0)=(0,1)eZxR. (1,0)(0,1)=(0,0)
then Z xR is not integral domain.

Q. ZxQxR isan integral domain? No, (0,0,0)#(1,0,0)e ZxQxR,

(0,0,0)#(0,0,1)e ZxQxR But (1,0,0)(0,0,1)=(0,0,0) . then ZxQxR is not integral

domain.
Q. CxC is an integral domain? No (0,0)#(1,0)eCxC, (0,0)#(0,1)eCxC,

(1,0)(0,1)=(0,0) then R=CxC is not an integral domain.

QR =C><{O} is an integral domain? Yes, it is an integral domain.

Note: (Any Integral Domain ) x {0} is an integral domain.

Q. Show that Z,[i]x{0} is not an integral domain.; ZS[i]x{O}:{(a-O)‘(a,O)eZS[i]x{O}}
(0,0)=(2+i,0) e Z,[i]x{0}; (0,0) = (2+4i,0) € Z[i]x{0}

but (2+i,0)(2+4i,0) :((2+i)(2+4i),0-0):(0,0). then Z,[i]x{0} is not an integral

domain.
Q. R={0}x{0} is an integral domain: R is not commutative ring with unity then R is not an

integral domain.
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List of integral domains:
(1) Z (ii) Q (iii) R (iv) C (v) Z, (vi) Zp[i] if 4] p—3, where p is prime. (vii) Z[i]

Note: Q[i]={a+ibjJa,beQ}, R[i]={a+ibla,beR} arealso integral domain.

Units: Anelement aeR is said to be Unit element of R if 'a' has multiplicative inverse in R.
The set of all units of R is denoted by U (R).

Example: (i) R=2Z, then find U(Z)? Z={0,+1,42,43,....} . U(Z)={1-1}

(i) R=Q then find U(Q)?2.U(Q)=Q-{0}=Q", (i) R=R, find U(R)?2
U(R)=R-{0} =R*

(iv) R=Z[i], find U(Z[ ])

(vi) U( )

(viii) U (Qx{0 )

U (Rx{0})=Rx{0}- {(o 0

Q. Find U (QxQ)? Solution: U (QxQ)=Q*xQ*=U (Q)xU(Q)

Eield: An integral domain (F,+,-) is field if each non-zero element of F has multiplicative

inverse.
(Q,+,-) is a field. Similarly, (R,+,-),(C,+,-) are also fields. Z, ={0,1,2,3,4} is field. Exam
point: Z is field if and only if n= p. Exam Point: If F is finite integral domain then F is

field.
Note: Z [i] is field if 4] p—3.

[ } {a+b\/a| a,b eQ},d >0 and d is not perfect square then Q[\/ﬂ is field.
[\/_] =R,d >0 and d is not perfect square then it is field.
[ } {a+b«/§|a,b e Z} is integral domain but not field because 36[\/5}

but31:%¢2[\/a] then Z[\/a} is not field. Interesting question s

Z[\/E]z{a+b\/§|a,bez} how many unit in Z[\/ﬂ (J_ )(J_+1) 1 then ﬁ—l is
unit similarly ﬁ+1 IS unit. (3—2\/5)(3+2\/§):1:>3—2\/§ and 3+2\/§ is also unit.
nZ [\/5] has infinite units.

Idempotent Element: Let (R,+,-) be a ring then an element a <R is said to be idempotent

element of R if a® =a. Special point to notice here that square doesn’t mean multiplication,
it means composition two times. So we must take care of it. Example: there are only 2
idempotent elements in real numbers ring R i.e. 0 and 1. Note: Matrix concept is used if A is
idempotent then I-A is also idempotent where A be any square matrix or order n.

Exam Point: No. of Idempotent elements in Z =2 where d is the number of Prime divisors

of n.
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If a is idempotent element in R then 1—a is also Idempotent. If R is Integral domain then R
has exactly two idempotent elements. Q. How many Idempotent elements in

Z,Q.R,C,Z,(Z,[i]where4| p-3), Qx{0},Rx{0},Cx{0}. Solution: All of these has
exactly two idempotent elements.

BOOLEAN RING: Aring (R,+,-) is said to be Boolean ring if x* =x, VxeR

Q. R=Z, is Boolean Ring? Solution: Z, ={0,1}, here 0eZ, st 0° =0, 1 Z, st 1° =1

Q. Give example of Boolean ring of order 4 and .

Ans. Boolean Ring of order 4:R=27Z,xZ, = {(0,0),(0,1),(1,0),(1,1)} . Boolean Ring of order
w0, R=Z,xZ,xZ,xZ,x o is Boolean Ring of order o«

NILPOTENT ELEMENTS: Anelement a<R is Nilpotent element of R if a" =0 for
some n.

Q. How many Nilpotent elements in Z?Z ={0,+1,42,....},0e Z such that 0'=0.0aecZ

then a is not nilpotent element of Z then Z has exactly one element. Similarly Q,R,C,Z | has
exactly one Nilpotent element.
Note: If n=pixpy...xp¥, then number of Nilpotent elements in

Z, =prtxprtax pit, pis prime.

Subring: Let ¢#S < R,(S,+,-) is subring of (R,+,-) if

() VvaeS,vbeS=a-beS [condition of subgroup S is subgroup (ii)
YaeS,VbeS=a-beS

(Z,+,-) is subring of (Q,+). ¢#Z<Q and (Z,+,) is ring then (Z,+,-) is subring of
(Q+):

Similarly, Z is subring of R,C, Q- is subgroup of R,C, R is subring of C. S ={0} and

S =R always subring of R.
mZ is subring of Z.

Exam Point: Number of subrings in Z, =z(n)

0 b
S = {O O} be R} is subring or M, (R). Interesting to notice identity of subring and it’s

ring here. Are they different!
Sum of two subrings: Let A and B are two subrings of R then the sum of A and B is defined

={a+b|aeA,beB}

(i) Intersection of two subrings of R is a subring of R? (ii) Union of two subring of R is a
subring of R?

