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VECTOR ANALYSIS & CALCULUS

Vector Analysis: 5% Os

Dot Product, Cross Product, Properties of vectors and their modulus
Example PYQs-

Let &,b,C are some given vectors. Show that they possibly make a triangle. Also Find medians of
this triangle.

Vector Calculus = 95% Qs

() Differential (1) Integral

e Gradient e Line Integral, Surface Integral, Volume

o Directional derivative Integral

o Greatest rate of increase e Three Important Theorems

e Angle between two surfaces Green’s, Stokes, Gauss Divergence Theorem.
o Divergence, Solenoid Field, Change in per

unit volume per unit time (Rate)
e Curl, Rotation, Work done etc. Exactness.

Chapter 1: Vector Analysis

Vectors: (Vector Space): V(IF)
v

§ I I v

Anon-empty A field of scalar Vector Addition Scalar Multiplication
set of vector IF

e.g. A special kind of vector spaces : R" (R) [Euclidean Space]

R" = (a,8,...4,); a,a,...
are real numbers
Field is Real Numbers.

Vector Addition: (a,,a,,...a, )+(b;,..b,)
=(a,+b,a,+h,,..a,+h,)

Scalar Multiplication

a(a,a,..a,)=(aa,0a,..aa,)

More Specifically, Here we will deal with R*(R)

R3= {(%,az,%):ai,az,ag arereal number}
(3- Dimensional Euclidean Space)
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Representation
d=(a,a,a)=ai +a,] +ak

Xi

Operation on Vectors:
(1) Scalar product:

a-b for two vectors

For three vectors-
(Scalar triple product) &, b,c

é-(Bxé) = Volume of parallelepiped having edges 4, b,c

a a4 &
= bl bz b3
G G G
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bl b2 b3
b-(cxd)=lc, ¢, ¢

a a &
[a 66]:[66 a]:[c aB]

(2) Vector Product

axb =[][p|sinn,0<6 < 7

A is unit vector normal to the plane containing & and b .

jsb ]

(@]

o>

Vector Triple Product
Formula

Reciprocal Seat of Vectors

a,b,C are set to form reciprocal set of vector if

Note: é',ﬁ',é', a,b,C are said to be reciprocal

ifa=— o 9%
é~(b><6) [ab*]

5 cxa _ Cxa _Cxé

_5-(6x b [ ab
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Projection of @ on b
is given by a-b

where b = 2
g

A 4

I
Length p

Example: Find projection of

A=1-2]+3K onthevector i +2]+2k =B

o T2k .

A-B=(i —2j+3k)(5 A ) Lot WE_
‘. +2j+2k V1P+4+4 3

Q1. Without making use of cross product find a vector perpendicular to the plane of

A=2i-6]-3k

1

B-4i+3j—K
Solution.
Let € =ci +C,]+CK is required unit vector
. C-A=0
= (cf+c,j+ck)-(21-6]-3k) =0
2c, —6¢, -3¢, =0 ()
¢-B=0=4c +3c,-¢c,=0 ....(iil)
On solving (i) and (ii) we get
1 1
01:§C3'C2 :_gcs
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6:—c3f—§cgi+3cgk
1 ~ n 1 o 1 2 n
C:E:E%l— C,J +Ck :E —§j+k
el L. 1., o [,
= = —+—-+1
\/4c3+gc3+03 19
Formula
(1) Area of parallelogram with touching side as AB
=|AxB

(2) Area of triangle with two adjacent sides A , B

:ﬂAxﬂ
2

Q. Prove that the necessary and sufficient condition for A,B,C tobe coplaner is A -(Bx C) =0

Solution.
The necessary part -

Letif A,B,C are coplaner then A-(Bxé):O must hold.

As we know that BxC represents a vector perpendicular to plane containing B and C
. A mustbe L to BxC

" A-(Bxé)zo

Sufficient Part -
Let if A.(Bx C) =0 then volume of parallelepiped with edges A, B,C must be zero.

= A, B,C must lie in same plane.

Q. Find the equation of the plane containing three vectors P, (2,-11),P,(3,2,-1),P,(-13,2)
Solution. We know that

Equation of a plane is given as
Ax+by+cz+d =0

*Two planes together represent straight line in 3D (if they intersect) represented by
ax+ay+az+a, =0

bx+b,y+b,z+b, =0

or in symmetrical form, Line passing through (X,, ;.2 ),(%,, ¥,.Z,) is given by
X=X — Y-V _ -1,

=X Y, Y% 4,4
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R(2-11)=2i-j+k=A
P,(32-1)=3+2j-k=B
(—1,3,2):—|+31+2I2

N

wU

V/(xy.2)

w3

I
>1»—-U
Ol

Il
osl}

( )( )( C) are co-planer
(=AM B ))=°
= ((x=2)i +(y+1) j+(z-2)k).

[(x=3)i+(y- 2)]+(Z+1)I2><( +1)i+(y-3) j+(z-2)k] =0
=11x+5y+132=30

Q. Find the constant a so that the following vectors are co-planer
2i — j+k ,1+2]—2k, 3i +aj +5k

A B C
Solution.
A-(BxC)=0 (abc)

2 -1 1
=1 2 -3=0

3 a b5

= 2(10+30)+1(5+9)+1(a—6)=0
=20+6a+14+a-6=0
=34-6+7a=0

=28+7a=0

PYQ [2016]
Prove that the vector

a=3+]-2k

b=1+3]+4k

C=4i-2]-6k

can form the sides of triangle. Find the median of A.
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Hint for solution;

| ]
—\B+1+4  =\i+9+16
_Ji4 %

Sum of the sides > third side
) +[5] > 6]

314 > 26

yes possible of side of A
D is mid point of B, C

B(Y., Yo, Ys)

Q|

ol

[l 1 1
DZE(Y1+21)’E(V2+Zz)vE(Y3+Z3)

~ 1 1 1
‘D‘ =\/z(y1+21)2 +Z(y2 +22)2 +Z(y3+z3)2

1
=§\/(yl+zl)2+(y2+zz)2+(y3+23)2
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Vector Differentiation

Type (1) Problems

Simple Differentiation

e.g. Velocity, Acceleration, Momentum, Work done, K.E.
if position vector

r =xi+Yyj+zK

Parametric Form
e.g. if F=sinti +e'j+e® cost+k then find velocity at t =0 and acceleration at t =0
Note- Some added information from Vector Analysis will be needed here too.

Type Il Problem

(1) Gradient

e Finding gradient at some point

e Finding normal vector to cover surface

¢ Angle of intersection between two level surfaces
e Gradient and greatest rate of increase/decrease
(2) Divergence

(3) Curl

Similarly we can do for

Oxoy

PYQ [2012]
If A=xyzi —2xz°] + xz?k

B = 2zi + yj — X%k , then find the value of

Oxoy
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Solution. Hint:

2

C_(AxB)=2| L Ax8
OXoy ox\ oy

Method-(1) First find Ax B then derivative

Method-(2) Applying formula
2
Z_(Ax8)=2[ 2 (AxB)
OXoy ox\ oy
-9 Ax 2 xB+Bx 2 A
OX oy oy

=Ax£[£I§j+[£BJ£A+Bx££Aj£+Q(EAJ-I§
oy \ oy oy )oy ay Jox ox\oy
Q. For two vectors &, b given by
[2017]

=53+ —t°k
=sinti —cost |
-\ d

Determine %(é-b), E(AX I§)

a
b

Solution.
1(5.5)25@4_5.(1_9
dt dt dt
:(5t2f+t]—t3|2)-(costf+sint J) +(10tf+ j—3tZ|2)-(sintf—costf)
=5t?cost+tsint—t3-0 +10tsint —cost—3t%-0
=5t? cost +11tsint —cost
9 (axb)=ax L 52
dt dt dt

i k|| i %
=| 5t? t  —t3+|10t 1 -3t
cost sint O] |sint —cost O

Q. The position vector of a moving particle at time t is
[2017]

V =sintl +cos2t i+(t2+2t)I2
Find the component of acceleration & in the direction parallel to the velocity vector V and
perpendicular to the plane of V and V attime t=0.
Solution. Hint:
: V:sintf+c052tj+(t3+2t)k
_, dl_; o - 2~ n o~ A ~
V=——=costi—2sin2t J+(2t+2)k =V, +V, ] + VK
Dynamics
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_dv d¥W
A=—=—7
dt dt

=—sinti—ycos2t j+2k

Vector Analysis required here

If c=cji+c,j+ck

Here c,,C,,C, are component of

Let's say if it is given € is parallel to b =byi +h, ] +bk
G§_6_G
b, b, b

Let's say if € is perpendicular to d =d,i +d, ] +d.k

cd, +c,d, +c,d; =0

Using those condition (1) and (2)
Can we try to figure out

C1 =

C, =

C; =

We need
a_dHh_ %
Vl V2 V3

. 77xV:af+,Bj+7/I2
oo +a,a, +a,a, =0
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Vector Calculus

Scalar Field: If we can assign some particular scalar value to each point of a region D in some space
then this scalar valued function is called scalar function of the position and we say f (x, Y, z) is a

scalar field defined on region D.
e.g.
Temperature T(x, y,z):x2y+ yz*® on earth's surface is a scalar field because we can assign a

particular scalar value to each point on surface.
T(1,2,3)=1"-2+2-3°=56

Vector Field: Suppose to each point (x, y,z) in the region D in space there corresponds a vector
F(X, y,z) then f is known as vector function of the position (x, y,z) and we say that a vector

field f has been defined on D.
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Level Surfaces: Let's consider a function of 3 variables f (x, Y, z) whose inputs are points in R®
and whose outputs are humbers.

e.g.

f(xy.2)=x*+y*+2°

or f(xy,z)=x*+y°

or f(x,y,2)= z—(x2 + y2)

A function f (x, Y, z) is said to be of level K to be the set of all points in R® which are solution of
f(xy.z)=K.

e.g.

-7 =¢<X2, yz)

a<t<b cylinder.

. z:¢(x2,y2)
a<z<b
cylinder
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|
K_/
(i) Ellipsoid: —+§+z_2:1
2 2
(ii) Elliptic paraboloids: E %er_z
2 2
(iii) Hyperbolic paraboloids: é - VKZ
2 2 2
(iv) Hyperboloid in one-shed: ¥+y_2_c_2 =1
2 2 2
(v) Hyperboloid in two-shed: %—%-# =1

Personalized Mentorship +91-9971030052
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Directional Derivative
of

o

f . n
a and a are directional derivatives of f along J and k .
oy 0z

is the directional derivatives of f along the direction of unit normal vector I

. of . N I . . . N .
ie., o is the directional derivative of the function f in an arbitrary direction n (along unit
n

normal vector fi)

Gradient and Level Surfaces

. . . . of A - .
For a scalar function f the gradient vector is defined as a—-n where fi is the unit normal
n

_ — . ) of .
vector to the level surface f at some point in the direction of increasing f and n is called the
n

normal derivative at that point.

Grad f:

f <[ 1 L)Lk S o[
oXx "oy oz oXx oy oz

A

>

n
n

Note:

of

df|=|—|IA

|grad f| ‘an A
=L 2

on on

For a function f , the gradient vector Vf has the properties:
e It points in the direction in which f increases most rapidly (fastest).
e It is perpendicular to level curves or surface of f .

Divergence

"Loss" per unit volume, per unit time
Vector valued function
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= ?-f:@+%+% (1)
ox oy oz
Let's consider a vector valued function

f=fl+f,]+fk=f(xy,2) +f(xy,2)j+f(xy,z)k which is defined and differentiable

at each point (x, Y, z) in a region of space. Then div( f) is defined by equation (1).
Although f is a vector valued function but div ( f) is a scalar.

e.g.
Find the Divergence of F =(e"*"+cosy)i+(z*+logx)]j+e”k at (Le*’,log5) over a

region in R® in which F is defined and differentiable.

V- fazi(ex"’gz +C0S y)+£(22 +log x)+g(e22)
ox oy oz

=" Jog z + 0 + 2e**

=log ze*'™* + 2e* at (1, V297 Jog 5)

V- f =log(log5)e ' + 26?°° = Jog5log (log5) +50

Q. A fluid moves so that it's velocity at any point P(X,Y,z) is V(X,Y,Z). Show that the loss of fluid

per unit volume per unit time in a small parallelepiped having centre at P(x, Y, z) and edge parallel
to the coordinate axes and having magnitude AX, Ay and Az respectively, is given approximately by

divv.
Y
A D v .
! v
Vo
' H
C :'
1 P(xz)
Apooee
e s il !
! ,/',AX At
\
B Ay G

Let X component of velocity V at P =V,
X component of V at centre of the face

1ov.
AFED =V, — = —1 AX approx.
175 ox pp
e X component of V at centre of the face

GHCB=V, + 1%AX approx.
2 OX
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Now it is clear volume of the fluid entering through the face GHCB per unit time
1

= (vl +—%ijAyAz
2 OX

d

t

t=Lv=d

Volume =dAyAz

Volume of the fluid existing through the face

AFED = (vl - %%ij AyAz
X

- y=

So loss in volume per unit time in X -direction
1ov, oV, oV.
=V, +=—2AX |AYAZ —| v, ——L AX |AYyAzZ = —L AXAyAz (1
[128xjy (laxjy ox @
Similarly loss in volume of the fluid per unit time in the y -direction
=%AxAyAz
oy
and in z -direction
:%AxAyAz
oz
.. Total loss in volume of the fluid per unit volume per unit time equal to

o AXAYAZ + Ny AXAYAZ + % AXAYyAz
OX oy 0z ov, oV,

= =—+%+—:V§ divV , where
AXAYAz oXx oy oz

Note:

The above article is true exactly only in the limit as the parallelepiped shrinks to P i.e.,

AX, Ay, Az approaches to '0". If there is no loss of fluid anywhere then |divV = V=0

known as equation of continuity for an incompressible fluid.
i.e., neither source nor sinks such vector V is known as Solenoidal.

Curl
Let's consider a vector valued function f = f,(x,y,2)i + f,(x,y,2) j+ f;(x,y,2)k

If F is differentiable, then the curl or rotation of F is defined as

~ S ~

Pk

arlE=vxF=|l O 2 ;% o, —j(%—@}rﬁ o, o
ox oy oz oy ot ox ot oX oy
fl f2 f3

Note:

. This is

At the time of numerical solution we should take care of e.g. f;, f; are functions free from y and

f,, f; are free from x and f,, f, are from z, then the calculation is very easy.
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= = 2 o ~ 2 n
e.g. curl F, Fz(eX cosx)|+e2yj+eZ log zk

]k

VxE R ﬁzi‘ o, _of, J[(’}f ij-i_k oA o = 0 (zero vector)
oX oy oz oy ot oX oz oX oy
f, f, f,

Note:

Suppose ¢ and A are differentiable scalar and vector functions respectively and both have
continuous 2nd partial derivatives, then following laws hold.
2 2 2 2
(i) V(?«ﬁ) Vip= 8 ¢ o f+ 0 ? where V2 =2 +8_+8_2 is called Laplacian operator.
é’y oz x> oy* oz

(ii) ?x(Vqﬁ):O i.e., curl grad ¢ =0

(iii) V(?x,&) =0 i.e., diveurl A=0
(iv) ¢ satisfies Laplacian equation if V¢ =0

Note:
This problem indicates that the curl of a vector field has something to do with the rotational properties

of the field (Because @ is present).
e If the field F is that due to a moving fluid e.g. a paddle wheel placed at various points in the
field would tend to rotate in regions where curl F =0, while curl F=0 in the region, there

would be no rotation and in this case, the vector field F is called Irrational.
e |f a field is not irrotational then sometimes it is also called as a "Vortex Field".

Vector Integration

Let's consider a vector valued function F = f,(x,Y, Z)f+ f,(x,y.2) j+f, (%Y, Z)IZ in a region D
of some space.

If F=xi+ yj +2K is the position vector of some point in this region D.

Let ¢ be a curve in this region and we want to find the value of the integral Ilf -dr i.e., integration
c
along the curve C.

IF .dF = I{ X, Y, +fz(x,y,z)j+f3(x,y,z)I2}-{dxf+dyj+dzl€}

= jlf~dF:j f,(xy,2)dx+f,(x,y,z)dy+ f,(x,y,z)dz

e.g. Evaluate the line integral Ilf~dF where F = Xy|p+(x2 + y2>j° and the curve C is the X -axis
(v

from x=2 to Xx=4 and the line x=4 from y=0 to y =12.
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YA
R y=12
A
M X=2 y—4

_[If-df’zjxydx+(x2+y2)dy

;\Iongthe Icine PQ; x=2to x=4, y=0and dy=0
jﬁ-dr:T(Xxoxdx)+(x2+02)-0=o

PQ X=2

Along the line QR
X=4=dx=0,y=0to y=12
= = T (12)
jF-df: j 4xyx0+(42+y2)dy:{16y+—} =1192+~"1 | =192+ 576 =768
QR y=0 3 0 3
. [Fedi= [ F-di+ [ F-di =0+768=768
c PQ QR

Conservative Fields
Suppose lfzvgzﬁ everywhere in a region R of the space where R is defined by

a <x<a,,b <y<h,c <z<c, and ¢(X, Y, z) is a single valued function and has continuous
partial derivatives in the region R . Then

R,
0] Ilf-df is independent of the path ¢ in R joining the points P, and P, in R .

R

(i) mlf~dF=O around any closed curve ¢ in R.

Insucha case F is called conservative vector field and ¢ s its scalar potential.
Q. Suppose F= V¢, where ¢ is single valued and has continuous partial derivatives. Show that the
work done in moving a particle from a point P, to P, (x, Y, z) in this vector field is independent of

the path joining P, and P,. Conversely suppose Ilf -dr is independent of the path ¢ joining two

points. Show that 3 a function ¢ st. F =V 4.
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Proof:
C4
Pl(xl’yl’zl) Pz(xz’yz'zz)
C5
Let E=vg=207,00;,99¢
ox oy o
R
Work done = [ F -dF = | 09;, 005,90 -(dxf+dyj+dzk)
5 B ox oy 0z
o )
j( 9 g+ ¢dy+ j jd )-4(R)

Since it is given that ¢ is single valued so whatever the path ¢, /c, /c,... joining the points P, and P,
is chosen, we get
Work done :_[If -dr = '[ If-drzjlf.dr =¢(P2)_¢(Pl)

)
Therefore if F = ?qﬁ the work done or the line integral f F.dr is independent of the path.

Conversely

Let F=Fi+F,j+Fk

We have to show

If Iﬁdf is independent of path c.

Then F = ¢p %J+a¢k
oX oy 0z
i.e., we have to show F =%, F, =%, F, _ 07
oy 0z
(x,y.2) (x,y,2)
(X, Y,2) I F-d I (Fdx + F,dy + F,dz) (1)
(% ¥1,21) (4. ¥1.21)
(x+AX,y,t)
L P(X+AX Y, ) = _[ Fdx+ F,dy + F,dz (2
(4 ¥1.2)
Target
% _ i (X+AX,Y,2)—p(X,Y,2)
OX  Mx—0 AX

On subtracting (1) from (2), we get
P(X+AX Yy, t)—p(X, Y, Z)
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(x+AX,y,7) (x,y.2)

= I Fdx+ F,dy + F,dz — j Fdx+ F,dy + F,dz
(x4 y1,21) (x.y1.2)
(% ¥1.21) (x+A%,y,2)

= I Fdx+ F,dy + F,dz + .[ Fdx+ F,dy + F,dz
(x.y.2) (4%,7)
(x+AX,y,2)

= .[ Fdx+ F,dy + F,dz
(x.y.2)

X+AX, Y,t)—@(X,Y,2
= 4 y)=9(x¥.2) _1 J- Fdx + F,dy +F,dz ..(3)
AX AX (yy.2)
Since we have taken the integral in the R.H.S. of equation (3) is independent of the path joining points

(x,y,z) and (X+AX, y,2). So, let's choose the path as straight line

(x,.y,z) (x.+Ax,y,z)
. dy=0,dz=0
So equation (3) becomes
(x+Ax,y,z)
j Fdx+0+0
X+AX, ¥,t)-@(X,Y,2 . XYz
:>Iim¢( +AX Y1) gy )=I|m (xy.2) :deldx:F1
Ax—0 AX Ax—0 AX
¢
. —=F (4
o (4)
0 _p 9 _¢

Similarly we can find —=F =
oy

s
Therefore, we have F = %f+% j+%|2
oXx oy 0z

—

F=Vg

Theorem
Suppose F is a conservative field then curl F =0 (i.e. F is irrotational) and conversely if curl
F =0 then F is conservative.

Proof:
Let F is conservative field, then by definition F =V ¢
. curl F =§x(§¢)=0

i.e., F is conservative =curl F=0.
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Surface Integral
The surface integral of a function ¢ over a surface S (which need not be closed surface or phase

surface). May be defined as:
Divide the surface S into m small elements AS;,AS,,...,AS, and form the expression

PAS, +$,AS, +...+ @, AS, , where ¢, is the value of the function ¢ at point P,. Now if m — oo we

land up with the surface integral I ¢-ds or for vector valued functions I F.ds.
S S

A

An

SurfaceS

T T
/// / P(Xy/z)

Let if A is the unit normal vector drawn outward to the surface S then we can define the vector
elementary surface area by

d§:{d§-ﬁ

=[dS =10
L

Elementary surface area

Note:
:.jﬁu§:jﬁﬁds
S S

Here F-A is the component of F along A i.e., normal to the surface S and _[If-ﬁdS is called the
S

total Flux across the surface S.
How to calculate Ilf .ds?
S

We know that T = xi + yj + zk =rcosai +rcos 3] +rcosrk
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v

The same concept we apply for the elementary surface area.
If dscosa,dscos ,dscosr are the orthogonal projections of the elementary area ds on the YZ-

plane, ZX-plane and XY-plane respectively.

Therefore, now we can write

dS = dscosai +dscos 3] +dscosrk

Here «, S, r are direction angles of ds with X -axis, Yy -axis and z -axis respectively.
A-ds =dscosai +dscos 4] +dscosrk

I -Ads = dscos o

i -Ads=dy- dz:ds—d:/.gz ()

j-nds—dscosﬂ:ds—dj :X ..(2)

K-Ads = dscosr:>ds—dx dy (3)

J-lf §:I'E Ads — ”F dxdy “-F ndydz _”F ndtdx )
5 X

Whlchever formin (4) swts you to eaS|Iy integrate (Accordlng to given condition); Apply that

Green's Theorem
Let's consider a closed region R in the xy-plane bounded by a simple closed curve ¢ and suppose

P(x,¥),Q(x,y) are continuous function with continuous derivatives in the region R.
Then

IP X, y)dx+Q(x,y)dy = J.J'(@—%jdxdy
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Note:
Unless otherwise stated, we will always consider that the line integral is described in the positive

sense (i.e. the curve c is transverse in the counterclockwise direction.

Note:
We can extend the proof of Green's Theorem in the plane to the curve ¢ for which lines parallel to the

coordinate axis may cut the curve ¢ in more than 2 points.

U
S T
Vv
ﬁhMM+NW=gt§_%§}kw 0
SJ;S Mdx + Ndy:g[%—%]dxdy ..(2)

On adding (1) and (2), we get
L.H.S.

Jrl=le]lof=]+]=]

STUS SVIS ST TUS SVI TS TUS SVT TUSVT

i

From the above description we just try to show that the Green's Theorem in the plane is applicable for
simply connected closed Regions.
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Simply connected closed Regions

Multiply connected closed Regions

Note:
The Green's Theorem in the plane is also applicable for the multiply connected Regions. It can also be
shown by the similar process as above.

Q. Express the Green's Theorem in the plane in vector notation.
Solution.
Let's consider a vector field function

o

F=M(xy)l+N(x,y)] and the position vector in the plane as T = xi +yj and dF =dxi +dy |

]k
Now, curl ﬁ:i i i =|ﬂ(_@j+i ﬂ _|_|2 @_%
ox oy oz (074 oy ox oy
M N O
o ISR
oX oy

Now the Green's Theorem in the plane can be written as []j F.dr = chrl F.k-dr

o A Generalization of this phenomena to the surface S in the space having a curve C as a boundary
leads quite naturally to Stoke's Theorem.

Q. Show that a necessary and sufficient condition for Fdx+ F,dy + F,dz to be an exact differential

is that ,where F =Fi +F,j+FkK.
Q. Show that (yzz3 COS X —4x3z)dx +2z°%ysin xdy +(3y222 sinx — x“)dt is an exact differential

of a function ¢ and find such ¢.

Solution.
] I k
0 0 0
ox oy oz

y’z8cosx—4x’z 2z%sinx  3y°z%sinx—x*
Proof:
Let Fdx+ F,dy+ F,dz is an exact differential

0 0 ¢ O

e, F=—,
OX oy 0z
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e, E=907,005,90¢ %y

ox oy oz
; ?xlf=§x(§¢)=0
Let VxF =0
Then F must be of the form V¢
ie, F-dFr =Vg-dr

= Rdx+ F,dy + Fdz :%dx+%dy+%dz
OX oy oz

= Rdx+ F,dy+ Fdz=d¢

. Fdx+ F,dy+ F,dz =d¢ is an exact differential equation.
Solution.
(yzz3 cosx—4x32)dx+ 27%ysin xdy+(3y222 sinx— x“)dz
= Fdx+ F,dy + F,dz
ie, F=Fi+Fj+Fk

- VxF =0 (on calculating)
= F is an exact differential i.e., 3 a function @ st
Fdx+F,dy+ Fdz=d¢
Y oo Fl,%= FZ,%= F,

oy 0z

= ¢ =y’z’sinx—x%z

i.e

¢, =2°y*sinx
¢, = y’z°sinx—x‘z

#(x,y,z)=y?2’sinx—x"z

Result
Consider a closed curve ¢ in a simply connected region then dex + Ndy =0
C

M N
iff 6_ = % everywhere in the region.

oy
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Volume Integral

Q. Let's consider some scalar valued function ¢(x, Y, z) =45x%y and let v be the closed region
bounded by the planes 4x+2y+z =8 and x=0,y =0,z =0. Then evaluate the volume integral

JIf,pav

4X+2y+12=38

Z
8-4x
2 o 8- (4x+2y)

V= j j J. 45x°y dxdydt
x=0 y=0 z=0
- J% j' 45x2y[z]§7(4x+2y)dxdy
x=0 y=0
4 4-2x
- J’ J‘ 45x°y(8—4x —2y)dxdy
x=0 y=0
- j“ 4'|‘2X(36Ox2y—180x3y—90x2y2)dxdy
x=0 y=0
4-2x

dx

j {360x2y2 180x°y* QOXZyT
AR 2 3
4

= [ |180x" (4-2x)" ~90x’ (4-2x)" ~30x" (4-2x)’ [dx

0

X
x=0
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- j‘ [180x2 (16-+4x> ~16x) ~90x* (16+ 4x* ~16X ) ~ 30x* (64 — 96X + 48X° —8x3)] dx

x=0

Gauss Divergence Theorem

Let v is the volume bounded by the closed surface S and F is a vector valued function of position
with continuous derivative then

deiﬁ:ﬂ F.AdS
\Y S

e Applicable only for closed surface.

e.g. If the surface Sis x> +Yy® =4, z =5 we cannot apply Gauss's Divergence Theorem here.
But if the surface Sis x> +Yy* =4, z=5 to z=8; yes we can apply Gauss Divergence Theorem.

Stoke's Theorem
Alternative definition of curl:
Suppose AS is a surface element at a point P, the boundary of the element being the closed curve Ac
and 1A is the unit normal vector at the point P drawn outward to the surface. Then we define a limit
[ F-dr

(curlF) = lim 2 ——
n o AS—0  AS
If this limit exists independent of the shape of the curve.

5>

AS

Ac

Here (curl If) is the component of a certain vector curl F along the normal fi to the surface.

n

Statement

The line integral of a vector field F around any closed curve is equal to ”curl F (i.e., the surface
S

integral of curl F taken over any surface of which the curve is a boundary edge.

Mathematically if F is any continuous differentiable vector function and S is a surface enclosed by a
curve C, then

jﬁ-dr:jjcurlﬁ.ﬁds
c S

Here A is the unit normal vector outward to the surface S.
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Gradient, Divergence and Curl

Solved Examples
2

1. 1f A=x%yzi —2xz%] + xz%k, B = 2zi + yj — x?k , then value of (Ax E) at (1,0,-2) is equal

OXoy
to?
] i k
AxB=|x’yz -2xz° xz°
2z y =X
:(2x323—xyzz)f+(2xz3+x4yz)j+<x2yzz+4xz4)12
E(Ax I§)=—xzzf+x4zi+2x2sz2
o (Ax§)=—22f+4x3zj+4xyzlz
Oxoy
62 = =2 a 2
So, at (1,0,-2), axay(Ax B)=—4i-8j

2.1f f(x,y,2)=3x*y—y’z%, then grad f and the point (1,—2,—1) is equal to ?

f =3x%y—y°z?
Vf:ih@ﬁﬂﬁ:6xyf+(3x2—3y222)j—2y32|2
ox oy~ oz

At (1,-2,-1), Vf =-12{ 9] -16kK.

3. The gradient of f(r) is equal to?

V() =3 2 (1 (1) =i (NS =Xt (r) = USND)

r r
4. Vi (r)xF is equal to?

vf (r)= # I [as solved in previous question]

\%i (r)x?:O

6. Vlogr is equal to?
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Vlogr_2|—logr_ il q:%ZFX:L

7. Vr" isequal to ?

n_ “i n o_ o n—lg _ n-2 N n-2
vr _Zlaxr =>inr Foialll D ix =nr"?r
8. If & is constant vector & F = Xi + Y]+ zK then grad (F-a) isequal to ?
V(F-a)= |— (F-a) Zu( J Yi(i-a)=a
9.Let & & b are constant vector and T = Xi +Yj + zk grad[FéB] is equal to ?
. o ar — e afn _d = N =
grad[r ] ZI—( (axb)) Zl(&-(axb)j=2|(|-(axb))zaxb

10. If & is a constant vector, ¢ is scalar field (é-V)gb is equal to?

Let d=ai +a,]+ak

§~V:a1£+a2%+a3£
_¢ o¢ _¢
(a-V)g= ao Tl ThG

11. If & is constant vector and F = XI + Y] + ZIZ(é-V) I is equal to ?

Let d=ai +a,]+ak

a-vs= £+a £+ 9
a16X 2 5y a3az
(a.v)Fz[ai§+a2%+a3§j(xf+y]+zl2)

—ai+a,j+ak=a
12. The unit normal vector to the level surface x*+ y2 —Z =4 at point (1,1, —2) is?

.. . . vi
Normal vector lies in direction of Vf , So A =—

vi|
f=x+y?’~z, Vf =2xi +2yj -k, At (L1,-2) Vf=2i+2]-k, [Vf|=9=3

k,A
Vi _2i+2j-k 2. 2.
3

>

[S—Y

So, A =—1+
TVl 3 3

1
3
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13. The directional derivative of f(x,y,z)= x’yz +4xz’ at the point (1—2,-1) in the direction of
vector 2i — j— 2K is?

\Yi :(nyz+4zz)f+<xzz) i+(x2y+8xz)I2 At (L,-2,-1), Vf =8 - ] -10k

So, directional derivative of f in direction of 2i — j— 2K is equal to

vi -a:%(sf—j—10|2)-(2f—j—2|2)=3?7

14. The point P closet to origin on the plane 2X+y—-z-5=0 is ?
Closest point will be foot of perpendicular from origin

vs:2f+j—|2
Vs~ Ve
2 1

<
EE

S=2x+y-z-5=0, A=

, Itlieson S. So, r =i

NG

Coordinate of P :[

15. The temperature T at a surface is given by T = x>+ y* —z . In which direction a mosquito at the
point (4,4,2) on the surface will fly so that it cools fastest?

T=xX+y’ -z
Direction of fastest cooling will lie in direction opposite to the direction of gradient i.e. —VT
VT =2xi +2yj—k =8i +8]—k

16. The scalar function f which corresponds to V = Vf

Xi +yj + zK

X +yi+7°
f=yx®+y?+2° +c, Vf _¥
:

17. One of the point at which the derivative of the function f (x, y) =x? —xy—y+ Yy’ vanishes along
L \/§J is?

2
v =(2x—y)I —(x+1-2y) ]

where V = is?

the direction

+43] 1 V3

Directional derivative in direction given by IT = E(ZX_ y)—7(x +1-2y)

25 (1-28) (_1 2 j

——— It becomes zero at ,
2 2 17 2.3-1

Personalized Mentorship +91-9971930052



Mindset Makers for UPSC

18. Which of the following is a unit normal vector to the surface z =xy at P(2,-1,-1)?
\%i | —2]+ k

VT e

19. Let f (X y)=Inyx+y and g(X,y)=1/X+Yy. Then the value of V*( fg) at (1,0)?

f=In x+y 2 g=4x+y, fg=Jx+yInSx+y,v2ifg = [§2+§y—2jfg
8( 2\/_In«/x+y+./x+

The surfaceis f =xy—z=0,Vf =yl +xj—k =i +xj -k, i

\/x+y 2\/x+y
o’fg 1 32 1 1 1 32
il | . -
ox® 4(X+y) n(Hy)+2(x+y) 2x+y 4(X+y)
VZfg=0

2
20. The spheres X° +y?+2z* =1 and x° +(y—\/§) + 2% =4 intersect at an angle?

X +y2+22 =1, X2 +y? + 22— 24/3y =1. They intersect at plane y =0
(O, 0,1) is one point of intersection which is lying on the both sphere.
Let us find normal vector at this point and find angle between them
A =Xi + Y] + 2k
“ ( y—+3 ) j+zk

2

oA 1 .

cos@ =N, -f, = 5 atpoint (0,01), 6=7/3

n, =

21. Let 8,0<0 <7 be the angle between the planes X—y+z=0 and 2x—-z=4
The value of @ is?
X—Y+2=3=>X-y+2-3=0,2Xx-2=4=2x-72-4=0
Let us find angle between their normal

\%i XA 1 21 —k

A - N
A=——, cos@=N N, =———, A, = ,n_
|Vf| 112 /—15 2 \/g 1 \/_
1
—=60=c0s—
J15

22. f(x,y)=xy’+yx’
Suppose the directional derivative of f in the direction of the unit vector (uj,u, ) at the point (1,—1)

k

is 1. The among the following (ul,uz) is?
f=xy?+yx, VI =(y*+2xy)i+(X* +2xy) |, At (L-1)VFf =—i—]
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A=ul+U,]
Directional derivative of f in direction of unit vector (u,,u, ) is Vf -A=1
=-U, —U, =1, u, =-1,u, =0 satisfies above equation.

23. For what values of a and b, the directional derivative of u(x,y,z)=ax*yz+bxy’z at (111)
along [ + j—2K is /6 and along 1 — ]+ 2K is 36 2

Vu =(2axyz +by*z )i +(ax’z + 2bxyz ) j+<ax2y+bxy2)12

The directional derivative of u(Xx,y,z) along (f+ j—ZIZ) at (1,1,1)

A

-2k

a
|

a+b

—

o A ~ + 1
2a+b)i+(a+2b)j+(a+b)k-———=—=—+(2a+b+a+2b-2a-2b)=——+=+/6 (Gi
(2a+)i+(a+20) j+(a+b)k- I = )=2 75 =6 (Given)
So, a+b=6
The directional derivative of u(X,y,z) along (f j+ ZIZ) at (1,1,1)
:((za+b)i‘+(a+zb)j+(a+b)k).ﬂ 1 (3a+b)=36 (Given)

6 6
3a+b=18 ..(2)
Solving (1) & (2)
a=6,b=0

24.1f f(x,y,z)=x-y and V[%):l(f—j)—(xzyjﬁ then g(x,y,z) is?

v(ljzw AL
g g g ¢

Given V[ijzl(f—j) (X y}k On comparing g (X, y,z) =2
9) z 72

25. The directional derivative of f (x,y,z)=z€"" at (0,%,1} along (Zf— j+2l2) is?

Vf = _yZZecost -sin ny — %729 .gin ij A Zzecosxyk\
i H A A 1 o A A
Unit vector along 21 — J + 2K is given by, i :§(ZI - +2k)

Directional derivative along (Zf —j+ ZIZ)

2f—i+2|2)

f =Vf. ( ey sin xyl —z%e“¥ xsin xyj + 22e°°sxyk) (

ds

1 . .
= §(—Zzzye“’Sxy sin xy — xz°e™> sin xy + 4ze°°“y)
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At (0, % ,1] , directional derivative=—¢ .

26. Let F =xi +Yj+zK. Then V(F-V(F-T)) isequal to ?
. ~ O .
V(r-r):ZIaX(x +y?+1 ) 2r, F-v(F-F)=2r-F=2r?

V(r-v(r-r))=2v(r?)=4r

27 1F F =xi +yj+ 2K , then V|F|" equals ?

V(|r|4):V(r4) :ng(r“) :4r3ZTiAX = 4r%r.

28. Let T(X,Y,z)=xy’+2z—X’z* be the temperature at the point (X, y,Z). The unit vector in the

direction in which the temperature decreases most rapidly at (1,0,—1) is ?

Temperature increases most rapidly in the direction of VT .
VT :(y2 —2xzz)f+2xyj+(2—2xzz)I2 At (1,0,-1),VT =20 +4k

Unit vector in the direction of VT = —ihiﬁ
NN
¥ e o . 1. 2 -
So, temperature decreases most rapidly in the direction of —VT . i.e ﬁ _ﬁk

29. The equation of a surface of revolution is

Z= _,/2 X2+ 2 y“ .The unit normal to the surface at the point A(

Equation of surface is
3
72 = 2 (%2 + v2
> (¢ +y?)
F =3x*+3y*-22*=0

Y

VF 6Xi +6Y] — 47k

,0,1] is ?

_3xi +3yj-2zk

Unit normal to the surface =2

IVFI 2,J9X% +9y? + 472

=ﬁ22k Gn_ B2

Ox—+4
3
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Assignment-1

1. Find the directional derivative of the function f =x*—y®+2z* at the point P(1,2,3) in the

direction of line PQ where Q is the point (5,0,4).
Solution.
Here, function f =x?—y?+2z%, Vf =2xi —2yj+4zk , At (1,2,3), Vf =2 -4]+12k

Now, vector PQ = position vector Q-position vector of P = (5?+4I2)—(f+ 2]°+3I2) =4i —2j+k
4i-2]+k 4T -2j+k

J6+4+1 21

So, directional derivative of f in the direction of é=Vf-é=(2i‘ —4i+12|2)-

28 4J_
-2 2
J21 3

2. What is the greatest rate of increase of u = xyz* at the point (1,0,3)?
Solution.
U =xyz?,Vu = yz* + x2?  + 2xyzk , At (1,0,3), Vu=9]

Unit vector in direction of PQ,4 =

(4f—zj+|2)
J21

The greatest rate of increase of f lie in the direction of VT .
So, maximum value of directional derivative
=Vu-a with & being unit vector parallel to Vu =|Vu|=9.