(iii) Sum of two subrings of R is a subring of R? need not be.

Ideal: Let ¢=1 <R,(1,+,) is an Ideal of R if

(1) vael,Vbel =a-bel,(2) Vael,VreR =rael and ar el

Z is an ideal of Q? Solution: No. 2€ Z, %e Q but %e Z then Z is not ideal of
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Q. Qisan ideal in R ? Solution: No,2 Q, 2 e Rbut 242 ¢Q
Q. R isanideal in C? Solution: 2e R,ieC, then R is not an ideal of C

Q. Show that | ={0} and | =R are always Ideal of R.

Exam point- Similarly, mZ is an ideal of Z.
Note. every ideal of R is subring of R but converse need not be true.

Exam Point: No. of Ideal in Z, =7(n)
Q. (i) How many ideals in Z, xZ.? (ij)How many ideals in Q xR ?(iii) How many ideals in
RxQxZ,?
Solution: (ii) R=QxR ()
Since Q is field then Q has exactly 2 ideals say I, ={0} and I, =Q .Since R is field then R
has exactly 2 ideals say I, ={0} and I, =R

R=0QxR

0.0 {oR
Possible Ideal of QxR (i) {0}x{0} (ii) {O}xR (iii) Qx{0} (iv) QxR . Number of ideals in
QxR=4

Q. How many ideals in QxQxQ?

Solution: Q is field then Q has exactly 2 ideals say. 1 ={0} and | =Q

Idealsof R =QxQxQ

/T NI
9 )

Q {0}.Q

Il={0}><{0}><{0}, I, = O}X{O}XQ, |3={0}><Q><{O},|4=Q><{0}><{0}
|5:{O}><Q><Q,I6:Q>< 0}><Q,I7:QxQx{O},IB:QxQxQ;exactIy8 ideals.
Exam Point. | =(2,x) is ideal of Z[x]. Solution: Let Z[x]:{a0 +aX+...+a X" |a, eZ}

I =(2,x)={2f (x)+xg(x)| f(x),9(x)eZ[x]}.

Maximal Ideal: Let R be a commutative ring An ideal A= R is said to be maximal ideal of
R if 3 anideal, B € R suchthat Ac B<R theneither A=B or B=R

Exam point: Number of maximal ideal in Z_, = number of prime divisor of n.
Q. How many maximal ideal in Q? Solution: R =Q is field then Q has exactly two
ideals. 1, =Q is not maximal by definition then 1, ={0} is only maximal ideal. Note: If F is

field then F has exactly one maximal ideal.
Prime Ideal: Let R be a commutative ring an ideal P # R is called Prime ideal if a-beP

where acR,beR = either acP or be P. Example R=Z,;, | ={0} is an ideal of Z,;
| ={0} is Prime Ideal in Z,; ?Solution:R=Z,;, | ={0}. 3¢ R,5€R; 35=0e1={0} but
3¢l and 5¢ 1 then
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| ={0} is not Prime Ideal in Z,;. Exam Point: Number of Prime Ideals in Z = No. of

Prime Divisor of n.
Q. How many Prime ideal in Q? Solution: R =Q and Q is field then Q has exactly 2 ideals

say I, ={0} and I, =Q But 1, =Q is not Prime ideal by definition ... 1, ={0} is Prime ideal
of Q because acQ,beQ and a-be | ={0} = either a=0 or b=0 because Q is an
integral domain. Then, Q has exactly one Prime ideal. Note: If F is field then F has exactly
one Prime ideal say | ={0}.

Q. How many Prime ideal in Z? Solution: It has infinite number of Prime ideals say | ={0}
and | = pz, where p is prime. e.g. 22,32,52,7Z,11Z,.... are Prime ideal in Z. Q. Show that
6Z is not Prime ideal in Z. Solution: 6Z ={0,46,+12,......}:2€ Z,3€Z, 2.3=6e6Z but

2¢6Z and 3¢6Z then 6Z is not Prime ideal.

Q. (i) Union of two maximal ideal of R is maximal ideal of R? (ii) Intersection of two
maximal ideal of R is maximal ideal of R? Solution: (i) Need not e.g. 2Z is maximal ideal of
Z and 3Z is maximal ideal of Z. 2Z (J3Z is not ideal of Z.

2e€2Z2U3Z, 3€22U3Z;2+3=5¢2ZJ3Z then 2Z|J3Z is not ring. (ii) Need not, e.g.
2Z is maximal ideal in Z. 2Z(13Z =6Z and 6Z is not maximal ideal in Z.

Q. Intersection of two Prime ideal in Prime ideal? Solution: Need not: 2Z is Prime ideal of Z
3Z is Prime ideal of Z. 2Z(13Z =6Z , but 6Z is not Prime ideal of Z.

Exam Point: mZ(\nZ =kZ , where k =L.C.M.(m,n).

Exam Point: (i) If R is commutative ring with unity then every maximal ideal is Prime ideal.
(ii) If R is finite commutative ring with unity then every prime ideal is maximal ideal.
Principal Ideal: Ideal generated by single element is called Principal Ideal. Example: | :<3>

in Z, 1 is Principal Ideal.

Factor Ring: Let R be aring and A is an ideal of R. Then %: {a+AlaeR} is factor ring

with operations (i) (a, + A)+(a, +A)=a,+a, +A (ii) (3, +A)(a, +A)=aa, + A
R
1

Example: R=Z,1=3Z; :%:{a+32|aez}; é:{0+3z,1+3z,2+3z}.

F
0
Q

Q. Construct - = ? Solution: Does not exist because Z is not ideal of Q.

Exam Point: If F is field then F has exactly two factor rings (i) ~F (i) Ez {O}

Q. Construct factor ring of Z,,[i]? Solution: Since Z,,[i] is field then Z,,[i] has exactly two
YA

ideals say 1,={0} and 1,=Z,][i].Then, factor ring,(i) Z%[i]:%gi]zzm[i] (i)

((1-1)) is an ideal of Z[i], construct 2[i] ~7?