3. Find the directional derivative of

(i) 4xz° —3x*y?z’ at (2,—1,2)along z axis.

(i) x*yz+4xz? at (1,—2,1) in the direction of 2i — j—2K.

Solution.

(i) f =4xz®-3x°y*z?, Vf :(423—6xy222)f—6x2y22]+(12xz2 —6x2y22)I2 AL (2,-1,2),
Vi =—161 +96 ] + 48k

Along z axis, the directional derivative along z axis= Vf -k =48

(i) f=x’yz+4xz?, Vf :(2xyz+4zz)f+x22i+(x2y+82x)I2,At (L-21), Vi = j+6Kk

S 2i-j-2k 2i-j-2k

J9 3

Directional derivative in direction of 2 — | — 2k =Vf -a4= ( j+ 6&)[%) = —% .

Unit vector in the direction of 2i — i— 2I2, a

4. Find the directional derivative of f (X, y)=x’y’—xy atthe point (2,1) in the directional of a

unit vector which makes an angle of /3 with x axis?

Personalized Mentorship +91-9971930052



Mindset Makers for UPSC

Solution.
f(xy)=xy°+xy, Vf =(2xy° +y)i +(3y* +x) ], At (2,1), Vf =5

A & - 1 Il 3 ~
Unit vector making an angle of /3 with x axisa = COS%I +sm% ] = EI +? J

So, directional derivative of f in the direction of unit vector making angle of % with the x axis= VT -4

:(5?+14j)-(%f+£ jJ _5H43

2 2

5. Find the constants a and b so that the surface ax” —byz =(a+2)x will be orthogonal to the surface
4x?y+7° =4 atthe point (1,-1,2).

Solution.
The two surface are orthogonal at point P if the respective normal to the surface are perpendicular to each
other.

The surface S, is given by

S,:ax? —byz —(a+2)x =0, Gradient of S, VS, =(2ax—(a+2))i —bz j—byk
At (1,-1,2) VS, =(a-2)i—2b j-bk

VS,

Unit normal vector to S, A, = |VS |
1

The surface S, is given by
S,:4x°y+12° =4, Gradient of S,, VS, =8xyi +4x%] +32°k, At (1,-1,2) VS, =8i +4j+12k

Normalto S,, fi, = VS,
VS,|
Two surface S; & S, are orthogonal So, i, -fi, =0 e, T =0 VS, -V§, =0
VS| |[VS,|

= ((a—2)i —2bj + k) (—8i +4] +12k) =0 =—8(a—2)-80+120 =0 = —Ba+4b =16

Point (1,—1,2) lieson S,. So, a+2b=a+2 =b=1So, a=g.

6. Find the values of constant a,b & c so that the directional derivative of the function.
f =axy? +byz+cz’x® at the point (1,2—1) has maximum magnitude 64 in the direction of parallel

to z-axis
Solution.
The function

f =axy? +byz+cz?x®, Vi :ngf :(ayz+3c22x2)f+(2axy+bz)j+(by+2czx3)I2

At (1,2,-1) Vf =(4a+3c)i +(4a—b)j+(20-2c)k
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The directional derivative of f is maximum along Vf and it is given that maximum value of directional
derivative is along z axis. So, Vf is parallel to z axis. So, its x & y component should be zero.

4a ~ 32
So, 4a+3c=0= C=-3 4a-b=0=b=4a, So, Vf =(2b—2c)k :?ak

32a
Maximum value of directional derivative is equal to |Vf| =64 = i =64.S0, a=6

b=24,c=-8.

7. Find the directional derivative of f = x*yz® along x=€™",y=1+2sint,z=t—cost at t=0.
Solution.

The function f = x?yz®, Vf =2xyz% +x?2%] +3x?yz%k, For t=0,x=e ' =1,y =1+2sint =1
z=t—cost=—1.So, at (L1,-1) Vf =-2i - j+3k

The curve is described by vector F =e™'T +(1+2sint) j +(t—cost)k

zz_zz—etf+2cosﬁ+(1+sint)|2,Att:O f=—i+2j+k

—

i +2]+k

%

. N ( 1+2)+k
Directional derivative along the curve at t =0 = Vf -t = (—2i -] +3k)-— = ﬁ =43

NG

8. If f and T, are the vector joining the fixed point. A(X,,Y,,z) & B(X,,Y,,Z,) respectively to a

Unit vector along tangent, f =

variable point P (X, y, z) then find the values of grad (F; - F,) & (F,xT,).

Solution.
The vector

AP = [, = position vector of P-position vector ofA:(xf+ yj+2l2)—(x1f+ Y]+ zlkA)
=(x=x)i+(y-y,) j+(z~2z)K. Similarly, BP =F, = (x—X,)i +(y-y,)j +(z-2,)k
] i k
[XG=1X=X Y-y, I-1
X-X, y-Y, 2-12,

=[(y=)(z=2)-(y-¥.)(z-2) Ji+[(x=%,)(z~2) = (x=%)(z~2,)] ]
H(y=-w)(z=2)-(y-¥)(z-2)]k

=[v(z-2,)+2(Y, = Vo) + (NiZo = ¥o2,) |1 +[ 2 =%, )+ X(2, — 2) + (2%, — 2,%) | ]
(= ¥2)+ Y (6 = %) + (%Y, = %Y [k

oG =(X=%)(X=%)+(y=y)(Y=¥,)+(z—-2%)(z-2,)
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9. Find the equation of tangent plane and normal to the surface 2xz>—3xy+4x =1 at the point
(1,1, 2).

Solution.

Equation of the surface is , f (X, y,z)=2xz” —3xy +4x =1,

vf :Zf%f =(22° -3y +4)i —3xj +4xzk, At (1L1,2) Vf =90 -3]+8k

Let R=Xi + Y]+ zK is a position vector of any arbitrary point (X, y,Z) on the tangent plane at point P.

The position vector of point P is T =1 + ] + 2k
Equation of tangent plane at point P is
I of of of
(R-7).grad f =0 :>(x—1)5+(y—1)&+(z—2)5=0:>9(x—1)—3(y—1)+8(z—2)=0
Ox—-3y+8z=22
Equation of normal to the surface at point (1,1,2) is
x-1 y-1 z-2 x-1 y-1 z-2

of of o ' 9 28 8

x oy

10. Find the equation of the tangent plane and normal to the surface Xyz =2 at the point (1, 2,1) :
Solution.

The equation of surfaceis f(X,y,z)=xyz—2=0

Vf = yzi + xzj + xyK, At point (1,2,1) Vf =2i + j+2k

Let R=xi + yj + 7K be the position vector of an arbitrary point (x, Y, z) on the tangent plane.
Position vector of point of contact (1,2,1), F=i+2]j+ K

Equation of tangent plane is , (ﬁ - F) Vi =0

of of of
:>(x—1)5+(y—2)5+(z—1)5=0 =2(x-1)+(y-2)+2(z-1)=6
2X+Yy+22=6

Equation of normal to the surface at point (1,2,1)

X -1 > e Y gy pr=2>7-1

of — of —of " 2 1 2

x oy  a

Personalized Mentorship +91-9971930052



Mindset Makers for UPSC

11. Give the curve X* + y? + 2% =1, X+ y+z =1 (intersection of two surfaces) find the equation of the
tangent line at the point (1,0,0).

Solution.
Given is the curve of intersection of two surfaces

S,=xX"+y*+72°=0 S,=x+y+z=1
VS, =2xi +2yj+22K, VS, =1 + ] +K, At the point (1,0,0) VS, =2i, VS, =i + j+k
i

VS, ~ . 1+4]
=i, A=

Vs NG

Tangent to the curve of intersection will be perpendicular to both i, & f, i.e. it lies in the direction of
P (R £ S I T

A, x A, i.e. Ix—=——j+—3k

V3 3

So, equation of tangent passing through (L 0, O) & parallel to vector —

The normal vector to surface S, & S, are givenby, i, =

v Y_f Yf

12. Find the angle between the surface x*+y®+2*=9 and z =x*+y’ —3 at the point (2,—-1,2).

Solution.
Angle between two surfaces at a point will be equal to the angle between their respective normal at the

point. So, let us the unit normal vector to the surfaces at given point i.e. (2,—1, 2)

The given surfaces are ,S, = x> +y*+2°=9, S, =x"+y°-z=3

Their gradient are , VS, = 2xi +2yj + 22K , VS, = 2xi +2yj —K

At (2,-1,2), VS, =4i —2]+4k, VS, =4i 2]k

The unit normal vectors to the surface S; & S, at point (2,—1,2) are

. _ VS, _4i-2j+4K 2y Ls
VS| J% 3 3

. VS, 4i-2j-k 4 .

S TR L Bk

If @ is the angle between two vectors

Zf
3

then A, - A, =|A||f,|cos® = cos O = 8 . 2 2 _ .So, #=cos™

8
321 321 3J21 321 321

13. If F & fare two point function, show that the components of the former tangential and normal
Vix(Fxvf)  (F.vf)vf

5 and 5
(V) (Vi)

to the level surface f =0 are

Solution.
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Unit normal vector to the surface f =0, ﬁ:%
. = o= . = Vi
Magnitude of component of F normal to the surface f =0is, F-A=F W

Component of F normal to the surface f =0 (lf-ﬁ)ﬁ =

(ﬁ_ v jvf (F-vif)v
B} B} . _ (F-vi)vf
Component of F tangential to surface f =0= F - normal componentof F = F _W
(VE-VE)F—(F Vi)V Vfx(FxVf)
0 i
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Divergence and Curl

SOLVED EXAMPLES

1. divl equal to ?

F=xi+yj+zk, V-FzZiA-aiF =Zf~f:21:3
X

2. curl r isequal to?

Pk
curl i LA i=O

oXx oy oz

X y z

3. The value of constant a for which the vector 1? = (x+3y)f+(y—22) ]+(x+az)l2 is solenoidal
is?
Vector f is solenoidal if div f =0, div 1?:g(x+3y)+£(y—22)+£(x+az):0

’ OX oy oz

=1+1+a=0a=-2.
4. 1f & is a constant vector, then V- (Fxa) is equal to ?

v (P2)= 3 2 (1 xa) =21 Lxa | < X7 (ia) =0

5. If & is a constant vector, curl (r xa) is equal to?

curl (Fxa)= |><— (Fx le(—xaj >ix(ixa)=Y[(ia)i—(i-)a]

_ (f-a)f—Za —a-3a—-2a

6.1f f =e ( +2j+3 ) the curl f at (1,1,1) equal to ?
i k
3 0 0 0 7 a 7 A 7 "
Vxf= - =e™ (3xz-2xy)i +e™ (xy—yz) j+€* (2yz—xz )k

x oy a
e Xyz 2e Xyz 3e Xyz

At (11,1),Vx f =e(ixK)

7.1f T =xy® +2x°yzj —3yz°k , then value of div T at (1,1,1) is equal to ?

e A 2 g B 0 2 0 2 0 2
f = xy? +2x%yzj —3yz%k , div f —&(xy )+5(2X yZ)_5(3yZ )=y2+2X22—6yz
At (1,1,1),div f=-3

8. If F:(XZ—yz)iA+2ij+(y2—Xy)kA,the curl f at (1L1,1) isequal to?
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] k
— ~ 2 A - a a N .
f=(x+y+1)i+j+(-x=y)k, curl f= = =

j
9
oy

1

X+y+1 -X-Y

f-curl fz((x+y+1)f+ j+(—x—y)l2)-<—f+i—l2) =—X-y-1+1+x+y=0

Assignment-2

1. Prove that div (1T )= (n+3)r"

Solution.
. ~ naor . or
div = ( ) Z| —(r r) ZI {nr 1&'._“ &}
na X(a 2\ s affOFr X OF &
= {nr 1?(| r)+r| I}(&_?'_XZIJZ —IX "L =N +3r" = (n+3)r
2. Prove that VZ(I’n ):n(n+3)r”‘2r
Solution.

Vz(r"F) (V ( )) (from previous example),V-(r"F):(n+3)rnSo, Vz(r”F):V(n+3)r”

=(n+3)>.1 ( ) =(n+3)> nr"H x = (n+3) r2Exi =n(n+3)r"°r

OX x
r
3. Prove that div (_3} =

Solution.

o ()2 a5 -2 iAo 5]

=N

5. Prove that vector f (r)f’ is irrorational

Solution.
A vector function is said to be irrotational if its curl is zero
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V(1 (r)7)= fxi(f(r)r)=zfx(f-(r)gnf(r)gjzzf{f-(r)inf(r)fj
f

f' r R (r
( )ZX|><r+Zf( )lel = ( )
r r

Since, curl of f(r)F’ is zero, hence f(r)r’ is irrotational.

1
6. Prove that V° (F) =0

Solution.

(1) 1 1) «:0(1) wof 1o} of 1x 10
i R R O BN B G T

(2o (od)o5)-2r 25w (22 2(3)

N 1 a 3 a l PN 3X oo 1 3 3 3
=—ZI -(—3| +F(——4-a—;D :_Z(F(I -I)—F-(I 'r) :_FZIJFFZXZ =_F+_5.

r
7. Prove that div grad r" =n(n+1)r"?
Solution.

Il & r I X - o i e
grad r" =Z| air” =Z|nr”‘la_ :Zmr”‘l— =nr"2xxi =nr"’F
X

div grad 1" =Y. div(nr"?r) - f—( ) =npy i ( aﬁx(rnz)j

OX

_n2|( A+r(n-2)r" Z)r(j:nr“zf-hnzf-((n 2)r 9 Xy j

p
=3nr"?% + n(n—-2) r”‘4ZX(f-F') =3nr"? +n(n-2)r"*=x* =3nr"* +n(n—2)r"?
= (n2 + n)rn_z =n(n+1)r"?

8. Prove that V?(gy ) =gV +2V -V +yV’g
Solution.

VE(gy) = V(YY) =V - (Wt 47 1) =V - (W) + V- (V1) =YV $+ 2V -V + oy

9. 1f A and B are irrotational, prove that Ax B is solenaidal
Solution.

Ax B are irrotational So, VxA=0& VxB=0
_ oA ) (-~ OB
Now, V(A-B)=>"i- —(AxB) I [&XB]+I-[AX&J]
-3 B it Bk | g3t (B A) g A& 3 B
OX 8x oX OX OX
=B-curl A— Acurl B =0 Since V-(Ax@):o
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Hence, Ax B is solenoidal.
10. If f and g are two scalar point function prove that div ( ng) = fVv?g+Vf.-Vg.

Solution.
We can use a vector identityV~(¢F) =Vg- f+¢V. f  Where ¢ is a scalar function & f is a vector
function. So, v-(fvg)=Vf -vg+ fv.(vg)=Vf-Vg+ Vg
0 og
g: (09

~ 0 0g «
iter. f Vg = f —qg|=f=1+f +f=
Aliter. TV(Q (ZI gj x 8yJ pe

v.(fvg)= (ag)+ (fa—gjh (fagj
ox\_ ox) oy\ oy oz\ ot

LA BcA B I T I

X X o oy oy oy oz or ol
2

g gagj{i@_@lﬁ.a_%i@_g}

07° OX OX oy oy o0z OX

= fVig+ al +i1 el ’+a_gj+a_912 = fV?g+Vf-Vg
ox oy oz ox oy oz

11. Prove that div (Ax F’) =7 -curl A when A is a constant vector

Solution.

Using identity V.(Ax I§) = B-curl A— A-curl B, V-(Ax f’) =F-curl A— A-curl

=r-curl A (ascurl ¥ =0)
12. If & is a constant vector, prove that

div {r"(axr)}=0
Solution.

v-(r"(axr))=>1- —(

nr" (2Xi)-(ax )+ T - (ax ):nr"‘zf-(axf)+r"Zf-(axf):O

13. Prove that
Solution.

V(N y —yN @)=y —yVig

V()= -(Vy)+V-Vy =Ny +Vé-Vy

V(W) =N (Vo) +Vy -V =yV’¢p+Vy -V

V@V V)= (VP VeV )= (Vi V) = vy —yvg
14. If 3 and 6 are constant vectors, prove that

(i) div | (Fxa)xb |=—-2b-a (i) curl [ (Fxa)xb |=bxa

Solution.

QJJ
\_/
g

Il

>
7\
>

=

=}

s
|
—~
oo !

X

=l
N—"

+

=

=}
7~ N\
Q,
o))
2
N—
N—
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(i) div [ (Fx ) b|=v [(Fxé)xﬁ]=Zf-§[(fxé)x6]=2f.{ gxa}ﬁ}
5 [(fa)] =i [ B)a-(a 5)i] =L 5)(-a) (a5 ]

= ab, (a bjr1=a-b-3(a-b)=-2d-b=-2b-a

(ii) curl | (Fx&)xb

Q_ >
Il

- O}
X

Q)

15. If r denotes the posmon vector of a point an

, determine of grad (I’_l) interms of £ andr.
Solution.

1 ~0(1 . or 1« r
Vi=|=2I—| = |=2I| —— - Y
[rj ax(rj ( j x r32XI re’

direction of 1 .
16. For any constant vector &, show that the vector represented by curl (é xT ) is always parallel

1 f
(Fj =— ,Where, f isa unit vector in

to the vector &-F being the position vector of a point (x, y, z), measured from the origin.
Solution.

cur () =20 85| x| 85" | < (axi) =37 x{axi) =2(0-1) (i)
:éZl—Z(f-é)f =3a—-a=24a. So, Curl (ax f) is always parallel to vector & .

17.1f F = i +yj + zk find the value(s) of n in order that I'T may be (i) solenoidal, (ii)

irroataional.
Solution.
(i) For vector to be solenoidal, its divergence should be zero.

ne ~ O ne) — L ar Aar n—2 n(t.f
v(r r)=2|-&(r r)—E[(I-I’)nl’ ax+r| &} z[nr lXT” ("')}

=nr" 2 41" = et 3 = (n+3)r". So, r"r will solenoidal if n=-3.
(ii) For vector to be irrotational, its curl must be zero.

Curl r”Fzzfx%(r”F)zz{(fx?)nr Z)r(Jrr (lxgﬂ =Z[(fxr)nr”‘2x+r"(fxfﬂ
:Z[nr"‘z(xfx f)+0] =nr"2 [(in)x F] =nr"?[F=7]=0

So, r"r will be irrotational for any value of n.
18. If uf = Vv, when u, v are scalar fields and fisa vector, find the value of f.curl f.
Solution.
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Given uf = VV , Taking curl on both sides , Vx(uf) =Vx(VV)=Vux f+uvx f =0 (as curl of
gradient = 0). Taking dot product with f

f-(VUx f)+uf-Vx f =0. Since f-(VUX f):O. So, f-Vxf=0

19. Let F=xi+yj+zk and r=|F|. If a scalar field ¢ and a vector field O satisfy

V¢:VxU+f(r)f where f is an arbitrary differentiable function, then show that

Vip=rf'(r)+3f(r).
Solution.