(1-1)
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Solution: <(1P|])> = {a+ ib+(1-i)|a+ibeZ [l]}

={a+ib+(1-i)|a,beZ}
1-i+(1-i)=0+(1-i) =1-i=0=i=1

=i’=1"=-1=1=2=0

ﬂ=a+i+—iae :>Z—[i]=+—i+—i'
) {a+ib+(1-i)|a,beZ} iy {0+(1-i),1+(1-i)};
Q.%:{a+ib+<3—i>|a+ibez[i]}:{a+ib+<3—i>|a,bez}

Solution: 3—i+(3—i)=0+(3-i) =3-i=0=3=i =3 =i’

=9=-1 (1)

=10=0 ..(2)
Given into about modulo we are using

2[i] ={0+(3-i),1+(3-i),2+(3—1i),3+(3—1i),4+(3-i),5+(3~i),6+(3—i),7+(3-1),8(3—i),9+(3-i)}

<3—[i>]
Z|i . . :
@~Zm, 0+i+(3-i)=0+3+(3-1i)

1+i+(3-i)=1+3+(3—i)=4+(3-i)

o Zi]
Exam Point: =7, ,,
<a+|b> a’+b

Z[i]
a+ib)
Exam Point: 2] Z,[i]

(n)

Theorem 1: Let R be a commutative ring with unity and A is an ideal of R. % is an integral

ifged(a,b)=1.

Exam Point: ~ not integral domain if gcd (a,b)=1 and a=0, b0

domain iff A is Prime Ideal.
Theorem 2: Let R be a commutative ring with unity and A is an ideal of R. % is field iff A

is maximal ideal.
Q. Show that if R is commutative ring with unity then every maximal ideal of R is prime
ideal.

Solution: Let R is commutative ring with unity and A is maximal ideal of R. Then % is field

R . . . o
DK is integral domain=> A is Prime ideal.

Q. Show that if R is finite commutative ring with unity then every Prime ideal of R is
maximal ideal. Solution: Let R is finite commutative ring with unity and A is prime ideal of
R.
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If A is prime ideal of R then % Is an integral domain and % is finite because R is

finite. :% is finite integral domain:% is field= A is maximal ideal.

Q. 1=(p)=pz is maximal ideal is Z. Solution: % =% ~7_ s is field then < i
(p) pz 7 (p)
field= (p) is maximal ideal = pz is maximal ideal in Z.

Characteristic of Ring: Characteristic of Ring (R,+,-) is the least positive integer n such
that n-a=0 VaeR. It is denoted by char(R). If such n does not exist then char(R)= 0.
Example: Z, ={0,1,2,3}. Find char(Z,) = n=4 suchthat ;4-0=0,4-1=0,4-2=0,4-3=0.
Exam Point: char(Z,)=n

Q. R=2Z find char(Z) = ? Solution: char (Z) = 0 because n does not exist such that

n-a=0, VaeZ since Z is an integral domain. Similarly, Note: Char (R)= Char (C) = Char

Z]i . [ Zli
Q. Char <2+[3]|> = ? Solution: —~Z,,. char(Z,;)=13 and as <2+[3]|>

Z[i]
char| ——~ |=13
(2+3i)
Q. Char (23[i]) = ?Solution: ~ Z,[i]={0,1,2,i,2i,1+i,1+2i,2+i,2+2i} n=3 st
3-a=0, VaeZ,]i].char(Z,[i])=3
0,if char(R)=0orchar(S)=0
K;K =LCM(char(R),Char(S))

~ Z,, therefore

Note: Char(RxS)= {

Q. How many maximal ideal, prime ideal, ideal, idempotent nilpotent and unit in Q[\/_] ?

Solution: 2 ideals, 2 Idempotent elements, 1 Nilpotent elements, c units 1 maximal ideal, 1
Prime Ideal.

Note: Similarly Q[\/a] :{a+b\/a| a,b eQ},d >0 and d is not perfect square then Q[\/E]

is field.
. . . . . IxIxZ .
Q. 1=ZxZx{0} is maximal/Prime ideal in ZxZxZ. Ans. Yes, ————-~Z is an

ZxZx{0}
integral domain . It Z xZ x{0} is Prime Ideal.

Ring Homomorphism: Let (R,+[) and (S,+[) are two rings. A mapping
f:(R,+0)—(S,+[) is said to be ring homomorphism if (1) f(x+y)=f(x)+f(y) (2)

f(xy)=1(x)-f(y)
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Q. f:Z—Z, f(x)=0-x is Ring homomorphism? Solution: f (x)=0-x. then f(x)=0-x
is ring homomorphism. Definition: f:R—R, f(x)=0-x is called trivial ring
homomorphism.

(1) f(x+y)=0(x+y)=0-x+0-y = f(x)+f(y)

@ 1 (xy)=0(x-y)=(0-x)-(0-y)= 1 (x)- T ().

Q. f:Z—>2Z, f(x)=2x, is ring homomorphism? Solution: f (x)=2x

(1) f(x+y)=2(x+y)=2x+2y="f(x)+f(y)

(2) f(x-y)=2(x-y)=2x-2y= f(x)-f(y)..f(x)=2x is not ring homomorphism.

Exam Point: f:Z — Z has exactly 2 ring homomorphism say f(x)=0-x and f(x)=1-x.
Exam Point: f:Z_ — Z_;Number of Ring Homomorphisms = No. of Idempotent Elements
inZ,

Q. How many ring homomorphism in f:Z — Z ? Solution: Z  is field then Z  has

f(x)=0-x
exactly two idempotent elements say 0 and 1. fE ; ) } exactly 2 ring
X)=1-x

homomorphisms.
Note: (1) f:Z,—Z,, then it has exactly 2 ring homomorphism. (2) f:Z, —>me,m>1

then it has exactly 1 ring homomorphism.
Q. C isring isomorphic to R (CzR?). Solution: C is not ring isomorphic to R because

x* =1 has 4 solutions in C say (X:l,—l,i,—i) but x* =1 has only 2 solutions in R say
(x=1,-1).

Q. Q[i]=Q?i.e. Q[i] is ring isomorphic to Q? Ans. No, reason is same as above.
Irreducible Element: Definition: Let (R,+,D) is an integral domain. A non-zero non-unit

element a <R is said to be irreducible element if a=bc,b € R,c € R then either b is unit or ¢
is unit in R.

Example:a=6¢<Z is irreducible element of Z? Solution: 6=2-3 and 2 Z,3eZ but
neither 2 nor 3 is unit in Z then 6 is not irreducible element of Z.

Q. 2 is irreducible over Z[i]? Solution: No, 2=(1+i)(1-i) =bt, beZ[i],cez[i]

but neither b =(1+1i) nor ¢ =(1—i) is unit in Z[i] therefore 2 is not irreducible over Z[i].
Q. a=2eZ isirreducible over Z? Solution: Yes, because. 2=2x1=b.c, beZ,ceZ .1is
unit in Z then 2 is irreducible element over Z.

Q. 3is irreducible over Z[i]?Solution: 3 is irreducible element in Z[i]

Q. Show that 1+i is irreducible over Z[i]

Solution: Let 1+i=(1+ib)(c+id)

taking conjugate of equation (1)

1-i =(a—ib)(c—id)

Multiplying side by side of equation (1) and (2),
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(1+i)(1-i)=(a®+b?)(c* +d*) = 2—(a* +b*)(c? +d?) (3)
Case I: If a®+b” =2 then ¢*+d* =1=(c+id)(c—id)=1=c+id isunitin Z[i]

Case Il: If ¢®+d* =2 then a*+b* =1 = (a+ib)(a—ib)=1=a+ib isunit in Z[i]

From case | and 11, we conclude either c-+id is unit or a+ib is unit of Z[i] then 1+i is
irreducible over Z[i].

Prime Element: Let (R,+,) is an integral domain A non-zero, non-unit element aeR is

said to be Prime element if a|bc,be R,ce R = either a|b or a|c. Example: a=7 inZ,
a=7 is Prime element in Z. Solution: Yes 7 =71, then; 7|7=7|7, 7 is Prime.

Q. a=61inZ, a=6 is Prime in Z? Solution: 6|6=28B i.e. 6|]=2(8 but 6x2 and 6x3 then
6 is not Prime.

Associate: Let (R,+,-) be an integral domain An element a € R is said to be associate to

beR if 3 unit U eR s.t a=Ub. Example. -1 is associate to 1 in Z? Solution: Yes a=Ub.
—1=(-1)1.-lisunitin Z.

Q. i and -i are associate in Z[i]? Solution: i=(-1)(—i) and -1 is unit in Z[i]

Q. 2+3i and 2i—3 are associate in Z[i]? Solution: Yes 2i-3=i(2+3i). a=ULb. i e Z[i]
s.tiisunitin Z[i].

Irreducible Polynomial: Let (R,+,D) be an integral domain. A non-zero, non-unit

polynomial f (x)eR[x] is said to be Irreducible Polynomial if f(x)=g(x).h(x) where
g(x)eR[x] and h(x)eR[x] thin either g(x) is unit or h(x) is unit in R[x].

Example: f(x)=2x*+6 is irreducible over Q?
Solution: f (x)=2x"+6=2(x*+3) =g(x).h(x), where g(x)=2 and h(x)=x"+3.
g(x)eQ[x] and h(x)=x*+3eQ[x]. g(x)=2 is unit in Q[x] then f(x)=2x*+6 is

irreducible over Q.
Einestein's Irreducible Criteria

Let f(x)=a,+aXx+...+aXx" €Z[x]. If there exist prime p such that p|a,, p|a,.... p|a,,

but p does not divide a and p“notdividea, then f (x) is irreducible over Q.
Q. f (X)=3+6x+12x" +X° € Z[x] is irreducible  over  Q?  Solution:
f (x)=3+6x+12x*+x*>. p=3, such that 3|3,3]6,3|12 but 311 and 3”13 then f(x) is

irreducible over Q.
Note: Let F isfieldand Oz acF

(i) If f(ax) is irreducible F then f (x) is irreducible over F.
(ii) If a.f (x) is irreducible over F then f (x) is irreducible F.

(iii) If f(x+a) isirreducible over F then f(x) is irreducible over F.
Galois Field
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Definition: If F is finite field of order p and f (x)eF[x] is irreducible polynomial over F

F
of degree n. Then [] is field of order p". It is denoted by GF( p") where p is prime.

(F()

= {8, +ax+a,’ +...+a, X"+ < f(x)>|a eF}

Z,[x]
(f(x)
where F is field of order pand f (x) is irreducible polynomial over F of degree 'n'.
Q. Construct Galois Field of order 2?

Solution: GF(2') =Z<ZT[>X] ={a,+(x)|a, €Z, ={0+(x),1+(x)} ~ Z,
Q. Construct Galois Field of order 3.
Q. Construct Galois field of order 4.

ie. GF(p")= = {ao +aX+3,X" +..+a, X" +(f(X))]a e zp}

Solution: GF(4):GF(22): <Zfz([;()]> :{ao +a1x+<f (x)>|ai e Z, where f (x) is irreducible

polynomial of degree 2 over Z,.
GF(ZZ):—Z:{aO+a1x+<1+x+x2>|a0,a1eZZ} ..(1)

:{O+<1+x+x2>,1+<1+x+x2>,x+<1+x+x2>,1+x+<1+x+x2>}

Z,[x]

each non-zero elements of >
<1+ X+ X >
2

has multiplicative inverse.