Vg=Vxi+f(r)r v2¢=v-v¢=v-(qu)+v-(f(r)r) =0+ 1-—(f(r)F)

:Z(f.r)f-(r)§+sz(r). zx +E ()0 =rf (r)+3 (1)
20. A vector field is given by
a(xj—yf) for (x* +y?) < r;} (region-I)
F(r)=1 _, (3i-y)
ar, -———
(x*+y?)
Here a and r; are two constants.
Find the curl of this field in both the region.

for (x* +y?) > 17 (region-Il)

Solution.
B N , (—yf+xj)
F(r):a(—yl +Xj) for r <r, (Regionl), ary ~———= for r >r, (Region II)
X*+y

| i K
Inregions I, VxF = g 9 2 =2ak

X oy o0z

-ay ax 0
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| ] k
Inregion Il VxF = 9 9 9
ox oy o
_arly  arx 0
X +y> xX+y?

21. If T is the position vector of the point (X, y,z) w.r.t. origin.
Prove that

VA ()= £(r)+ 2 (1)

Find f(r) suchthat V*f (r)=0.

Solution.

V£ (1) = V- VE (1), vi(r)=3i 2 1) =Xir (T =Xi ()% -
),

sz:r)ﬂ [f':r)f’}zfg((lf ( )rj

i {% %)f'(r)n%ﬁ(f (1) %f (r )2;1

i Ernsrog -t

r r
Now, let us find f (r) such that V*f (r)=0,Let g( )

Now, V21 (F)=0 = £7(r)+ 2 £(r)=0=g'()+ rg() 0=9.2,
Integrating
J‘dEg+2J‘%=constant:>gr2:Cl'.'g(r)z%% rl f—j%errC

f(r):—%+C2

22. Evaluate div{éx(fxé)} where 3 is a constant vector.
Solution.
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Solution.

din:Zf'ﬁ(lr)=Zf'(a—i[%jr %g} Zf(—r—lz-éﬂéfj
:__z (i7)+ zl(. ) - _iszxulzl:_hgi

r r r r

- 18] p 2 \or 2 4 2

grad (div f)= grad( J zlax( ] i (_Fjé_z_F'ZXI =5
24. Prove that curl (&xF)r" =(n+2)r"a—nr"*(7-a)r.

Solution.
curl (&xT)r" =ZfX§[(axr)r”] =foKaxZ—jr” +(§xf)%(r”)}
=Zf{(ﬁxf)r” +(éxf)nr“‘1%} =Yix(axi)"+ Y ix(axFpr?

=r”2fx(axf)+r"‘22xf (axr) =r Z[(f~f)§—(f-a)f]+nr”‘2[rx(a’xr)]
=r"|axt-x(i-a)f [+nr? [(F-r)a—(r-a)r | =3ra—r'a+nra—nr"? (r-
=(n+2)r'a-nr"?*(r-a)r

25. Prove that div {Lr) r}:ii(ﬂf)

r r dr
Solution.

div{mf'}=2?6—i{% f (r)f’} =Zf~{§@ f (r)l"'+%§(f(r))r+
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Solution.

r
~ |01 1 or 4 0r (s P
:—3Z| {&(F) +r—4 7}:—32{—F —X(| r)+r—<| |)}:—32{—
4 1 4 3 3
_—3{—F2X2+r—421}:—3 —F+r—4}=r—4

27. Prove that

B.VK@V(;D: 3(a-r)(6F) ab

r

where 3 and b are constant vectors.
Solution.

28. If & is a constant vector, prove that

a

axr a 3r,_ _

curl 3 =——3+—5(a'r)
r r r

Solution.
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Solution.

(DB B2

r

- 4or_, 1 4x (s

:—22| -‘:—F&I’ +—4| =_22[__6.(| .

=—2{—i62x2+i421
r

r
30. Expand

| GEA | 5
Il
e
|
ﬂbl ~
+
ﬁbl w
L 1
Il
ﬂbl N

(i) v(ainj (ii) v-[axinj (iii) w(axinj
r r r

where d is a constant vector.
Solution.
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CHAPTER 4
LINE INTEGRAL

SOLVED EXAMPLES

1. If F =3xyi —y?| determine the value of Iﬁdf where C is the curve y =2x? in the xy plane
Cc

from (0,0) to (1,2). y
2

Solution.
The curve lies in Xy plane, so z=0. Z can never be taken as independent variable Z is a dependent

variable. Now, out of xand Y, and one variable can be taken as independent.
Suppose X is taken as independent variable y = 2x?, dy = 4xdx
F -dr = 3xydx — y?dy =6x%dx —4x*-4xdx = (6x3 —16x5)dx

6t

_16%
6

7

1 4
- X
So, the line integral j f -dr reduces to a definite integral. I(6x3 —16x5)dx = 67 :
C 0

0 0

If y is taken as independent variable then X can be expressed in terms of y as X = \/g

1 - y 1 1 3.y
dx=—=——dySo, f-df =3xydx—y’dy =3 \P——d -y“d =(—y—yjdy
N ydx - y“dy yzzﬁ\/yyyy4

2 3|2
So, the line integral j f -dr reduces to a definite integral I(% y— yzjdy = g y? —y?
0

6

0
2. Evaluate Ilf -df where F = (X2 - yz)f+ xyj and curve C is arc of the curve y =x* from (0,0)
C

to (2,4).
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Solution.
F-dr =(x* —y?)dx+ Xxydy Taking x as independent variable, y =X, dy = 2xdx

F-dr = (% —y? ) dx+xydy = (x* —x* ) dx+x° - 2xdx = (x* +x* ) dx
. 2 X %[ 136
So, the line integral IF -dF reduces to a definite integral I(x2+x4)dx:—+— =—
) 3 5| 15

0
3. Find the work done when a force

F :(x2 —y? +x)f—(2xy+ y)]
moves a particle in xy plane from (0,0) to (1,1) along the parabola y* = x.

Solution.
y

P(L1)

z
Here, on the curve C, Yy can be taken as independent variable and x = yz,dx =2ydy

work done in moving a particle by displacement d¥ dW =F -dF = (X2 -y + X) dx —(2xy + y)dy

=(y*—y?+y?)-2ydy—(2y*-y+y)dy =(2y° -2y —y)dy
Hence, work done is moving a particle from O to P is given by

6 4 2 3

4. Evaluate mxdy— ydx around acircle x> +y* =r?
Solution.

1
w :j(2y5—2y3—y)dy=2£—2L—L ==
0
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Let C denotes the circle. The parametric equations of circle is x=rcos@ y =rsiné
Here, x and y have been expressed in terms of parameter which varies from 0 to 2,z as one traverses

the circle.
X=rcos@=dx=-rsin@d@,y =rsin@ = dy =rcosfdéd

xdy — ydx = r cos r cos dd@—rsin O(—rsin 8)do = r’de

So, mxdy —ydx = rzmde = 27r® Here, I is a constant, because integral is carried over a circle.
C

5. Calculate the work done when a force F = ny + (X2 + yZ) ] moves a particle in Xy plane from

(1,0) to (3,8) along the curve C, y = x* —1.
Solution.
The curve C is y = x* —1. Since, this is quadratic in X and linear in y with no Xy terms. This is a

parabola. Let us put this parabola in the form
y

NP

2 2
(x—a) =4a(y-p), C:(x-0)"=(y+1)
This is a parabola with vertex at (0, —1) and axis parallel to y axis.
On curve C, let us take X as independent variable. The dependent variable y can be written in terms of

X as y=x* -1, dy = 2xdx
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work done is moving a particle by displacement dF , dW = F -dF
= xydx+(x* +y?)dy = X(x° —1)dx+(x2 +(x2 —1)2)2xdx =(2x° —x* +x)dx

So, work done is moving a particle from (1,0) to (3,8) along a curve C.

. 3 ¥ xt X2
W :iF-dr":Jl‘(sz—xﬁx)dx=(2~€—I+?j

3

=227

6. Evaluate the line integral Ilf~dF where F =(x+2y)i+(2y—x)] and Ciscurvein xy plane
C
consisting of the straight lines from (0,0) to (1,0) and thento (3,4).

Solution.
y

(34)

o d
¢ (0)
The curve C consists of two pieces of smooth curves C, and C, .
C, is straight line from (0,0) to (1,0) i.e. y=0

C, is straight line from (1,0) to (3,4)

ie. y—0= (3 2j(x T)or, y=2x-2

So, along C,,y =0,dy =0 (x is an independent variable), F -dr = xdx
Along C,;y =2x—-2,dy = 2dx (let us take X as independent variables).
F-di =(x+2y)dx+(2y—x)dy

on C,, F-dF =(x+2(2x-2))dx+(2(2x—2)-x)-2dx = (11x—12) dx

3
X

1

So, [F-dr = j dr + jF r=jxo|x+i(11x—12)c|x=—2 =205
C C, 0 1
]

(1—1x2 —12xj
l 2], "\ 2

—2xy] , where curve C is a rectangle in the Xy plane

1

7. Evaluate F where F = (x2 +y )

oE—.

bounded by y=0,x=a,y=b,x=0.
Solution.
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y
A
C3
(0,b) - (ab)
A
C4 ‘}CZ
(00) G (a,0) ]

The curve C as shown in figure 4.11 consists of four pieces of smooth curves C;,C,,C, & C,.
If-df:(x2+y2)dx—2xydy
On C,,y=0,dy=0,F -dF =x?dx, On C,,x=a,dx =0, F - dF =—2aydy
on C3,y:b,dy:O,If-df:(x2+b2)dx,On C,,x=0,dx=0,F-dr=0
a b 0 0
m #~dF=_[|f-dF+jIf'dF+J'|f-dF+J'If-dF :Ixzdx+I—2aydy+_[(x2+b2)dx+IO-dy
) cC, C, C, 0 0

a b

a 0 3

3 3
+[—ay2]b+ Xoybex| =2 _an?— & _ap? = 2ap?
v 3 3 3

a

3

0
8. Find the total work done in moving a particle in a force field given by F =3xyl —5z] +10xk
along the curve x=t*+1,y=2t*>,z=t* fromt=1to t=2.

Solution.
On curve C, the coordinates X, Y,z are expressed in terms of parameter t.

X=t+1dx=2tdt, y=2t* dy =4tdt, z=t,dz = 3t*dt
tvariesfromt=1tot=2.
F-dr = 3xydx —5zdy +10xdz = 3(t? +1)- 2t - 2tdt - 5t*4tdt +10(t* +1)- 3¢t
= (12t5 +10t* +12t° + 30t? )dt
So, total work done, W = I F.df = Jf (12t5 +10t* +12t° +30t? ) dt

C

2

t® t° t! t2
=112—+10—+12—+30— | =303
6 5 4 3 ),

9. Find the work done in moving a particle once around a circle C in the Xy plane if the circle has a

centre at the origin and radius 2 and if the force field F is given by
Solution.
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Equation of circle as shown in figure 4.12 is written in parametric form as
X=2c0s0 = dx=-2sin@d@, y=2sinf =dy=2cosfdd, z=0=dz=0
X, Y, Z are expressed in terms of parameter .

F-di =(2x—y+2z)dx+(x+y—z)dy+(3x—2y—5z)dz
=(4cos&—2sin6)(—2sin9)d@+(2cos 6+ 2sin§)(2cos @) dO +(6cos@—4sin§)-0
=(4—4sin@cos0)dg

2r
@ varies from 0 to 27z .So, total work done W = I (4—4sin & cos H)dH =460-2sin? 6"2” =8rx
0

10. If F = (3x2 +6y)f—14yzi+20xzzlz. Evaluate Ilf -dF where C is a straight line joining (0,0,0)
to (L1,1).

Solution.

=1, where t is

. ) o x-0 y-0 z-0
Equation of straight line joining (0,0,0) to (1,1,1) is given by o 4
parameter.

In parametric form equation of curve is given by

X=t=dx=dt,y=t=dy=dt z=t=dz=dt

t varies from 0 to 1.

F.dr :<3x2 +6y)dx—14yzdy+ 20xz°dz :(20t3 —11t? +6t)dt Iﬁ-dr = (20t3 —11t? +6t)dt
C

:(St“ —%t3+3t2J

11. Integrate the function F = Xl —xy]j from the point (0,0) to (1,1) along the parabola y* =X.
Solution.

O L

1

13

0
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> X

Here the curve C is parabola y® = x asshown infigure4.13.0OnC, y can be taken as independent variable.
The dependent variable x can be written in terms of y as

x=y*, dx=2ydy, F-d = x’dx—xydy = y*-2ydy —y*- ydy =(2y° - y°)dy

1 <5
3 , 12

12. Find the value of I[(x+ yz)dXJr(x2 —~ y)dy} taken in the counter-clockwise sense along the
C

1

So, the line integral Ilf .dr :j(2y5 —y3)dy =
C 0

1
ye—zy“

closed curve C formed by straight line y = X and curve y° = x°.

Solution.
y

A

»

» X

0(0,0)
The curve C consists of chord OA and curved part AO as shown in figure 4.14.
Equation of OA is y = X and curved partis y® = x*.
Along chord OA, X can be taken as independent variable and y = X.

F-dr = (x+y?)dx+(x* - y)dy = (x+x*)dx+(x* —x) dx = 2x’dx
Along OA, x varies from 0 to 1. On curved part AO, let y be taken as independent variable & dependent

variable X can be putas x = y*?,dx :gymdy.

dr = (xc+ y? e (3 - y)dy = (y¥ +y?) S yPdy + (v~ y)dy =(y3+§y5/2+§y2—yjdy
2 2 2

y varies from 1to 0.
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1 0
mlf dF=J‘IE df+jlf dF:Iszdx+I(y3+ y5/2+gy2 y]dy
c C, c, 0 1
2o 14 3 Ls Lol 1
=X 4oyt 2 e =
3 4y 7y 2y Zy | 84

Note: If the integral is carried out in clockwise direction. The answer will differ only in sign.

= 1
m F -dr in clockwise direction = — .
84

Cc
2 2
- = - X° s . o
13. Calculate J'F~dr where F = Zy 51 ———— ], where C is the semi-circle r=+Ja’—x*.
X“+y X“+y

Solution.

(a0) (@0)
The curve C shown in Figure is the semi-circle y =+/a* — X
The equation can be written in parametric form as x=acosd=>dx=-asinédg
y=asind = dy=acosddé. @ varies from0to
ydx—x2dy a’sin?@(-asin@)do—(a’ cos’ 0)-acosodo

2

F.df = =—a(sin’ @ +cos>0)do

=l

+y? a
Ilf-dr:—aj sm 0 +cos® H)de_—afsm 0d6 — aIcos 0do
C

f

/2

:—2aI3|n 0do - O(Slnce Icos 0do = O)

3

0,0) to (4a,4a).

X .
14. Evaluate d— where C is the curve y* =4ax from
S X+Y

Solution.
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(4a,4a)

The equation of curve (as shown in the figure 4.16) can be written in parametric form as
X = at’ = dx = 2atdt, y = 2at = dy = 2adt . Parameter, t varies from 0 to 2.

The integral I =2log (t + 2)‘2 =2log?2

T 2atdt I dt
. at’ +2at  9t+2

X+Y
15. Evaluate I ydx —xdy), where C is arc of cycloid x=2(6-sin8),y=2(1-cosé) joining the
©

points (0,0) and (47,0).

Solution.
The parametric equation of curve C as shown in figure 4.17 is given as

x=2(0-sin@)= dx=2(1-cos@)d6,y=2(1-cosd) = dy = 2sinod6

@ is the parameter since (X, y) varies from (0,0) to (47,0). So, & will vary from0 to 27 .
The integrand ydx — xdy

=2(1—c0s8)-2(1-cos@)do—2(0—sinO)-2sinddg

=4(2-2cosf—0sin0)dé

27
So, Iydx—xdy:4f(2—2c059—¢95in¢9)d0
[c 0

2z 2z 2z
=8 d0-8 cosod0 -4 Osinodo =167 ~8[sin 6] " ~4[-Ocos 6 +sin0]," =247
0 0 0
16. Evaluate jlf~dF where F=(2a-y)i—(a—y)] where C is the arc of the cycloid

©
x=a(@-sin@), y=a(1-cos@) from (0,0) to (27a,0).
Solution.
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(0,0) (27a,0) X
The equation of cycloid is written in parametric form as
x=a(@-sind)=dx=a(l-cosd)dd,y=a(l-cosd)=>dy=asinodé
where @ is the parameter varying from0to 27 .
On C: F-dr =(2a-y)dx—(a-y)dy =a(1+cos8)-a(l-cos@)dod—acosd-asinddo

—a’ (1—cos2 0 —sin Hcose)da

2r
So, the line integral Ilf-dr:azj(l—coszﬁ—sin Hcosé’)dﬁ
C 0
27 2 27
=a’ I do—a? J' cos’ 89 —a’ I sincos9do = za’
0 0 0

2dy — y?dx

X § . .
17. Evaluate I 53 53 where C is the quarter of the astroid X = acos’t, y= asin®t from the
X774y
©

point (a,0) to the point (0,a).
Solution.

(0.)

v

(a0) ¥
The parametric equation of the astroid as shown in figure 4.18 is given as
x=acos’t = dx = -3acos’tsintdt, y =asin®t = dy = 3asin’t costdt
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(x,y) varies from (&,0) to (0,a). So, t varies from 0 to /2.
x’dy—y?dx @’ cos®t(3asin’tcost)dt—(a’sin®t)-(~3acos’tsint)dt
Xyt a5/3(cosst+sin5t)

=3a*®sin®t cos? tdt

The integrand

/2 4/3
The line integral reduces to 3a*? I sin?tcos® tdt =3a** 232 _3za
] 203 16

18. Find the value of _[(xz +y? ) dy taken in the counter clockwise sense along the quadrilateral with
C

vertices (0,0),(2,0),(4.4),(0,4).

Solution.
y
0,4
5| < C (a,4)
\4
B
> X
A (2.0)
The quadrilateral as shown in Figure 4.19 consists of four pieces of smooth curves AB. BC, CD & DA.

On AB,y=0,dy=0,(x*+y?)dy=0.0n BC,y—0=j—_g(x—2), y =2x—4,dy = 2dx

(x*+ yz)dy:<x2 +(2x—4)2)2dx = (10x* —32x+32)dx
X varies from2t04. On CD,y =4,dy=0, (x2+y2)dy:0

On DA, x=0,dx=0, (X2+y2)dy:y2dy, y varies from4 to 0
So, the line integral

J.(x2+y2)dy= I(x2+y2)dy+ _[ (x2+y2)dy+ I (x2+y2)dy+ I (x2+y2)dy
C AB BC CD DA

4 310
e -adl2
3 3
19. Evaluate _[xyzdy—xzydx taken in the counter clockwise sense along the cardioid
Cc

r=a(l+cosd).

4 0
= 0+j(10x2 —~32x+32)dx+0+ j y2dy = (% x° —16X2 +32xj
2 4

2 4
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Solution.