1+x+x2+<l+x+x > O+<1+x+x >:>1+x+x2:0
1+<1+x+x2> <1+j([+1 > such that (1+<1+x+x2>)_1=1+<1+x+x2>
_Z[x]

2
x+<l+x+x > <1+x+x >

st (x+<1+x+x2>)_1 =1+x+<1+x+x2>

(x+ 1+x+x )(1+x+ 1+x+x ) x(1+x)+<l+x+x2>:x+x2+<1+x+x2>
2

:—1+<1+x+x > 1+<1+x+x > under modulo 2

From equation (2) 1+ X+ x> =0 = x+x* =-1
Subfield: Let (F,+,-) isfieldare ¢ =S c F (S,+,-) is called subfield of (F,+,-) if

(i) VaeS,vbeS=a-beS (i) VacS,0#beS=ab™" S
Example: (Q,+,-) is subfield of (R,+,-). Solution: Q< R and (Q,+,) is field then
(Q.,+,) is subfield of (R,+,-). Similarly,(i) (R,+/.) is subfield of (D,+,), (ii) (Q,+.) is

subfield of (QJE ,+,D)
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Note- Let F be a finite field of p" then no. of subfield of F=z(n), no. of positive divisor of
n.

Principal Ideal Domain: An integral domain (R,+/[) is said to be Principal Ideal domain if
every ideal of R is Principal ideal.

Q. R=2Z is Principal Ideal Domain? Solution: Every ideal of Z is Principal ideal (<m>) then

Z is Principal ideal domain.
Q. R=Q is Principal ideal domain? Solution: Q is field then Q has exactly two ideal. say,

I, ={0}=(0),1,=Q=(1) Principal Ideal then Q is P.1.D. Note: If F is field then F is P.1.D.

b
Q. M, ( ):{a d}|a,b,c,d € R} is P.I1.D.? Solution: M, (R) is not integral domain
C

hence it is not P.1.D.
Q. R=GF(3) is P.I1.D.? Solution: R =GF(3) is field it is PID

Q. R=2Z[x] is P.I.D.? Solution: I =(2,x) is not Principal ideal in Z[x] then Z[x] is not
P.1.D.
Q. Which of the following is/are true.

0 r= L ip 1022 R DY i5pip2@ re 2 ispip) R=§XR i

(x) (2)(y) (4.%)

Solution:(1) MzQ is field then M is field then M is P.1.D.

(x) (x) (x)

~Z, then is P.1.D.

P.1.D.

Z,[xy]
(2) 2% y)

) 214

Z,[x Y]

(2
_<4 z> ~Z,, Z, is not integral domain then —<Z4[);1 is not integral then % is not P.1.D.

(4) QxR ~R, then QxR s field then 2*R isp.1.D.

Qx{0} Qx{0} Qx{0}

Euclidean Domain: Definition: An integral domain (D,+,o) is said to be Euclidean
Domain if 3 a function d from non-zero elements of D to non-negative integer such that

(@) d(a)gd(a,b), VYO0zaeD,VO#beD

(2) If aeD,0#be D then 3 qgorder in D s.t. (q is not necessarily prime)

a=hqg+rwhere r=0or d(r)<d(b).

(Z,+D) is Euclidean domain. d(a)=|a|, VO=aeZ.

If F is field then F is Euclidean Domain. d(a)=1, vO=aeF.

If F is field then F[x] is Euclidean Domain. d ( f (x)) = degree ( f (x)),

V0= f(x)eF[x] Z[i]={a+ib]a,beZ} is Euclidean Domain. 0+ x=a+ibeZ[i] such
that d (x)=a”+b’.
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Unique Factorization Domain
Definition: An integral domain (D, +,-) is said to be Unique Factorization Domain if

(1) Every non-zero, non-unit element of D can be written as product of Irreducible element of
D and

(i) The factorization is Unique upto associate.

I.e. Let a is non-zero, non-unit element of D and a=aa,....a. where aa,....a_ are irreducible

element of D.
If a=hbb,...b,, where bb,...b,

a,a,...a, =hb,..b, then r=S and a; is associate to b; (only one b, )
Example: (Z,+,¢) is U.F.D. Solution: a=10eZ; -2x-5=10=2x5; -2 is associate to 2

and -5 is associate to 5.. Then, the factor of 10 is Unique upto associate. Vae Z, s.t.
factorization 'a' is unique upto associate then Z is Unique Factorization Domain.

Q. z[ﬁ] is U.F.D.? Solution:
z|[J-5]={a+iblabez}=2[J-5|={a+by5labez]
:z[ﬁ]:{aﬂﬁm,bez} (D)

1462[\/3]; (3+iJ§)(3—iJ§)=l4:7x2.But (3+iJ§) IS not associate to 7 or 2. and

(3— |J§) is not associate to 7 or 2. Then factorization of 14 is not Unique upto associate.

Then, Z [\/3] is not Unique Factorization Domain.

Note: Relation Field =E.D. = PID = U.F.D = Integral Domain .
Extension Field
Let H is subfield of K. The field is called extension field of F.

Q. Q is subfield of Q[\/ﬂ then Q\/E is called extension field of Q.

Ans. It has 2 extensions since Q < Q[\/E] and Q[\/E] c Q[\/ﬂ

Q. How many subfields of Q[\/ﬂ Solution: Q and Q[\/ﬂ are two subfields of Q[\/E]
then exactly two subfields. Similarly, Q[\/ﬂ has two subfields Q and Q[\/_]

Q. How many subfields in Q(\/E,ﬁ)?Solution: QQ(\/_)Q(\E) and Q(\/Eﬁ) exactly

4 subfields.
Note: If L is extension field of K and K is extension field of F then L is extension field of F

ie [L:K][K:F]=[L:F]
Imp: Extension of field is not symmetric hence it is not an equivalence relation. Then
dim[L:F]=dim[L: K]xdim[K:F]

Q. Find dimension of Q[\/E\E\/g] over Q. Solution: dim[Q[\/E,\@,\/ﬂ:Q}
[Qv2,43,45:Q|=[Qv2,43,v5:QV2,\3 |[QV2,3:Qv2 | Qv2:Q]
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dim[ Q2,43,45:Q |=dim[ Qv2,43,45:Qv2,43 || Qv2,4/3: Q2 ]dim QV2: Q]
=2x2x2=8