The curve C as shown in figure 4.20 cardiod whose equation is
r=a(l+cosd), x=rcosd=a(l+cosd)cosd = a(cos@+cos2 0)

dx =a(—sin@—2cossin9)dé

y=rsind=a(1+cos@)sin @ =a(sind+sinHcos)

dy =a(cos@+cos’ 6 —sin’ §)do

The integrand (Xyzdy - Xzde)

=r’®cos@sin’ 6a(cos&+cos2 0 —sin? «9)d49— r’cos’ #sinfa(sind—2cos@sin0)do
=ar? cos#sin’ (cos 0+ cos’ 6 —sin’ 6+ cos 0+ 2cos’ ) d6

=a'(1+ cosé?)3 cos@sin? 6?(4cos2 0+ 2cos¢9—1)d49
=a* [cos6 @sin® @ +14cos® &sin? 6 +17 cos* @sin® @+ 7 cos® @sin® @ —cos® &sin? 6 — cos Asin? 9]

The line integral
Dj(xyzdy— xzydx)

2r
=a’ J' (cos6 @sin? 6 +14cos® dsin® @ +17cos” Osin® @ + 7 cos® @sin’ @ — cos® Gsin®— cos @sin? H)dé?
0

35 ,
==a'r
16

20. A particle moves counterclockwise along the curve 3x* + y* =3 from (1, O) to a point P, under
the action of the force

If(x,y)=§|“+¥i.

Prove that there are two possible locations of P such that work done by F is 1.
Solution.
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i3 dr=j(5f+%j)(dxhdyj):]%d“%dy

oK cosd sin¢9)d9+\/§s";9-x/§cosed9=.[09(—icos¢9+33in9)d9

«fsm@ cos J3

= —isin 0 —-3cosl| = —isin 6—-3cosf+3

g T

Work done in equal to 1. So, —isin 0—-3cosf+3=1= %sin6’+30050 =2

N

2
= (isin 6’) = (2—3005«9)2 = %sin2 6 =4+9cos*H—12cos6

3
111

= 28c0s° @ —36c0s0+11=0 = (2cos@—1)(14cos9—-11)=0.cosf = 514

6

So, there are two value of @ i.e., two possible location of P such that the work done by F s 1.
21. Find the circulation of the field F = —x?yi + xy21°+(y3 = XS)IZ around the curve C, where C is

the intersection of the sphere x*+ y?+z* =25 and the plane z =3. The orientation of the curve C

is counterclockwise when viewed from above.
Solution.
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X
F =Xyl +xy? ] + ( y? =% ) K .C is the curve of intersection of surfaces

X*+y?+2*=2512=3.50, x*+y* =16
If-df:xzydx+xy2dy+(y3—xs)dz.For curve C, z=3,dz=0, Ujlf-dfzj—xzydx+xy2dy

Let x=4c0s#,y=4sind

27 VY4
gjlf .dr = j (256cos2 @sin? 8d 0 + 256 cos? Hsin’ 9)d0 4 512j sin?@cos? 0do
0

0
7/2
I_I_ =1287

_512><4jsm 0cos? 6dO = 204872722

22. If ¢ =2x%yz,F = xyi —z2yj+ x?k and C is the curve x=2t,y=t?,z=t> from t=0 and t =1.
Evaluate the line integrals (a) I(édf (b) Ilfxdf.
© €

Solution.
(a) Along C,¢ =2x°yz = 2(2t)2 12-t* =8t’
F=xl+yj+zk =2ti +t?]+t°k, dr =(2f+2tj+3tZI2)dt

1 R R 1 Al ,\1 16 12
j¢dr=j8t7(2f+2tj+3t2k)dt =i [16t7dt+ j[16t°dt + K[ 24t°dt = 27 +—j+—k
C 0 0 0 0

(b) Along C, F = xyi — z2yj + x?k = 2t%1 —t ] + 4tk

A A

i) K
lfxdr=(2t3i‘—t8j+4t212)x(2i‘+2tj+3t212)=2t3 —t® 42

2 2t 3t
= (-3t —8t°)i +(8t* —6t°) + (4t* + 2t° )k
- N TR Tl a3 TPV 47, 5. 46;
([derzul(—& —8t )dt+j_£(8t —6t )dt+k!(4t D )dtz—ﬁl 3i+ ek

2 2
23. Find the work done in moving the particle once round the ellipse E+i/—6 =1,z =0 under the

field of force given by F =(2x+ y+z)f+(x+y—zz) j+(3x—2y+4z2)k.
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Solution.

Work done moving the particle by distance dr
F-dr=(2x+y+ z)dx+(x+ y—zz)dy+(3x—2y+4z)dz

2 2

The curve C is ellipse %+i’—6 =1.The equation of ellipse is given by x=5c0s6,y=4sin6,z=0

dx =-5sin@d@,dy =4cos0dé ,dz=0

F -di =(10cos 6+ 4sin 0)(-5sin #)d@ + (5cos &+ 4sin §) 4cos 9d &
= (—34sin 6 cos 0+ 20cos® 6 20sin’ 6)do

On C, 8 varies from0to 27

So, work done in moving a particle around the ellipse.So, W = m F.dr

27
- I (—34sin 0 c0s 6+ 20cos? 6 — 20sin? H)de
0

27 2r 2
:—34J‘sin¢9cosed9+20J.cos2 9d9—20fsin29d49= 0
0 0 0
24. Evaluate jlf~dF where If=c[—3asin290030f+a(25im9—3sin20)i+bsin29l2} and the
©

curve C is given by F =acoséi +asin 6?J°+b6?I2, € varying from % to %

Solution.
F=acosdi +asin@]+bok , dr = (—asin 0?+acos¢9j+bl2)d¢9

F.df = c[3a2 sin® @cos O+ a’ (Zsin 0—3sin’ 6?)cose+b2 sin 249]d49
The line integral
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/2 /2 7/2
Ilf-d?:Bazc I sin390039d9+a2cj (Zsin 9—3sin29)c059d0+bzcjsin 20d6

C /4 /4 /4

_— /2 2 5
_3a%c| N9 +azc[sin20—sin36] /Z—b—[co 29]”/2 9 arcqac|io L | B¢
4] 2 16

2 22| 2

4

17 1) b2
16 22
25. Evaluate I y2+7 )dx+(22+x2)dy+(x2+y2)dz where C is the part for which z>0 of the
©

intersection of the surfaces x* + y* +z*> = 4x, x> + y* = 2x and curve beings at the origin and runs

at first in the positive octant.

Solution.
z

The C is the intersection of the two surfaces
(x —1)2 +y? =1 (Cylinder), z* = 2x (Parabolic cylinder)
The parametric equation of C is given as
_ _ 2 —_2qin? 7 —gingd =2<in@ o
x=1+c0s@=2cos" 0/2, dx=-2sin Acoséd@, y =sind = 2sin ACOSA

dy =cosfd@, z=/2(1+cos) = 2cos? dz:—sin%de

2!
(y2+zz)dx+(zz+x2)dy+(x2+y2)dz

=(4sin2§co ~ +4c0s° —j[ Zsm cos dej (4coszg+4cos4gjcos«9d9

[4cos Q+4sm 20)( sin — j
2 2

So, the line integral becomes
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T(y2 +22)dx+(22+x2)dy+(x2+y2)dz

——J‘4(sin290052€+cos2 stin ¢9d¢9+4j.c052§(1+cos2 gjcosé’dé’—ﬂcosZQsingde
27 2 2 I 2 ST T2

The first and third integral vanishes since, the integrand is an odd function
So, integral reduces to

I =4I coszg(1+cos2 QJcosedH: _[(Zcos2 QJ(2+ZCOSZ Q)cosedé’
2 2 2 2

= | (1+cos6)-(3+cosd)cosdo = Icos 6+ 4co0s* 6+3cosfdo

) /2 /2

= Icos 9d9+4jcos 0d0+3jcos€d0 chos 9d49+16j coS 0d0+6jcos¢9d49

'—.-ﬁl

3

N

=0+16-2+0=4r
4

26. Evaluate the following integrals along segment of straight line joining the given points
(i) jxdx+ ydy +(x+y-1)dz from (L11) to (2,3,4)

(i) [V from (1) to (4,4,4)
\/x2+y2+22—x—y+22

Solution.

(i) The curve C is a line joining (1,1,1) to (2,3,4)

x-1 y-1 z-
1 2 3

The parametric form of line is given as

x=1+t,y=2t+1,z=3t+1,dx =dt,dy = 2dt,dz = 3dt

t varies from 0 to 1]
The line integral

1
=t (parameter)

,((234

2 ) 1
I :jxdx+ ydy +(x+y—1)dz :Id[x ;y j+I(x+ y—-1)dz = X ;y +I(3t+1)3dt
0

(111)
1
13y 15 g
22 T, 2 2

(ii) The curve is straight line from (1,1,1) to (4,4,4) given by
Xx=t+ldx=dt,y=t+1,dy=dt,z=t+1,dz =dt

t varies from 0 to 3
The integral reduces to

J. xdx + ydy + zdz T (t+1)dt+(t+1)dt+(t+1)dt J_Idt—SJ_
C\/x2+y2+zz—x—y+22 3(t+1)2

o'——.
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27. Find the integral j(y+z)dx+(z+x)dy+(x+y)dz where C is the circle

C
X*+y*+z°=a’,x+y+z=0.
Solution.

[]j(y+ z)dx+(z+x)dy +(x+ y);dz
= m ydx + zdx + zdy + xdy + xdz + ydz
:[ﬁd(xy+ yz+2x)=0

The integral is an exact differential

So, [f|F -dr =0.

28. Evaluate _[Xzysdx +dy + zdz where C is the circle x*+y*=R?*z=0.
©

Solution.
The curve C is the circle x* +y*=R?,2=0
x=Rcos#,dx=Rsingdé
y=Rsing,dy =Rcos@do
I :Uj(xzysdx+dy+zdz)

27 2
= I R2c052H-R?’sinsé’(—RsinH)d9+[|jd[y+%j
0

2z

=-R°® I cos’ @sin* 0do +0
0

7/2

=—4R® I sin® @cos® 6d 6
0

= —4R® %% __aR

24 8
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29. Evaluate IRdF along the curve x’+y?=1z=1 from (0,11) to (101) if
C

A=(yz+2x) +xzj+(xy+22)K .

Solution.

The curve C is the circle of radius 1 with the centre at (0,0,1) lying in a plane parallel to xy plane.
F-dr =(yz+2x)dx+ xzdy +(xy +2z)dz

:d(xyz+x2+22)

F-dr is an exact differential. So, line integral Ilf -dr is independent of curve joining initial and final
Cc

points
jlf~dF=jd(xyz+x2+zz)
C

— [xyz +x%+ 22](1'0’1) =1

(0,L0)

. . at
30. Evaluate _[c yzdx + zxdy + xydz where C is the arc of curve X =bcost,y =bsint,z= Py from the
T

point it intersects z =0 to the point it intersects z=a.

Solution.
X
nnnn-,
y
The curve C is a spiral given by
X =bcost,y =bsint,z _at
27

Since, Z varies from z=0 to z=a, hence, t varies from0to 2z
The line integral

_[C ((yzdx + zxdy + xydz)
= [ d(xyz) =[]

2 2r
= 2tsintcost =0
27 0
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31. Evaluate ch y?dx + z2dy + x°dz where C is the curve of intersection of the sphere x* + y* + 2> =a°

and the cylinder x*+y? =ax(a >0,z >0) integrated anticlockwise when viewed from the origin.

Solution.
z

-
e 3

/y

The curve C is the curve of intersection of
2

2
x2+y2:ax:>[x—gj +y2:a—,x2+y2+22:a2
2 4
X' +y*+22=a’
=7’ +ax=2a’
=7’ =-a(x-a)

Letx=g+gcose :>dx=—Esin0d9
2 2 2

y:EsinH :dyzgcosede
2 2
2’ =a(a—x)

:a[g—gcosej
2 2

=a’ sinzﬁ
2

So, 7 =asin€:> dz :Ecosgde
2 2 2

32. @ varies from0to 27 .
The line integral
| = I y’dx + z*dy + x°dz

27 2 27 o2

- ja—sin29(—EsinedeJdmTa—z(l—cose)ﬁcosedmja—(1+cose)2§cos6/de
) 4 2 ) 2 2 ) 4 2 /2
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= %f cos @ —cos® @ d0+—J.0055‘7d49
0

3271'
:—Icosede——jcos ¢9d9+—fcoss—d0
’7
=-a jcos 0do+a’ Icos gdg (¢=0/2)
_ g
4
__am
4
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5. Green's Theorem
1. Verify Green's theorem in the plane for [ﬁ(nyr xz)dx +x2dy where C is the closed curve of the
C

region bounded by y = x and x* =4ay.

Solution.
y
(4a,4a)
C2
V=X x* = day
Cl
X
Here Mdx + Ndy
:(xy+ xz)dx+x2dy
M = xy + X :aﬂ—x N =X :%—N=2x
X

Let us first evaluate the double integral over Region R bounded by x* =4ay (curve C,) & y=X (curve
C,)as

4a

oN oM T 13 z 3 4 16 3
”[———jd dy = {XJAaxdydh!x(x_%]dx X?_;é_a 3a

Now let us evaluate the line integral m Mdx + Ndy on closed curve C. The curve C is a piecewise

2
smooth curve consisting of C, and C,.On C,,y = o ,dy = X dx
4a 2a

2 2 X, 2 X 3 X
de+Ndy:(xy+x )dx+x dy =| —+x° |[dX+ X" —dx =| —-—+x° |dX
4a 2a 4 a

4a

. 23, 3 , X
X varies from 0 to 4a on C, . So, Ide+ Ndy:J' — XX =— X+ —
g, o\ 4a 16a 3

0
64a° 208a°
3

=8a%+
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On C,, y=x,dy =dx
Mdx + Ndy = (xy+ xz)dx +x°dy =3x%dx
X varies from 4a to 0.

So, j Mdx + Ndy = Tszdx = xﬂja =—64a’. So, Ide+ Ndy = _[ Mdx + Ndy + I Mdx + Ndy
c, 4a c C o

=%a3—64a3 =

Since, ”(Z—’: —%] dxdy = E]:j Mdx + Ndy

So, Green's theorem is verified.
2. Verify Green's theorem in the plane for m(2xy —~ xz)dx+(x2 + yz)dy where C is the boundary
C

16

of the region enclosed by y = x* and y® = x described in positive sense.

Solution.
1
>3 (L
C, C,
R
y=x°
Here, Mdx + Ndy = <2xy— xz)dx+(x2 + yz)dy
M =2xy_X2 :aM:ZX, N :x2+y2 :>8_N=2X’ 6_N_6_M=0
OX oX oy
So, the double integral II[%—N—%j dxdy over region R bounded by y = x> (curve C,)and y* =X
X
(curve C,) is zero as integer and — _M =
ox oy
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Now, let us evaluate the line integral over a closed curve C. The curve C is a piece wise smooth curve
consisting of C;, & C,.

On C,, y=x*dy=2xdx (Taking x as independent variable).

Mdx + Ndy = (ny—xz)dx+(x2 + yz)dy = (2x3 —xz)dx+(x2 + x4)-2xdx = (2x5 +4x° - xz)dx

X varies from0to1on C,
1 XG

So, jde+Ndy:j(2x5+4x3—x2)dx:_+x4__ -1
3 0 3

OnC, x=Yy,dx=2ydy
Taking Yy as independent variable

Mdx + Ndy:(2xy—x2)dx+(x2 + yz)dy :(Zyzy—y4)-2ydy+(y“ +y2)dy
=(-2y° +5y* +y*)dy

y varies from1to0on C,

0 6
CJ;de+ Ndy:_l[(—2y5+5y4+y2)dy :—y?+ ys—y? =-1

So, jde+ Ndy = j Mdx -+ Ndy + j Mdx + Ndy =0
C C C,

Since, ”(a—’)\: —E] dxdy = [Cﬁ Mdx + Ndy

So, Green's Theorem is verified.

3. Apply Green's theorem in the plane to evaluate m{( y —sin X)dx +C0S xdy} where C is the
C

triangle enclosed by the lines y=0,X =7, 7y = 2X.

Solution.
y
(7.2)
C3
2X
y=— X=7
T
A
CZ
—> X
y=0 C,
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Here, Mdx+ Ndy = ('y —sin x)dx+cos xdy

So, M =y—sinx,aﬂ:1, N =cosX, a—N:—sinx
oy OX

According to Green's theorem
Ujlvldx+ Ndy = ﬂ(@—ﬂ}j dy

where R is the region enclosed by the piece wise smooth curve C consisting of curve Cl(y = 0), curve
C,(x=r) curve C,(zy = 2X) as shown in Figure 5.4.

So, ”[ﬂ—@dedy IJ' —sinx—1)dxdy = Icosx x|’ ;20

0 zy/2

2
J( -1-7- cos—y+—yjdy— (1+7z)y——sm”y ”y =2-7
0 2 2 T 2 4 0

4.1 F =(x*—y?)i +2xyj and ¥ =Xi + Y], find the value of [ﬁ(xz —y?)dx+2xydy around the
rectangular boundary x=0,x=a,y=0 and y=D.

Solution.
A y
CS
(0,b) < (a,b)
C, Y
R
ACZ
> >
° . (o)
Here the curve C is a piecewise smooth curve consisting of C,(y=0),C,(x=a),C,(y=b) &
C,(x=0).
The region bounded by C is shown in figure 5.5.
mlf -dr = [ﬁ(x2 = yz)dx+2xydy :[ﬁde+ Ndy
Here, M =x* —y?, a—M=—2y, N = 2xy, a—N:Zy
oy OX
Applying Green's theorem
oN alvl o p 2
Uj Mdx + Ndy = J.J' ———— |dxdy = 4” ydxdy = 4aj ydy = 2ab
00 0

Personalized Mentorship +91-9971030052



Mindset Makers for UPSC

5. Evaluate [ﬁe‘X sin ydx +e* cos ydy by Green's theorem in plane where C is the rectangle with
C

vertices (0,0),(7,0),(7z,7/2),(0,7/2).

Solution.
C3
(O' ”/2) <+ (72',72'/2)
c,Y " A
CZ
(0,0) . (%.0)
The curve C is a piecewise smooth curve consisting of C,(y=0),C,(x=7),C,(y=7/2) &
C,(x=0).
The region R bounded by C is as shown in figure.
Uj Mdx + Ndy = [ﬂe‘x sin ydx +e * cos ydy
C C
Here M =e *siny = M =e *cosy
oy
x ON x
N=e"cosy—=—=-e’"cosy
OX
Applying Green's theorem
oN oM (43 Tt a2
Mdx + Ndy = [———J dydx =-2| | e *cos ydydx =—-2|e " [siny]| "~ dx
vy = | 22 -2 oy 2] folsn
:—2£e dx=2e™"| = 2(e‘ —1)

6. Verify Green's theorem in the plane for [lj(x2 - Xs)dx +(y2 - 2xy)dy where C is the square

with vertices (0,0),(2,0),(2,2),(0,2).
Solution.
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y A
C
(0.2) « (2.2)
C4 Y A} Cz
(0,0) c, (2,0) X
M =X2—Xy3 :>a—M=—3xy2, N = y2—2xy:>a_N:_2y
oy ox

Let us first evaluate the double integral over region R bounded by curves C,(y =0), C,(x=2),
C;(y=2), C,(x=0).