Q. Find dim[Q\/EJri/ﬂ
Solution: [Q\/ER/E:Q\/EJ =[Q\/§,(5)]/3 :Q\/ﬂ then dimQ[\E+§/§:Q\/§} =3

Q.
dim| Q(2)'*,(3)".(5)"" :Q(3)"" | =7 Solution:dim| Q(2)"*,(3)"",(5)"" :Q(3)"" | =4x7=

Note: Aut (K |F)~Z,, where K is extension field of F with dimension m and F is finite

field.
Splitting Field: Let K is an extension field of F and f (x)eF[x] A field K of F is called

splitting field over f (x) is (i) f (x) can be written as product of linear factors over K.
For example:(i) f(x)=x*+1eQ[x]. Q[i] is splitting field of Q over f (x)=x*+1
(i) f(x)=x*-3eQ[X]. Q[\/ﬂ is splitting field of Q over f (x)=x"-3

Theoretical Chapter
Theorem 1. The characteristic of a ring with unity is 0 or n > 0 according as the unity

element 1 regarded as a member of the additive group of the ring has the order zero or n.
Theorem 2. The characteristic of an integral domain is 0 or n according as the order of any
non-zero element regarded as a member of the additive group of the integral domain is either
O orn.

Theorem 3. Each non-zero element of an integral domain D, regarded as a member of the
additive group of D, is of the same order

Theorem 4. The characteristic of an integral domain is either 0 or a prime number.
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Characteristic of a field. Every field is an Integral domain. Therefore the characteristic of a
field F is 0 or n > 0 according as any non-zero element (in particular the unit element 1) of F
is of order O or n.

Thus in order to find the characteristic of a field F, we should find the order of the unit
element 1 of F when regarded as a member of the additive group of F. If the order of 1 is
zero, then F is of characteristic O . If the order of 1 is finite, say, n then the characteristic of F
is n.

The characteristic of the field of real numbers is 0. The characteristic of the finite field

(1;,%,,X;) is 7where I = {0, 1, 2, 3, 4, 5, 6}.

Imbedding of a ring into another ring.

Definition. A ring R is said to be imbedded in a ring R’ if there is a subring S’ of R’ such that
R is isomorphic to S’.Obviously a ring R can be imbedded in a ring R’ if there exists a
mapping f of R into R’ such that f is one-to-one and

f(a+b)=f(a)+ f(b), f(ab) = f(a)f(b) Va,beR.

For then f(R) is a subring of R” and f is an isomorphism of R onto f(R) making R isomorphic
to f(R).

Theorem. Any ring R without a unity element can be imbedded in a ring with unity.

14. The field of Quotients.

Definition. A ring R can be imbedded inaring S if S contains a subset S’ such that R is
isomorphic to S'.

If D is a commutative ring without zero divisors, then we shall see that it can be imbedded in
a field F i.e., there exists a field F which contains a subset D' isomorphic to D. We shall

construct a field F with the help of elements of D and this field F will contain a subset D’
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such that D is isomorphic to D'. This field F is called the "field of quotients” of D, or simply
the “quotient field” of D.

On account of isomorphism of D onto and D' are abstractly identical. Therefore if we identify
D', with D, then we can say that the quotient field F of D is a field containing D. We shall
also see that F is the smallest field containing D.

Motivation for the construction of the quotient field. We are all quite familiar with the

ring | of integers. Also our familiar set Q of rational numbers is nothing but the set of

quotients of the of the elements of I. ThusQ = {5 pel,0=qel } . If we identify the rational

-3-2-10123

y—— == —,— ..... with the int ey —3,-2,-1,0142,3,..., then 1 Q.
U1 T W1 e integers 10,1, cQ

Also if and %and % €Q, then we remember that

. a C . .. a ¢ ad+bc
—=—"iffad =b , — 4+ ==
(I) b d a ¢ (") b d bd (“I)

Taking motivation from these facts, we now proceed to construct the quotient field of an
arbitrary integral domain. We have the following theorem:

Theorem 1. A commutative ring with zero divisors can be imbedded in a field.

Every integral domain can be imbedded in a field.

From the elements of an integral domain D, it is possible to construct a field F which contains
a subset D" isomorphic to D.

Theorem 2. If K is any field which contains an integral domain D, then K contains a subfield
isomorphic to the quotient field F of D. In other words the quotient field F of D is the

smallest field containing D.

Theorem: Any two isomorphic integral domains have isomorphic-quotient fields.
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Theorem 1. Show that every prime field of characteristic O is isomorphic to the field of
rational numbers.

Theorem 2 Every field of characteristic 0 contains a subfield isomorphic to the field of
rational Number.

Theorem 3. Every prime field of finite characteristic p is isomorphic to the field I, of the
residue classes of the set of integers modulo p.

Theorem 2. Every ring with unity is isomorphic to a ring of endomorphisms of an abelian
group.

Theorem 4. An ideal S of a commutative ring R with unity is maximal if and only if the
residue class ring R/S is a field.

Theorem 1. Let R be a commutative ring and S an ideal of R. Then the ring of residue
classes R/S is an integral domain if and only if S is a prime ideal.

Theorem 10 An ideal S of the Euclidean ring R is maximal iff S is generated by some
prime element of R.

Following are some famous examples. Repeatedly asked in exams.
Q1. Let R be the field of real numbers and S the set of all those polynomials f (x)eR[x] such

that f (0) = 0=F (1). Prove that S is an ideal of R [x]. Is the residue class ring R [X] / S an
integral domain ? give reasons for your answer.

Q2. Let R be the ring of all real valued continuous functions defined on the closed interval [0,
1]. Let

M={f(x) € R: f (t)=0}.

Show that M is a maximal ideal of R.

Q3. If R is a finite commutative ring (i.e., has only a finite per of elements) with
unit élement prove that every prime ideal of R is a maximal ideal of R.

Previous Years Questions(2008-203).

Answers of all questions are in this document. If you want quick look over those where

in sequence you’ll get answers then just have glimpses over revision document. In this

revision document points are aligned in orders as those are done in this booklet.

CHAPTER 1. RINGS AND FIELDS

Q2. Let R be an integral domain. Then prove that ch R (characteristic of R) is 0 or a prime.
[1a 2019 IFoS]

Q3. Find all the proper subgroups of the multiplicative group of the field (Z,5,+;5,x;;),

where +,; and x,, represent addition modulo 13 and multiplication modulo 13 respectively.

[3a UPSC CSE 2018]
Q4. Give an example of a ring having identity but a subring of this having a different identity.

[1b UPSC CSE 2015]
Q5. Do the following sets form integral domains with respect to ordinary addition and
multiplication? If so, state if they are fields:

(1) The set of numbers of the form by/2 with b rational
(i) The set of even integers
(1ii) The set of positive integers. [4a UPSC CSE 2015]
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Q6. If p is a prime number and e a positive integer, what are the elements 'a' in the ring Zpe

of integers modulo p® such that a’ = a ? Hence (or otherwise) determine the elements in Z
such that a® =a . [2a 2015 IFoS]
Q7. Show that Z, is a field. Then find (|5|+(6[) " and (~|4|) " in Z, . [2a UPSC CSE 2014]

Q8. Show that the set {a+ba) o’ :1} , Where a and b are real numbers, is a field with respect
to usual addition and multiplication. [3a UPSC CSE 2014]
Q0. Prove that the set Q(\/g) = {a+ bJ5:a,be Q} Is a commutative ring with identity.

[4a UPSC CSE 2014]
Q10. Let J, be the set of integers mod n. Then prove that J,_ is a ring under the operations of
addition and multiplication mod n. Under what conditions on n, J, is a field? Justify your

answer.
[2a IFoS 2014]
Q11. Show that any finite integral domain is a field. [2a 2013 IFoS]
Q12. Every field is an integral domain - Prove it. [2b 2013 IFoS]
Q13. Show that every field is without zero divisor. [1b 2012 IFoS]

Q14. Let Q be the set of all rotational numbers. Show that Q(\/E) ={a+b\/§:a,b eQ} is a

field under the usual addition and multiplication. [1b 2011 IFoS]
Q15. Let C={f:1=[0,1] >R fif continuous} . Show C is a commutative ring with 1
under point wise addition and multiplication. Determine whether C is an integral domain.

Explain.
[2b UPSC CSE 2010]

Q16. Let F be a field of order 32. Show that the only subfields of F are F itself and {0,1} .

[1b 2010 IFoS]
Q17. Show that a field is an integral domain and a non-zero finite integral domain is a field.

[4b 2009 IFoS]
Q18. Find the multiplicative inverse of the element

2 5
1 3
of the ring, M, of all matrices of order two over the integers. [2c 2009 IFoS

CHAPTER 2. IDEALS AND QUOTIENT RINGS
Q3. (a) Prove that x2 +1is an irreducible polynomial in Z5[x]. Further show that the quotient

ring Zg—[x] is a field of 9 elements. UPSC CSE 2023 (15)
<X +1>

Q1. Let K be a finite field. Show that the number of elements in K is p", where p is a prime,
Z,[x]
(X?+1)

which is characteristic of K and n>1 is an integer. Also, prove that is a field. How

many elements does this field have? [4b 2020 IF0S]
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Q1. Let R be a principal ideal domain. Show that every ideal of a quotient ring of R is
principal ideal and R/P is a principal ideal domain for a prime ideal P of R. [1b UPSC CSE
2020]
Q2. Let R be a non-zero commutative ring with unity. Show that M is a maximal ideal in a
ring R if and only if R/M is a field. [2a 2020 IFoS]
Q3. Show by an example that in a finite commutative ring, every maximal ideal need not be
prime.

[3b 2018 IF0S]
Q4. Let A  be an ideal of a  commutative ring R and

B Z{XE R:x" e Aforsome positive integer n}. Is B an ideal of R? Justify your answer. [2c

2017 1FoS]
Q5. Let R®=ring of all real valued continuous functions on [0,1], under the operations

(f+9)x="f(x)+g(x)

(fg)x=f(x)g(x).
Let M = {f eRC|f (%) = O}. Is M a maximal ideal of R? Justify your answer.

[3b UPSC CSE 2013]
Q6. Prove that:
(i) the intersection of two ideals is an ideal
(ii) a field has no proper ideals. [3b 2013 IFoS]

Q7. Is the ideal generated by 2 and X in the polynomial ring Z[x] of polynomials in a single

variable X with coefficients in the ring of integers Z , a principal ideal? Justify your answer.
[3a UPSC CSE 2012]

Q8. Describe the maximal ideals in the ring of Gaussian integers Z[i]={a+bija,beZ}.
[4a UPSC CSE 2012]

Q9. How many elements does the quotient ring have? Is it an integral domain?