I 5~ v oy~ 2v)oye = 39" -y o= (x- Dy =43 ]
———— |dydx = | |(3xy“—2y)dydx = || xy" —y° | dx=4|(2x-1)dx =4| X" —x | =8
R 5'X ay 00 0 0 0 0
Now, let us evaluate the line integral as closed curve C. The curve C is a piecewise smooth curve
consisting of C,,C,,C, & C,.On C,,y=0,dy=0

Mdx + Ndy = x°dx

2 3 2
X varies from0to 2 on C,, I Mdx + Ndy = j x*dx = =
c, 0

On C,,x=2,dx=0, Mdx+Ndy = (y* —4y)dy

0

2

2 &
: T Yy ol 16
y varies from 0 to 2 on CZ,CJ;de+ Ndy-!(y —4y)dy—?—2y O——E
On C,, y=2,dy =0, Mdx+ Ndy = (x* —8x) dx
‘ X 40
X varies from 2to 0 on C,, I Mdx + Ndy:I(x2—8x)dx =2 _4xH ==
3 |, 3

C 2

On C,,x=0,dx =0, Mdx -+ Ndy = y*dy
y[

0
y varies from2to0Oon C,, I Mdx + Ndy = I y’dy = 3
C, 2

2

Ide+ Ndy:Ide+ Ndy+Ide+ Ndy+Ide+ Ndy+jde+ Ndy=§—§+4—0—§=
C G C, S, S, 3 3 3 3
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Since, H(— ——] dxdy = Dj Mdx + Ndy . So, Green's theorem is verified.
7. Use Green's theorem to evaluate the integral Eﬁxzdx+(x+ y )dy , Where C is the closed curve
C

givenby y=0,y =X and y* =2—x in the first quadrant, oriented counter clockwise.
Solution.

y>=2-X y =X
¥ ]
(1)
g
y

The given integral is
mxzdx+(x+ yz)dy:dex+ Ndy.So, M =x*; N =x+Yy?

According to Green's theorem [lj Mdx + Ndy = H[@ — %} dxdy

2 6

0
8.Let F = (X2 - xyz)f+ yzi . Using Green's theorem, evaluate the line integral I F .dr, where C is
C
the positively oriented closed curve which is the boundary of the region enclosed by the X -axis and

the semi-circle y =+/1— x? in the upper half plane.
Solution.

1
So, mxzdx+(x+y2)dyzﬂdxdy =_Ejy2y2 dxdy :J‘:(Z—y2 —y)dy =[2y—y?3_y_2} _T

y

A

4
v
<
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F=(X"—xy*)+y?].So, F-dr =(x*—xy* )i +y*]

\/__XZ 2
According to Green's theorem [[]If -dr = ”(%—T—%J dxdy = I l.[ 2xydydx = j. x[yzjjl__xdx
C R 0 -1

-1

:Illx(l_XZ)dx:o[J' f (x)=0if f(x)isoddfunctionJ

9. Evaluate by Green's theorem [f(cos xsin y—xy)dx-+sinxcosydy where C is the circle
X2 +y?=a’.

Solution.

The given integral is
m(cos xsin y —xy ) dx +sin x cos ydy

C
Where curve C is a circle of radius a and centered at origin enclosing region R as shown in Figure 5.10.

) oM . oN
Here M = cos xsin y—xy:E=cosxcosy—x, N =sin xcosy:>6—:cosxcosy
X

Using Green's theorem

N oM B 527 S .
[Ijde+ Ndy = J;.[[&—Ededy - ” xdxdy = ! J; r cos @rd&dr _!;r [sing] " dr =0
10. Show that the area bounded by a simple closed curve C is given by %U‘] xdy — ydx . Hence find the

area of the ellipse X=acosé,y =bsing.
Solution.
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According to Green's theorem, if R is a plane region bounded by a simple closed curve C according to the
Green's Theorem

”(@—ﬂj dxdy :UjMdXJr Ndy
Letusput M =-y/2,N=x/2
So, —ijdy ydx = ” (—j——(—lj dxdy = ” dxdy = Area of region R bounded by C.

So, area of region bounded by simple closed curve C is given by Em xdy — ydx

For as ellipse, x=acosd = dx =—-asinfdé
y=asind = dy=acosfdd

xdy — ydx = acos b cos @ —bsin 6(—asin 8)dd =abd g
- - 1 1 2z 1 2z
So, area of region bounded by ellipse = —m xdy —ydx == I abdg = —abj do = rab
2 2 27
11. Apply Green's theorem in the plane to evaluate [ﬁ(sz — yz)dx+(x2 = yz)dy where C is the
C

boundary of the surface enclosed by the x -axis and the semi circle y=+/a*—x* .

Solution.
y

(-a,0) C, (a0) X%

Curve C is a piecewise smooth curve consisting of semi circle Cl(y =ya’-x* ) & part of x axis C,

(y=0).

Region R is bounded by curve C as shown in Figure 5.12.
D‘](Zx2 — yz)dx+(x2 + yz)dy :U‘jde+ Ndy

Here M =2x* —y? — M —2y,N=x2+y2,a—N:2x
oy OX
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According to Green's theorem dex+ Ndy = ﬂ[@—%jdxd —Zj ajy x+y dxdy
0_
:Zﬂydxdy
\]aZ*YZ ar a 4a
(Since, I x)dx =0 if f(—x)= j xdx:O):ZHrsinH-rder:4_[r2dr:—
—Ja?-y? 00 0

12. Verify Green's theorem in the plane for m(3x2—8y2)dx+(2y—3xy)dy where C is the

boundary of region bounded by x=0,y=0,x+y=a.

Solution.
y

C

1

The given integral is
[ﬁ(?»xz —8y2)dx+(2y—3xy)dy = Uj Mdx + Ndy

. OM oN

Here, M =3x* —8y?, =-16y, N =2y— 3xy, =-3y

C is a piecewise smooth curve which consists of C, (y = 0), ,(x+y=a) & C,(x=0) bounding region

R
Let us first evaluate the double integral

aa—x

H[@—ﬂjdxdyzlézj I ydydx:EJ'[yZT_X dx :Ej.(a—x)2 dx=—E(a—x)3 By
00 2 0 2 0 6

Now, let us evaluate the line integral
On C,,y =0,dy =0, Mdx + Ndy = 3x*dx

X varies from0to a. j Mdx + Ndy =BI x2dx = a®
3 0
On C,,y=a—x, dy =—dx
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Mdx + Ndy = (3x* —8y? ) dx+(2y —3xy ) dy
- (3x2 —8(a- x)z)dx+(2(a—x)—3x(a— x))dy = (—8x2 +19ax+2x—-8a’ - 2a)dx

0
X varies from a to 0. J‘ Mdx + Ndy = I(—sz +19ax + 2x —8a’ —2a)dx
C, a

3 0
=—81+w—ax2+x2—(8a2+2a)x
. > .

On C,,x=0,dx =0, Mdx + Ndy = 2ydy

PP
6

0
y varies from a to 0. I Mdx + Ndy = ZI ydy = -a’
Cs a

So, [ﬁde+ Ndy = I Mdx + Ndy + I Mdx + Ndy + I Mdx + Ndy = a’ +(%a3 +a2j—a2 =%a3
G G, G
ON oM
Hence, [[TMdx + Ndy = —— —— |dxdy . So, Green' theorem is verified.
fvocrtay=(f{ 5= o

— ydx

d xd . e .
13. Evaluate the line integral mg— taken in the positive direction over any closed continuous
C

X2+ y?

curve C with the origin inside it.
Solution.

The given integral is
xdy — ydx - X
m%zdeXJrNdy.Here,M: 5 yz,N= 8
X“+y X“+y X“+y
Since, M & N are not continuous at origin O. Hence, Green's theorem will not hold good for the given curve

C.
Let us enclose the origin by a circle I" of radius €

Consider the region R enclosed by curve C' made of C,C,,I',C,.

. . . : 1 .. oM OoN .
M and N are continuous function of X and y having continuous partial derivatives 8_ and = inR.
y X

2

oM _i[_ y j_(x2+y2)—y.2y:_ X% — 2 B V2 X2

a al ey () () ()
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5_'\'_2( X ]:(x2+y2)—x-2x y2— %2
(x2+y2)2 (x2+y2)2

X x|\ X +y? -

So, line integral []jde+ Ndy = _U[@—%Jd dy

:,»[[]de+ Ndy:jde+ Ndy + j Mdx + Ndly + | Mdx + Ndy+j|v|dx+ Ndy =0
C C C, r G

But Ujlvldx+ Ndy:—j Mdx + Ndy :deH Ndy=_[de+ Ndy+j|v|dx+ Ndy =0
&) c, C C r

So, J.de+ Ndy = —I Mdx + Ndy (1)
[C

In the figure curve I" is oriented in negative direction.
Onthecurve T', x=ecosf@ = dx=—esinddo,y = sinfd = dy = cosd g
@ varies from 27 to 0.

q ] L . _ - 0
J_Xdy_ydxzj-ecose ecosfdo ezsme( esm@)dé?zj-dgz_zﬂ

€ 2r

2 2
Fx+y 2z

So, from (1) j Mdx + Ndy = — j Mdx + Ndy = 2
© N

14. Using the line integral, compute the area of the loop of Descarte's folium x> + y® =3xy.
Solution.
Putting y =tx in the equation of folium x° + y* =3xy

(o ot e 3t
1+8377  1+¢°
Let t =Y = tan @ where 6 varies from0 to /2.
X

So, t varies from 0 to .
3(1-2t°

dx:(—z)dt
(1+t3)
3(2t-t*

dy:—( z)dt
(1+t3)

Area of loop A= %I xdy — ydx
C

1+t ) 2
15. Verlfy the Green's theorem
[(1=x*) ydx+(1+y*) xdy where Ciis x*+y* =1.
C
Solution.

:_.[ tdt :3
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XX+y?=1

Here Eﬁ Mdx + Ndy = [ﬁ(l— X?) ydx+(1+y? ) xdy
C ©

So, M :(1—x2)y:>aM=1—x2. N =(1+ yz)x:a—N:1+ y?
oy OX
Let us first evaluate the double integral over region R bounded by the curve C (X2 + W = 1)

J'J'[@_@jd dy = ﬂ y? +x* ) dxdy = Jl.TFdrdH_ J'de_E

Now let us evaluate the line integral dex + Ndy as the closed curve C (X2 +y°= 1) .
OnC, x=cos@=dx=—sin@d@, y =sind = dy =cos&déd
@ varies from0to 27 .

27
[ﬁde+ Ndy = I (1-cos® 6)sin 6(—sin 8)d6 +(1+sin ) cos cos 66
0

= 2J?(—sin2 0+cos’ 6+ 2sin” Gcos’ 6)do = —T(—sin2 0+cos® 0+2sin’ g cos’ 6)d6

0

/2
:—I5|n8d0+jcosed9+2j5|n 6 cos® 9d9——ﬁ+ﬂ+8ISIn 6cos® 0do = 8|_|_2 Z

Since, ”[@ —ﬂj dxdy = Uj Mdx + Ndy . Hence, Green's theorem is verified.

16. Verify Green's theorem in the plane for m(xy +X+Y)dx+(xy+x—y)dy where Cis the closed
C

2 2
curve —+y—:1.
9 4

Solution.
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y
2 2
Xi_;,_yi =1
4
R
X
Given line integral is
deX-l— Ndy=[ﬁ(xy+x+ y)dx+(xy +x—y)dy
C
M =Xxy+Xx+ yaﬂzxﬂ, N = xy+x—ya—N: y+1
oy OX
X2 y2
Let us first evaluate the double integral over region R bounded by C = E +T =)
oN oM o 587 A
———— |dxdy = || (y—Xx)dxdy = ydydx — xdxdy
U5 o= owr -] o[ [
3 2
=0-0=0 [ [ f(x)dx=0if f (x)isode
i X2 y2
Now, let us evaluate the line integral dex+ Ndy on the curve E+— 29

OnC, x=3c0sfd = dx=-3sin@d@, y =2sind = dy = 2cosddbd
@ varies from0to 27 .
Mdx + Ndy = (xy + X+ y)dx+(xy +x—y)dy

=(6cos@sin @ +3cos @+ 2sin &) (—3sin #)d@ +(6cos Psin 6+3cos & —2sin &) (2cos ddH)

- (120032 @sin @ —18cosdsin® & —5cosfsin & —6sin® @ + 6.cos> G)de
So, the line integral

2z 2z 2z
[ﬁde+ Ndy =12j cos? Osin 9d9+18j cos @sin’ 9d9—5j cos@sin 6do
0 0 0

27 27
—6jsin29d9+6jcosz 0do =0
0 0
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2a

Here, we used I X)dx = 2_[ x)dx if f(2a—x)="f(x)=0if f(2a—x)=—f(x)
0

/2 7/2

jcos2 0do = jsinzede_
0 0

3 4>|a

17. Verify the Green's theore m Xy + X+ y)dx+(xy+Xx—y)dy where Cis the circle x*+y? =x.
C

Solution.
y

The given line integral
dex+ Ndy :I(xy+x+ y)dx+(xy+x—y)dy

M =(XY+X+V)%/I=X+1,N =(Xy+><—y),%N=y+1

Let us first evaluate the line integral over region R bounded by C : x* + y* = X as shown in Figure 5.18.

([ -2 g dxd Fdd dxdy = 0— ordrdo
Iewrn xdy = ijxxyjjyyxﬂxxy ”rcosrr

7XX

7/2 cosé 72 30080
=—I I r’cos@drd® [Equation of C in polar coordinate is r =cos@]=— I r cos@do
-7/2 0 —7/2
7[/2 ;;/2
... j cos* 6do = — jcos ede_—E-S/Z—IJ/_Z:_f
—71'/2 3 2|§ 8

Now, let us evaluate the line integral dex + Ndy over the curve

C:x?+y?=x=(x=1/2) +y>=1/4

OonC, x:1+1c039:>dx=—15in6d9,yzlsinejdyzlcoséde
2 2 2 2 2

Mdx + Ndy = (xy + X+ y)dx+(xy +x—y)dy
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1+lcosé? 1sin<9+1+lcose+lsin¢9 —lsinede
2 2 2 2 2 2 2

+ 1+1C059 1sin<9+1+1cos6’—lsint9 1cos¢9d6?
2 2 2 2 2 2 2
:(—gsinz¢9+1cosz0—lcosesin29+lcoszesin«9—£cos«93in9+lcose—lsinejde
8 4 8 8 8 4
327r 127r 127r
So, gjlvldx+ Ndy:——jsinzeo|<9+—jcos2 ede——jcosesinzede
C 8 0 4 0 8 0
1271' ) , 127r ) 1271' 1271' ) P
+—J'cos gsin 0d¢9——Ic0595|n0d0+—jcos@d@——jsm@d@ =——
8 9 8 s 4 5 4 8

18. Evaluate the line integral I(yx3 +xe” )dx+(xy* +ye’ —2y)dy using Green's theorem where C
©

is a circle of radius a.
Solution.

<

The region enclosed by a circle of radius a as shown in figure.
_[(yx3 +xe” ) dx+(xy* + ye’ —2y)dy=jde+ Ndy
@

C

Here, M = yx® — xe* oM N =xy° + ye —2y:>%—N=y3
X

Applying Green's theorem
dex+ Ndy = ”‘[@—%Jd dy = H —x*—xe’ dxdy

Changing to polar coordinates

azlr

- I I (rs'sin3 0—rcos® 6—rcos Hers"‘@)rdedr
00
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a

jlr“Usm Hdejdr I 4@”0053Hdﬁ)dr—Tr(TerSi"GrcosadQ]dr
0 0 0 0 0
:O—O—J.r[e“i”e}z”drzo

0

xdy — ydx

- round the circle x*+y”=a” in the positive direction using Green's

19. Evaluate m
2
2 Xt +4y

theorem.
Solution.

The given line integral is

A X2 +4y?

Comparing the two integrals,

y oM x-4y? -xP+4y? RAY X +4y?

X2 +4y? oy (X2+4y2)2 (X2+4y2)2 ’ X2 +4y?" ox (X2+4y2)2
The curve C is the circle of radius a. R is the region enclosed by the circle x> +y® =a*. M and N are not

continuous at origin. So, the Green's theorem will not hold good for the given line integral. Proceeds
similarly as done in question (13).

j Mdx + Ndy = —I Mdx + Ndy

— eSj —esi d :
J.xdy ydx _ J-ecoseecose esing(-esing)do (but X =< €088, y —=sind)

x> +4y? €’ cos’ @+4€*sin’
27 2r 2
:J- : 1 . dH:I sec 02
5 COs“@+4sin” 0 o 1+4tan” o
V3 2 /2 2
:ZJ- sec«92 d9=4f sec@2
oy 1+4tan® 0 > 1+4tan” @
=4 il a4l =
o 1+4t 2 0
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Prepare in Right Way
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6. Surface Integral
F = yzi +2xj+ Xyk and S is that part of the surface of the sphere

1. Evaluate _[If~ﬁd8 where F =

S
X® + y? +z* = a® which lies in the first octant.

Solution.
z

>

n
?\
y

X

The surface of sphere x* + Yy +z* =a?® is shown in figure

The sphere belongs to a family of level surface givenby S=X"+y +2z°=cC
So, the unit vector A at any point P is given by, A = |§§| XY e , A k=
a

N

If-ﬁ=<y2f+zxi+xylz)'(Xf+yjﬂk) P2 s = Y 8 gy

a a

Adg = 2.2 = dxdy = 3xyobly
a

F-AdS = 3” Xy dx dy (The region of integration of double integration given by R)

) ey -rll

a 4 7/2

cos 6'sin 0d9_3— I cos §sin 6dé

0

72 : _ 220 4
!J' cos¢95|n6drd49:3j' {I}

e e

<)

> \



2. Evaluate Iﬁﬁds where F =1zl +xj —3y?zk and S is the surface of the cylinder x*+y? =a’
S

along with the bases included in the first octant between z=0 & z=Db.
Solution.
z S,

X Sl

The cylinder is a piecewise smooth surface consisting of S;,S, and S, where S is lower base z=0, S,
is upper base z =D, S, is the curved surface of cylinder, as shown in figure 6.4 & figure 6.5.

A is an outward drwan normal to surface.
z

SZ
ds
dz
RIS
: ! n
s y
1 1
[ !
adé
X
jﬁ AdS = [F-AdS+ [F-AdS+ [ F-AdS
S S, S, S,



on S,,A=—k,z=0,dS = dxdy

F-i=F-(—k)=3y’z=0 (as z=0 on S,). So, Ilf-ﬁd5=0
5

on S,,A=Kk,z=h,dS =dxdy, F-A=3y’z =—3by’

/2 a 7/2 a
So, IF ndS_—BbHy dxdy _—BbIIr sin Hdrde——SbJ{ } sin@do
0
/2
:—Eba4 sinzedez—ina“b
4 16

The curved surface S, belongs to family of level surface S = x* + y*= constant

The unit normal vector to the surface S, is given by = V—S _X*y
VS| a
B . A (X +yi
For S, F-A :(ZI +X —3y22k)-u :E(zx+xy)
a a

dS =ad@dz. On S;,x=acosd,y=asiné

So, F-Ai= E[az cos @+ a®sin 0cos€] =7Ccos@+asin@cos
a

b 7/2

The surface integral becomes I F-AdS :I I (zcos@+asin@cosd)adddz
00
" ab
dz=al| z+ —+—2z| =—(a+b
(s ) -5 3e] -Fn

b
= j{zsmé@ sin 6’}
] 2
3

! F-AdS = [F ndS+jF nd3+j|: A dS =——;za4b+a—2b(a+b)

7[

18
3. Evaluate .[F AdS, where F= (X+y ) 2x1+2yzk and S is the surface of the plane

X+2y+3z= 6 in the first octant.
Solution.