Justify yours answers. [3b UPSC CSE 2009]
Q10. How many proper, non-zero ideals does the ring Z,, have? Justify your answer. How

many ideals does the ring Z,, ®Z,, have? Why? [2a UPSC CSE 2009]

CHAPTER 3. HOMOMORPHISM OF RINGS
UPDATED
QL. Let F be a finite field of characteristic p, where p is a prime. Then show that there is an

injective homomorphism from Z, (group of integers modulo p) to F. Also show that number

of elements in Fis p", for some positive integer n. [1a IFoS 2022]
Q1. Let R be a finite field of characteristic p(>0). Show that the mapping f:R—R

defined by f(a)=a’, vaeR isan isomorphism. [3a UPSC CSE 2020]
Q2. Let I and J be ideals in a ring R. Then prove that the quotient ring (I +J)/J is
isomorphic to the quotient ring 1/(1 J). [2a 2019 IFoS]
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Q3. Let R be a commutative ring with unity. Prove that an ideal P of R is prime if and only if
the quotient ring R/P is an integral domain. [2d 2018 IFoS]
Q4. If R is aring with unit element 1 and ¢ is a homomorphism of R onto R’ prove that ¢(1)

is the unit element of R". [2a UPSC CSE 2015]

a
operations of matrix addition and matrix multiplication. What are the additive and

a
Q5. Show that the set of matrices S :{(b

Ja,be R} is a field under the usual binary

1 -1
multiplicative identities and what is the inverse of (1 1 J? Consider the map f:C—S

a -b
defined by f(a+ib)=(b ) j Show that f is an isomorphism. (Here R is the set of real

numbers and C is the set of complex numbers.) [la UPSC CSE 2013]
Q6. Show that the quotient ring Z[i]/10Z where Z[i] denotes the ring of Gaussian integers.

[3b UPSC CSE 2010]

CHAPTER 4. EUCLIDEAN RINGS, PID

UPDATED
Q1(b) Express the ideal 4Z+6Z as a principal ideal in the integral domain Z. UPSC CSE 2023

Q1. Let R be a field of real numbers and S, the field of all those polynomials f (x)e R[X]
such that f (0)=0= f (1). Prove that S is an ideal of R[x]. Is the residue class ring R[x]/S
an integral domain? Give justification for your answer. [4a UPSC CSE 2022]

Q1. Let a be an irreducible element of the Euclidean ring R, then prove that R/(a) is a field.
[3d UPSC CSE 2019]
Q2. Prove that the ring Z[i]:{a+ib:a,bez,i :J—_l} of Gaussian integers is a Euclidean

domain. [2d 2017 IFoS]
Q3. Show that in the ring R={a+b\/§|a,bareintegers}, the elements o =3 and

p=1+ 2J-5 are relatively prime, but ay and gy have no g.cd. in R, where
y=7(1+2J-5).

[2c 2016 IFoS]
Q4. Let J :{a+bi|a,beZ} be the ring of Gaussian integers (subring of C). What of the
following is J: Euclidean domain, principal ideal domain, unique factorization domain?
Justify your answer.

[3a UPSC CSE 2013]
Q5. Let R be a Euclidean domain with Euclidean valuation d. Let n be an integer such that

d(1)+n=>0. Show that the function d :R—{0} —S, where S is the set of all negative
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integers defined by d, (a)=d(a)+n for all acR—{0} is a Euclidean valuation. [4a 2010

IFoS]
Q6. Show that d(a)<d(ab), where a, b be two non-zero elements of a Euclidean domain R

and b is not a unit in R. [4a 2009 IFoS]

CHAPTER 5. POLYNOMIAL RINGS, UFD
UPDATED

Q1. Prove that R[x] is a principal ideal domain if and only if R is a field.
[4b IF0S 2022]

Q2. Let Fbe afield and f (x)e F[x] apolynomial of degree > 0 over F. Show that there is a
field ' and an imbedding q:F — F ' s. t. the polynomial f e F'[x] has a root in F', where
f9 is obtained by replacing each coefficient a of f by q(a). [2b UPSC CSE 2021]

Q3. Show that an element x in a Euclidean domain is a unit if and only if d(x)=d (1), where
the notations have their usual meanings. [4b IFoS 2021]

Q3. Let R be a non-zero commutative ring with unity. If every ideal of R is prime, prove that
R is a field.

(i) Let R be a commutative ring with unity such that a’> =a,VaeR. If | be any prime ideal

of R, find all the elements of IE [3b IFoS 2021]

QL. Let R be an integral domain with unit element. Show that any unit in R[x] isaunitinR.
[la UPSC CSE 2018]

Q2. Let F be a field and F [X] denote the ring of polynomials over F in a single variable X.

For f(X),g(X)eF[X] with g(X)=0, show that there exist q(X),r(X)eF[X] such

that degree (r(X))<degree(g(X)) and f(X)=q(X)-g(X)+r(X). [2c UPSC CSE

2017]

Q3. Let K be a field and K[X] be the ring of polynomials over K in a single variable X.

For a polynomial f e K[X], let (f) denote the ideal in K[X] generated by f. Show that

(f) is a maximal ideal in K[X] if and only if f is an irreducible polynomial over K. [la

UPSC CSE 2016]
Q4. Show that every algebraically closed field is infinite. [4a UPSC CSE 2016]
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Q5. Let R be an integral domain with unity. Prove that the units of R and R[x] are same.

[3a 2014 IF0S]
Q6. If R is an integral domain, show that the polynomial ring R[x] is also an integral

domain.

[3c 2012 IF0S]
Q7. Let F be the set of all real valued continuous functions defined on the closed interval

[0,1]. Prove that (F,+,-) is a Commutative Ring with unity with respect to addition and
multiplication of functions defined point wise as below:

and (T T9)(X)= f(x)+g(x)}x6[o,1] where f,g e F.[3a UPSC CSE 2011]

(f-9)(x)=f(x)-9(x)
Q8. Consider the polynomial ring Q[x]. Show p(x)=x’—2 is irreducible over Q. Let | be
the ideal in Q[x] generated by p(x). Then show that Q[x]/1 is a field and that each

element of it is of the form a, +at+at® with a,,a,a, in Q and t=x+1. [3a UPSC CSE
2010]
Q9. Show that Z[X ] is a unique factorization domain that is not a principal ideal domain (Z
is the ring of integers). Is it possible to give an example of principal ideal domain that is not a
unique factorization domain? (Z[X] is the ring of polynomials in the variable X with
integer.)

[3a UPSC CSE 2009]

(EXTENSION FIELD)
QL. Let K be an extension of a field F. Prove that the elements of K, which are algebraic over
F, form a subfield of K. Further, if F c K c L are fields, L is algebraic over K and K is
algebraic over F, then prove that L is algebraic over F. [3a UPSC CSE 2016]
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