X
The plane belongs to the family of level surface given by S = X+ 2y + 3z = constant
A unit vector normal to the surface is given by



A= |Z§| _! +\2/i_:3k , ﬁﬁ:%[(wr yz)—4x+6yz}
1

1 2 1 2
- = x4+ 2y(6-x—2 =2 (6-x-2y) | =—=—(12y-3x-3y? -2

ds = dXd}’ :g-dxdy ,F -AdS =%(12y—3x—3y2 —2xy)dxdy

6 2
So, jlf -AdS = %J- _[ (2y —3x-3y° - 2xy)dydx (The region of double integration is shown in figure
S 00

y
X+2y=6
X

18 d 1% x* 15 , 45
== 6y =3xy—y?—xy? | 2 -dx == || ——+—X*—— x+27 (X

oy 30y T2 =i 5wz

4 3

Y D S SR I e N

3] 322 4 4 .

4. Evaluate _[If AdS where F = yi +2xj — zk and S is the surface of the plane 2Xx+Yy =4 in the
S

first octant cut off by the plane z=4.
Solution.

2X+y=4

z
The surface of the plane 2X+ Yy =4 belongs to family of level surface S =2x+ Yy = octant.



A unit vector normal to the surface, A = Vs = 21+
vs| B
. = a 2 ~ 2f+j 1 2
Theintegral F-A={yl1 +2X]—ZK || — | =—F=(2Y+2X)=—F—(X+
g (y J )[ \/g j \/g( y ) \/g( y)

S A |
N j=—7(21+]) J=—%=
VAR
Now, taking projection of the surface on xz plane as shown in figure 6.9.
dxdz

P

dS = —— = /5dxdz
-
F-AdS = %(x+ y)~/5dxdz = 2(x+ y)dxdz
=2(x+4—2x)dxdz (y=4-2x from the equation of surface)
=2(4—x)dxdz
z
(0.4) (2,4)
(2,0) X

So, Surface integral becomes
- 42 4 ¥ 2 4
F-AdS=2||(4—x)dxdz =2|4x——| dz =12|dz =48
JF e =2 (s~ =l -1

0

5 1f F = ny— Zi+ x’k and S is the surface of the parabolic cylinder y* =4x in the first octant
bounded by the planes Yy =4 and z =6 then evaluate jlf -AdS .
8§

Solution.
z

(0,0,6)

The parabolic surface as shown in fig. 6.10 belong to family of level surface S =4x— y2 = constant.



The unit normal vector to the parabolic cylinder is given by
z\_ ey _ R R . 2|A_ o
fovS _ A9 F-ﬁ:(Zyi—zj+x2k)-( i) _ 4y-+4z
VS| Jy2+4 \/y2+4 \/y2+4
A1 2 dS—QIyOIZ 1\/ +4dydz, F-AdS == (4y+yz)dydz

Jyieal |

So, the surface integral reduces to double integral whose region of integration R is given in fig. 6.11
z

(06)

(40) 7
jlf -AdS ” 4y + yz)dydz
I;eglon R is theRprOJectlon of parabolic cylinder on yz plane
_[ :lj. (4y+ yz)dydz :lj.Zy2 +E dz :I(16+4z)dz ~167 +27| =168
< 2% 27 2 |, ! 0

6. Evaluate Ilf AdS over the entire surface of the region above Xy plane bounded by the cone

S
22 =x?+y? and the plane z =4 if F =4xzi + xyz?] +3zK .

Solution.

X
The conical surface S, as shown in the fig. 6.12 belongs to a family of level surface given by

S =x*+y®—2* = constant.
VS xi+yj-zk

The unit normal vector to cone is given by i = =
VS| X +y?+7°




(xf+yi—zl€) _AXPz+xy?*7® -37°

\/x2+y2+22_ \/x2+y2+22

ﬁ.IZ:_—Z ds = dxdy \/x +y +7° dxdly
e ST

F-AdS = 1(4x22 +Xy?z® —32% ) dxdy =(4x* +xy*z—3z)dxdy =(4x* +xy’z -3z )dxdy
z

F-A :(4xzf+ xy22j+32I2)-

:(4x2 +xy2 X+ Y —3X2 + Y )dxdy
So, _[lf.ﬁds :J.J'(4x2 +xy2\/x2 +y° —3\/x2 +y° )dxdy
S R

(R is the region of integration given by projection of cone on Xy plane as shown in fig)

y
x> +y? =16
X
4 6oy
=4Hx2dxdy3.[Nx2+y2dxdy[asf I xyzw/xzyzdxdyzo]
41,\/16,_),2
27 4 V4 T 4 T V4 V4
”r cos® @drd @9 — 32J'j£r drdé = 42.[2: cos® Ad 6 - BZI r d6’:2562J‘c0529d¢9—642J‘d0
0 0 0 0 0

:2567z 1287 =1287
onS,, i=k, dS=dxdy, F-A=3z=12

jlf~ﬁd5=12”dxdy =1927

S,

So, jﬁ-ﬁds =jﬁ-ﬁd3+j F-AdS =1287+1927 = 3207
S

S
7. Evaluate Eﬁ(xz + yz)dS where S is the surface of the cone z° = X* + y* boundedby z=0 & z=3

Solution.



X
Upper part of a cone is given by z =+/x* +y?® as shown in fig. 6.14.
It belongs to family of level surface given by S :{/x* +y® —z = constant.

Outward drawn unit normal vector is given by
TS P -
2 2 2 2
X X A0
VS \/ +y \/ +y K

vs] 1ZFs V2

~

k

= - L as= 2V vy

‘n-k

+
ay? xry?

S is a piecewise smooth surface consisting of conical part
S, :\X*+y?>—2=0 and S,:z=3 asshown in fig. On S,, dS =~/2dxdy

So, j(x2 +y?)dS = H(x2 . yz)\/idxdy

The region of double integration R is projection of cone x* + y* = z* onthe Xy plane as shown in fig
y

R/ x> +y>=9
K X
2z 27 4 81\/527[ _81\/572.

3
=\/§J.j:r2-rdrd¢9=\/ij‘r— d9=—fd9
00 0 4.0

4 2

273 27 413 81

2z
On S,,z=3, dS =dxdy = rdrdé, SJ;(x2+y2)d8= Hrzrdadr = f% d9=%£d9=?ﬂ

0 0



So, j(x2+y2)d8 :I(x2+y2)dS+I(x2+y2)dS =¥ﬂ'+§ﬂ' =%ﬂ'(\/§+1).
S Sy S,

2

8. Evaluate the surface integral Id—s where S is the portion of the surface of hyperbolic paraboloid
S
z =Xy cut by the cylinder x>+ y® =1 and r is the distance from a point on the surface to zZ axis.

Solution.
y

Surface of hyperbolic paraboloid belongs to the family of level surface S : Xy —z = constant.

VS yi+x-k

VS|~ e yioL

— b s ey adddy
JX+y?+1 A-k

So, the surface integral reduces to a double integral

I_J-d_s_”,/x +y? +1ddy

R X+y

where R is the region of the integration of double integral as shown in fig. 6.16 which is projection of
surface on Xy plane.

Changing to polar coordinates X =rcos@,y =rsin@, dxdy =rd &dr

I_J‘RJ' “\)}ild dy = ”\/1+_rd9dr —27{ 1+r? Iog(r+x/1+_rﬂ

x+y

= 7[[\/§+ Iog(l%/i)}
9. Evaluate
| = ” xdydz + dzdx + xz*dxdy

where S is the part of sphere X* + y?+z* =a® in the first octant.
Solution.

The unit normal vector to surface is given by A =

n-k




X
S is the part of sphere x*+y® +z° =a” lying the first octant as shown in fig.

S belongs to family of level surface given by S : x* + y* + z° = constant

Outward drawn unit normal vector to S,, i = VS _X +yJ+Zk A-k| = E ds = dXd}’ =E~dxdy
VS| a a Akl z
The given integral can be written as
J'J.xdydz+dzdx+xzzdxdy=I(xf+ i+xzzl€)~ﬁds :Jﬁ -AdS
Where F =xi + j+xz2%k, F (XI+J+XZ k) LWJ 1(x +y+x2°)
a a

- X +y+XZ X +y > ) )

F-n ~—— “dxdy = +x(a“—x"—y°)|dxdy
fFnes— H[ (st )
(R is the region of integration as shown in fig. )

y
R
X
x*dxdy y

= + dydx + a — x*— y?)dxdy

J;.[ a2—x2—y2 .L [az_xz_y J.J‘ )

az/2 3 2 az/2 2 . a 7/2
:II r cos 0d0dr+j I mdedwfj r?(a*—r?)cos6dadr

00 Nai—r 00 Nai-r? 00
—ZiLde‘r—dej’(azrz—r“)dr ﬂ+":1—7[+[a12r—3—ﬁj

4+ Ja? —r? Ow/a2_r2 0 6 4 3 5),

ra® rma® 2a°
= + +

6 4 15

10. Evaluate the surface integral mz cos@dS over the surface or sphere x*+ Yy + 2> =a° where 0
is the inclination of normal at any point of the sphere with the z axis.



Solution.

z Kk
A4 5
Sl
y
kLo
¢ N
X Sz !
S is the surface of sphere consisting of
upper hemisphere S, :z=4/a*-x*-y* and
lower hemisphere S, 1z =4/a* —x* —y* as shown in fig. 6.19.
Over S,,dS cosd = dxdy, z = /@’ — x* — y°
2c0sAdS = /a’ - x* — y?dxdy
Over S,,dS cosd = dS cos( 7 —¢) =—dS cos ¢ =—dxdy
7= /az_xz_yz
2c0s@dS = \/a’ — x* — y*dxdy
Since projection of S, and S, is samei.e. X* + Yy’ =a’
X2 + yZ — a2

A%
N

Izcos@ds = j Z cos @dS So, Izcoseds :Izcosed5+_[zcoseds
S, S, S S Sy

azlr

= 2“«/&2 —x* — y?dxdy (R is the region of integration as shown in fig. = 2_[ I JaZ-r?rdodr
R 00
r 4
:4zI\/a2—r2rdr =
0

3
11. Evaluate deS where S is the entire surface of solid bounded by the cylinder x* +y* =a” and
S
z2=0, z=x+2.
Solution.
S is piece wise smooth surface consisting of



S, : Base of cylinder, z=0, S, : roof of cylinder, z=x+2, S, curved surface of cylinder x* +y* =a’

2_2

a ya -y
On S,, dS =dxdy, deS = j j xdxdy =0
5, “a_Jaioy?
S, belongs to family of level surface given by S, :z—X = constant.
So, outwards drawn unit normal to S,, fi= —— K
J2

dxdy 2 VY
On S,, dS :ﬁ:\/idxdy,So, jde :\/EI f xdxdy =0

‘n -k s, “a_aioy?

On S,, dS =adddz, x=acosé, y =asiné
Z varies from0to x+2 i.e.0to 2+acosé

27 2+acosf
J'de = j I acosfadzdl = aZJ'OZ”cose-(2+acos¢9)d49 = 2a2_[02”00349d49+ a3_|‘:”cos2 6do
S

0 0
=ra’ (r”cosedezo)
0
=LA = = A = A = ‘A = 3
So, [ljspnds_jsll: ndS+LZF AdS + | F-AdS=ra
12. Evaluate [ﬁlf -AdS where S is the entire surface of the solid formed by x*+y*=a°z=x+1

and A is the outward drawn unit normal and the vector function F = 2xi —3yj + ZK .
Solution.

5 z=x+1
<
S3

L y

X
S is the pricewise smooth surface consisting of S,:2=0, S,:z=x+1 and S,:x*+y*=a* (curved

surface) as shown in fig. 6.21.
<> |




onS,z=0A=-k, F-i=—z=0 So, L F-AdS=0

—f—i—R _ 1 1
OnS,,z=x+2, A= as done in previous question) , F-Ai=—(-2Xx+2)=——<
2 72 p q ) \E( ) >
dS=dAXdk¥=\/§dxdy, - -fidS = (1-x)dxdy , Ilf-ﬁd8=”(1—x)dxdy
A- 5 ?

a \a'-y?
:fjdxdy— I jy xdxdy
_a_\/az__yz

(R is the region of double integration as shown in fig)
[a27y2
= ” dxdy | as J

S, belong to family of level surface S, : X* + Yy’ = constant.

—

2

QD
N

xdxdy = O] =ra’

—Jai-y

VS, xi+y]

Outward drawn unit normal vector., A = —= =
VS, a

on S, If-ﬁzé(sz—Syz), X =acosd,y =asiné

dS =ad@dz, F-fidS = (2x* -3y’ )ad@dz = a’ (2cos’ 0 -3sin’ ) dzd o

Z varies from0to x+1,i.e.0to 1+acosé
27 (1+acosd)

[Fads=[ [ a°(2cos*6-3sin®0)dzdo
S, 0 0
o3[ 2 - 4 (27 2 L
=a IO (2cos® 0—3sin* 9)do-a _[0 (2cos® 6—3sin’ 0)cos 0do
=—za’
= A = A = A = A 2 3
So, [JLF-AdS=[ F-AdS+| F-AdS+| F-AdS=0+ra’-7a’=7a’(1-a)
13. Evaluate Ixyz dS over the portion of X+ y+z=a, a>0, lying in the first octant.
S

Solution.
z

(—x-1)



S is the surface given by x+Yy-+z=a in the first octant. It belong to family of level surface given by

S :X+Yy+z = constant as shown in fig.
o a n oA 1
VS _I+j+k, K =

Unit normal vector to the surface S, fi= =
VS| 3 N

dsS =

‘dA dk}/ = /3dydx. So, J.xyz ds = ” xyz/3dydx = \/§i T xy (a—x—y)dydx
n- s R 00

(R is the region of double integration as shown in fig)
y

X+y=a

g(a—x)g——(a—x)3 dx :gix(a—x)3 dx:ﬁa5

14. Evaluate .fx dS where S is the portion of the sphere x* + y* +z* =1 lying in the first octant.

z
n y
x> +y? =1
R
y
X

S is the surface of sphere lying in the first octant as shown in fig. 6.25 and belongs to family of level surface

Solution.

S:x*+y®+2z° = constant.

. In VS o 2 ~ A O
An outward drawn unit normal vector to S. A = @ =XI+YyJ+zk, A-k=z2

dxdy 1 1 X
ds = % = Zdxdy = ————dxdy, [xdS = [[——2—
B N Xy’ix ; ‘ng—xz—yz

(R is the region of double integration as shown in fig. )




1

2

15. Evaluate the integral J.Jl— x? —y2dS where S is the hemisphere z =/1-x* —y* .
S

Solution.
S is the surface of hemisphere z = \/1-x* —y®
< A o 2 ~ X X
An outward drawn unit normal vector to S, A= X1 + Y]+ zk , dS = Grel = Py
A z

=08 =[xy 7 (=)
S R
= ﬂdxdy = Area of region R

(R is the region of double integration as shown in fig.)
16. Evaluate the integral szyzdS where S is the hemisphere z=./a’ —x*—y* .
S

Solution.

S iis the surface of hemisphere z =+/a® - x> - y° .

Nl

An outward drawn unit normal vector is S., A= Xi + Y] + zK
dxdy dxdy
j z

dsS =




Ixzyzds _U dxdy
(R is the reglon of double integration as shown in fig.)

227 1S sin? O cos® O

_J'J'\/T dxdy=” «/az—rz d@dr:4Iﬁfﬁsinzecoszed9dr

_4J‘ _Jl. :Eﬁa
\/a —r? 2|§ ovai—r?

17. Evaluate I—Z where S is the cylinder x* + y* =a® bounded by the plane z=0 and z=b and
r

I is the distance between a point on the surface and the origin.
Solution.

e
\

X
S is the surface of cylinder lying between z =0 and z =b on S as shown in fig. 6.29,

b2z b b
dS=ad@dz, r=+a*+z*, | ZJ.d—E 2_”. adgdz _ Zﬂaj% = 27rtan"lE =2rtan”
r* gs(a’+2) 2 2°+a al,
18. Evaluate ” x’dydz + y°dzdx + z°dxdy where S is the outer surface of the sphere
X +y*+z7°=a°.
Solution.

mlo-

asinfdg

.I‘ y

¢ asing

asin@ddg

X
S is the outer surface of sphere x* + y* +z% =a® as shown in fig. Normal to the outer surface



VS xi+yj+zk
VS| - a

J'J.( xdydz + y3dzdx + z3dxdy = ﬂ(x3f +V3 )+ 23I2) : (dy dzi + dz dxj + dx dyIZ)

J.(x3|+y j+23k) AdS = ”
[l

0
(z=acosf,x=asindcos g,y =asingsingponS)

B 7/2
jsm 0d6 = 2jsm 0de =2- E)’@=§
27, 15

/2 5
_[cos dsin6do = Zj cos* @sinfdé = 2|72|_1— 2

bi s _3
Ism ¢dg = 4j5|n pdgp=4.
4
|_ =a’ 16|:§7Z+§7Z:|+Eas-2ﬂ=gﬂ'a
4 4 5 5

5>
Il

. On a surface of sphere dS =ad@-asindd¢g = a*sinddd¢

4
Xy )azsin9d9d¢:aﬂ(x“+y4+z4)sin9d0d¢

O'—.§

a“sin® g cos* g+a*sin® sin* g+a* cos* Gsin Od )

-

o016 “(sm ¢+ cos ¢)d¢}+a —jd¢

H

5

”/2 15
Icos ¢dg = 4jcos gdp=4- |_|_ j

19. Evaluate ” XZ dxdy + xydy dz + yz dz dx) where S is the outer side of the pyramid formed by

the planer X—O,y—O,z—O and X+y+z=a.
Solution.

X
S is the piece wise smooth surface formed by

§:x=0.5,:y=0,S5;:2=0,5, =x+y+z=a asshownin fig. 6.31.
_szdxdy+xydydz+yzdzdx:ﬂ(xyh YZ ]+ X2 IZ)-(dydzf+dzdx j+dxdyl2)
S

:_l'(xyl +yzj+xzk)-ﬁdS

F=xyi+yz]+xzk
Here, [[|F -dS = [F-ndS+ [F-ndS+[F-nds+ [ F-Ads
S S. S S. S



On S, :x=0,A=—,F-A=-xy=0, Ilf-ﬁdS=O
Sl

OnS,:y=0A=—],F-A=-yz=0, Ilf-ﬁd8=0
S,

On 83:z:O,ﬁ:—I2,I3-ﬁ:—xz:0,Ilf-ﬁ=0
Ss

VS, i1+]+Kk

S, belongs to family of level surface , S, : X+ Yy+ 2z = constant, i = |V | = \/5
4
l3~ﬁ=%(xy+yz+zx), ds =‘dj(—d¥:\/§dxdy,jlf-ﬁds :H(xy+yz+zx)dydx
S, R

(R is the region of integration as shown in fig.)
y

X+y=a

X

aa—x

I V) “IEE S

a-x
4

2 3 3
TR .

- X
2 / 2

20. Evaluate the surface integral m(xf +yj+ ZIZ) -AdS where S is the positive side of the cube formed

dx :J‘azx—Zax2+x3+l(a—x)3dx =Ea
) 6 8

Il
O e

0

by the plane x=0,y=0,2=0 and x=1,y=12z=1.

Solution.
z

X
S is piece wise smooth surface consisting of
S :x=0,5,:y=0,5,:2=0;S,:x=1S,:y=1S,:z=1 as shown in fig.

On S,:x=0,dS =dydz,i=—1,F-A=—x=0, Ilf-ﬁdS=O
S



On'S,:y=0,dS =dxdz,i=—],F-A=-y=0, [F-AdS =0
S

on S,:z=0,dS =dxdy,A=—k,F-A=-z=0, _[If~ﬁdS =0

On S,:x=1dS =dydz,Ai=1,F-A=x= 1IF ‘NdS = dedz_

On S,:y=1dS =dxdz,i=,F-A=y= 1IF ndS:dedz:

A

On S, :z=1,dS =dxdy,A=k,F-n= zl,IF-ndS=”dxdy=1
Se
30,mﬁ.ﬁds=jﬁ-ﬁd5+jﬁ-ﬁd5+jﬁ.ﬁd5+jﬁ.ﬁd5+jﬁ.ﬁd5+jﬁ-ﬁds
S, S, S3 S, S S

21. Evaluate j (xcosa +ycos B+zcosy)dS where cosa,cos B,cosy are directional cosines of the

2 2 2

. . z
outward drawn normal to the surfaces where S is the outer surface of the ellipsoid — + % +—=1
a C
lying above the xy plane.
Solution.
z°
S is the outer surface of the ellipsoid —+§ — =1 lying above the Xy plane.
a’ c

An outward drawn unit normal vector to S is given as
A = cosal +Cos ] +Cos yk

dydz dydz
Ccosa

ds = = dydz =dScosa

Similarly, dxdy = dS cosy
dxdz =dS cos g

| = .[(XCOSOH ycos S+zcosy)dS = ” xdydz + ydxdz + zdxdy

S

(J'.[ xdydz = J'.[ ydxdz = J'J' zdxdy = volume of ellipsoid in the above xy plane = 2?” abcj

So, I(xcosﬁ+ ycos 3+zcosy)dS =3x2§abc:27rabc
S

22. Evaluate I(x+y+z)(ax+by+cz)d8 where S is the surface of region x> +y*<1,0<z<1.

Solution.



A
Ve

/

X

S is the surface bounding the region x> +y*<1 & 0<z<1
S is a piece wise smooth surface consisting of

S, : lower base z=0

S, upper base z=1,S,: curved surface of cylinder, x* +y? =1 as shown in fig.
y

N
NI

on S, :z=0,dS = dxdy I(x+ y+2)(ax+by+cz)ds :”(x+ y)(ax+by)dxdy
Sy

= H(ax2 +(a+b)xy+by” Jdxdy = (ar?cos® 0+(a+b)rsin@cos+br’sin’ 6)r dr do

o—Y¥
O L

At

(acos2 0+ (a+b)sin@cosd+bsin® 6’)%

-l>||—‘ -bll—‘ oY

déo

0

acos @ +Dbsin? @+(a+b)sin Qcosé’de)

Rl
i

27 27
cos? 9d0+9-j.cos2 9d9+(a+b)-fsin6’cos<9d¢9 =(a+b)z
4 5 4 5 4



S, \xzwz

On S, :z=1,dS =dxdy
:”(x+ y+2)(ax+by+c)dxdy

1ﬁ 1 \1-x?
:”(x+y)(ax+by)dxdy+j '[ (a+c)xdxdy+j I b+c ydydx+cﬂdxdy

1 f-y? 1J17
:(a+b)%+07r
On S;:x=co0sd,y=sing,dS =dadz,
j(x+ y+2)(ax+by+cz)ds

127z 1 2C7Z'

:H(c056'+sin9+ z)(acosd+bsin @ +cz)dodz =I((a+b)72'+272'022)d (a+b)7z+T
0

0 0

(x+y+z)(ax+by+cz)dS :I+I+I

s S, S, S,

—_—

27C¢ 3 5¢cr
_(a+b)4 (a+b)4+c;r+(a+b)7z+T_E(a+b)7z+T

23. Find the value of surface integral ” yzdxdy + xzdydz + xydxdz where S is the outer side of the
surface formed by the cylinder x*> +y® =4 and the planes Xx=0,y=0,z=0 & z=2.

Solution.
z

A7

"

S is a piece wise smooth surface bounded by S, :x=0,S,:y=0,S,:2=0 & S,: x> +y*=4.



_U yzdxdy + xzdydz + xydxdz = [lj(xzf +Xy) + szZ)- AdS = [ﬁ F -AdS
On Sl,ﬁ:—f,dS:dydz,x:O,I;ﬁ:xz:O.So, jﬁ-ﬁd5=o
S
On S, y=0,A=—},dS =dxdz,F-A=xy=0.So0, [ F-AdS =0
S,
on S,,z=0,A=—k,dS =dxdy, F-A=yz=0. So, Jlf-ﬁdS=O
Ss

Xl +Y]

On S, X*+y*=4,i= ,X=2c0s6,y=2sind

2 2 2 HY
So, E.po X2Ztxy _ 4zcos” 6 +8cossin 9:2200320+400598in20

2 2

dS =2dédz

7/2

L F.AdS :”(22 cosze+4cos¢9$in29)2d9dz —4 I (zcos2 0+ 2cosesin26‘)d0dz
‘ 0

2 2
:4I[2-£+g)dz=4{zzz+zz} :4(£+ﬂ)
273 g° 37} |23

O ey N
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7. Gauss Divergence Theorem

1. Green's Theorem. Let ¢ and y are scalar point function which together with their derivatives in any
direction are uniform and continuous within the region V bounded by closed surface S then

[(#v¢—yV7g)dz =[|(#V y —yV ¢)-dS
C S
Proof: By Gauss Divergence theorem

fIF-Ads = [v-Fdz

Let F=gVy —yVo

V-E=V(Vy)=-V- (W) =Ny +V§-Vy V24 -Vy Vo = v’y —yV’¢

So, [Sﬁ(wy/—y/w)-ﬁds = [(#vy —y¥*¢)dz (D)

Since, Vly:a—l/lﬁ, V¢:%ﬁ
on

on
So, (1) can be written as

Eﬁ( ‘Z_Z—wg—fjds = [(#viw —yv’g)de - (2)

Note: Harmonic function: A scalar function ¢ is said to be harmonic function if it satisfies Laplace's
equation V¢ =0
If #and y both are harmonic, i.e. V¢ =V?y =0 equation (2) reduces to

oV _, 9 4s =
U‘j@sE y/anjds 0.

2. Prove that

[vede=[gnds

\ S

Proof: Let F = ¢C where C is any arbitrary constant non zero vector
V-F=Vg$.C+¢v-C =v¢.C (asV-C=0)

Applying Divergence theorem

fIF-Ads = [v.Fdz

S \Y

Where S is bounding surface of V.

floC nds = [V-(¢4C)dr = C-[fjpnds =C-[Vgdr = é-UV¢dr—[ﬁ¢ﬁdSJ=0
Since, C -UV¢dr —U.]qﬁﬁ dS] is zero for any arbitrary non-zero vector C .
So, IV¢dr—[ﬁ¢ﬁ dS =0. Hence, jV¢dr = m;/)ﬁ ds

3. Prove that ijgdr:DjﬁxgdS :

Proof: Let F = g x C where C is any arbitrary non-zero vector.
V-F =V-(Q><C)=(f-curl g-g-curlC
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=C-curlg ( curIC:O)
Applying Divergence theorem
[]jlf AdS = '[V Fdr:mgxc AdS = jC curlgdr :>Dj x§)-CdS = jC curlgdr
(+(Ax

AxE)-C=(CxA)-B)
CUcurIgdr [ﬂﬁ gds]:o

Since, C- Ucurl gdr [ﬂ x 0 dS] is zero for any arbitrary non-zero vector C ,
So, jcurlgdr—m xgdS =0. So, ijgdr mnxgds

Solved Examples

1.Let F=xi+2y] +3zk, S be the surface of the sphere x*+y?+z>=1and fA be the inward unit
normal vector to S. Then m F -AdS is equal to?

fIF -nds = —{f)F-n'ds
Where ' is outward drawn unit normal vector to Si.e. Ah=-N"
= —_[V- Fdz (Gauss Divergence theorem) = —6x volume of sphere (Since, V-F =6)=-8x

2. Let S be a closed surface for which ” F-Ado =1. Then the volume enclosed by the surface is ?
S

[ﬁf ‘AdS=1= _[V -fdz =1 (Using Gauss Divergence theorem)
= 3jdr =1 (Since, V-r =3). Volume V = Idr :%

Xi + yj + 2k

3. Let V={(X,y,z)eR2,%SX2+y2+ZZSl}and F= for (x,y,z)eV .Let

(x2 +y?+7° )2
denote the outward unit normal vector to the boundary of V and S denotes the part
¢ -
{(x, y,2)e R% X +y* +7° :Z} of the boundary of V. Then IF -AdS is equal to?
S

Outward unit normal to boundary of V.
. Xi+yj+zk

n:—Tz—Z(xHyiJerZ)
- xivyj+zk) 1
[F-nds =2I((><2+3Tz2))2'()“ +yj+2K)ds =—2jmds

:—8_|'dS Since, x* +y* +2° _Lons|=—sxar-to_gs
4 4
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4. The value of the integral Dl F.AdS , where F =3xi +2yj+zk and S is the closed surface given
by the planes x=0,x=1,y=0,y=2,z=0and z=3 is ?
By divergence theorem

123
fIF-Ads = [v-Fde zeﬂjdxdydzzsa

000
5. For any closed surface S, the surface integral [ﬁcurl F-AdS is equal to?

S

By divergence theorem
flcurl F-Ads = [div(curl F)dr =0 since, V-(VxF)=0

6. For any closed surface S, the integral [ﬁf -AdS isequal to ?
S
By Divergence theorem

mf-ﬁds :J'V-Fdr :ISdr (V- F =3) =3xvolume enclosed by surface S=3V

7.1f F = axi +byj +czk,a,b,c are constants, then the integral [ﬁ F-AdS, S as a sphere of radius r
5

is equal to?
By Divergence theorem

[ﬁlf -AdS = IV- Fdz Where V is bounding surface of volume S.
S \

Let F = axi +byj +czk

Djlf AdS = Dj(axf+ byj +CZI2)~ﬁdS = IV-(axf+ byj +czl€)dr (By Gauss divergence theorem)
:(a+b+c)jdr =(a-+b-+c)xvolume of sphere of radius r :(a+b+c)%7rr3

8. If i is the outward drawn unit normal vector to S then the integral jdivﬁ dz is equal to ?
\
By Divergence theorem

[v-Fdz=[|F-nds
So, [V-fdz=[f]-ndS =[fjdS =S .
\ S S
9. Let S be the surface of the cube bounded by x=-1y=-1z=-1,x=1y=1z=1. The integral
mf-ﬁds is equal to ?

Using Divergence theorem

111 111
fir-nds = [v-rdz =3[dz =3[ [ | dxdydz :3><8”Idxdydz=24
-1-1-1 000
10. S be the surface of  sphere X +y*+2°=9. The  integral

ﬂ[(x+ z)dydz +(y +z)dzdx +(x+y)dxdy | is equal to?
S
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The surface element
AdS = dydz i + dxdz j + dxdy k
So, ” X+ 2z)dydz +(y+z)dzdx+(x+y) dxdy]

_U[ x+2)i+(y+2)j+(x+y) }[dydu+dzdxj+dxdyl2]
mx+z y+z)J+(x+y)12. ds

_f ((x+z (y+2)j+(x+y) )dTZJZdTIZX%-?Z’(3)3=727z'

11. For any closed surface S, the integral [ﬁﬁ dS isequal to

Let C be any arbitrary constant non zero vector
By using divergence theorem m(f -AdS = _[V-Cdr =0= C -[ﬁﬁdS =0
S V

Since, C -[ﬁﬁdS is zero for any arbitrary vector C Hence, [ﬁﬁds =0
12. For any closed surface S, the integral mf xAdS isequal to ?

Let C be any arbitrary constant vector

The integral C mfx AdsS = m(f-(Fx n)ds = [ﬁ(éxf)-ﬁds = J.V-(Cx f)dr (using divergence
theorem)

=j(r-Vxé—é-er)dr =0 (Since, VxC =0 & VxF =0)

Since, C mfx AdS is zero for any arbitrary vector C . So, mfx AdS =0

13. For any closed surface S, the integral mv¢x AdS isequal to ?

Let C be any arbitrary constant vector
The integral C -mV;ﬁxﬁdS = mé VpxndS = m((fo(/ﬁ)ﬁdS
S
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=IV'(6XV¢)dT (Using divergence theorem):I(V¢~Curlé—é~curlv¢)dr =0 (as Curl of
\ \Y

gradient = Q)

Since, C -Dij AdS is zero for any arbitrary vector C ..Hence, EﬁVqﬁx AdS =0
14. Let a be a constant vector and V is the volume enclosed by the closed surface S. The integral
fiix(ax

a
Using mﬁdeS _[Vder Putting F =axF
[ﬁ é dS=jV>< axr)dz' ..()
S

x(axF)= |><_ (axr)=>1 x(ax—j=2fx(axf):Z(f-f)a—(f-a)f

=3d-d=2a

Equation (1) reduces to

finx(axr)ds = [2adr = 2a[dr =2va
S \ V

F dS isequal to ?

<

15. If ¢ is harmonic in V then for any closed surface bonding V, the initial ma—¢d8 is equal to ?
n

D‘]% ds = m% A-AdS = [ﬁV¢~ AdS = IV-(V¢)dz‘ (Using Gauss divergence theorem)
S an S an S \Y
= JV2¢dr =0 (as ¢ is harmonici.e. V’¢=0)
16. Let vector B is always normal to a given closed surface S. For a region V bounded by S, the
integral .[Vx Bdz is equal to?

\
We have ij Bdr :[ﬁﬁx BdS

Since, B is parallel to normal A
So, AxB =0. So, ijBdrzgjﬁxédszo

17. F = (2x+52)f—(x22 + y) j+(y2 + ZZ)IZ the value of integral m F -AdS where S the surface of
S

sphere having centre at (2,3,1) and radius a is equal to ?
By Gauss Divergence theorem

Djlf-ﬁds :jV-Ifdr :.[.UV'((ZXJrSZ) (x z+y)j (y2+22)l€)dxdydz
:SIjjdxdydz = 3xvolume of sphere of radius a =3x%7ra3 = 4rza’

18. If S be any closed surface enclosing a volume V and F = 2XiA+3yi+7ZkA. Then, the value of
surface integral [ﬁlf -AdS isequal to ?

Using Gauss Divergence theorem
fIF-Ads = [v-Fdr =12[dr =12v
S \ \Y
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19. If S is the surface of sphere (x—1)2+(y—2)2+(z—3)2=1endosing volume V, and

F =Xi +yj +2zK then the value of integral Eﬁ F-AdS isequal to ?
V is volume enclosed by sphere S, given by

(x-1)"+(y-2)" +(z-3)" =1
16

= = 4
[ﬁF -AdS :IVFdr :4_[dr =4 x volume of sphere of radius 1:4x§7r=€ﬂ
S \

Assignment

1. Prove that
[ﬁ@&- AdS = _[V(ﬁ- Adr+ I¢V~ Adz, where V is volume of region enclosed by closed surface S.
V V

S
Solution.

By Gauss Divergencetheoremmlf~ﬁd8 = IV Fdz Let F =gA
S \
V-F=V-(gA) =V§-A+gV-A
So, [f]¢A-dS = [V-(gA)dz = [(V4-A+¢V-A) = [Vg-Adr+ V- Ade
S Vv \ \ Vv

2.1f F =V ¢ and V% =0, show that for a closed surface mwf-ﬁds :szdr.

Solution.
Using Gauss divergence theorem

m(¢lf.ﬁd5)=.|.V-(¢lf)dr =J-(V¢-|f+¢v.|f)dz. =J.(V¢'V¢+¢V~V¢)dr

= [(Vg) dr+[¢vgdr = [F?dr+0= [ F?dr

3. If ¢ is harmonic in V, then @qﬁ%ds =J(V¢)Zdr

Solution.

wp% gj¢a¢ds []j¢a¢ V-idS =[[|gV-dS = [V-(gVg)dr = [(Ve-Ap+4V°4)de
:j V) dr (- V?¢=0)

4. Verify divergence theorem for F =4xzi — y? j + yzlz taken over the cube bounded by X =0,y =0
,2=0,x=a,y=a,z=a.
Solution.
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(0,0,a)
\ (0,2,0)
y
(2.0,0) /
X
Let us first find the volume integral
aaa aa yza

V-Fdr = 42— dxd dz = 4z— d dz=a|dyz—=| dz
fo-far={ [t yocoys=[fiz-ygoyen=afon-

:azj(4z—§jdz=a2{222—§} :ga4
72 2 |, 2

The region V is bounded by S. S is a piecewise smooth surface consisting of Sl(x=0),Sz(X=a),

S;(y=0),S,(y=a),S,(z=0),S,(z=a)
[ﬁﬁ-ﬁd5=jﬁ-ﬁd5+jﬁ-ﬁd5+jﬁ-ﬁd3+jﬁ.ﬁd3+jﬁ-ﬁd3+jﬁ.ﬁds ()
1 S, S Sy S S

On S, x=0,i=—i,F-A=0,dS =dydz. So, [ F-dS =0
S,

On S,,x=a,A=1I,F -A=4az,dS =dydz
So,

a

j4az[y] dz = 4a’ Izdz =4a*

o

on S,,y=0,i=—j,dS =dxdz, F-A=0. So, jﬁ'ﬁd5=o
S.

a’dxdz =-a*

ot—0

onS, y=afi=],F-n=—a?dS=dxdz. So, jﬁ-ﬁdsz—j
4 0

On S,,2=0,f=—k, F-=0,dS =dxdy.So, [ F-fidS =0

Ss

aa 4
on S, z=a,fi=k,F-A=ay,dS = dxdy. jﬁ-ﬁdszjjaydxdyz%
S 00

From (1)

4 4

[]jF .AdS =0+ 2a*+0-a* +0+—=3i Hence, Eﬁﬁ -Ad 5=jv.ﬁdf
2 2 J

S
5. Verify divergence theorem for If:<xz—yz) (yz—zx)j+(zz—xy)I2 taken over the

+
rectangular parallelepiped 0<x<a,0<y<a,0<z<a.
Solution.
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(0,0,a)

(0.,0)
(200) /

X
Let us first calculate the volume integral

F=(x*-yz)i+(y*~2x) j+(z* - xy)k,V-F

=2(x+y+2)

The vqumemtegraIJ‘V Fdr=2

V
ZaH( y+zjdydz- a
00
a 2
_ZaI 2.8 ldz=2a%|az+~ | =3a*
2 2 |,

The surface S enclosing volume V consists of six pieces of smooth surfaces, S,(x=0),S,(x=a),S,

(y=0),S,(y=a),S(z2=0),S;(z=a).
Eﬁﬁ.ﬁds=jﬁ-ﬁd3+jﬁ-ﬁd5+jﬁ-ﬁd3+jﬁ-ﬁd5+jﬁ-ﬁd5+jﬁ.ﬁds
S S. S. S. S, S,

S4

x+y+z dxdydz —2”{ y+z } dydz
00 0

o'—.m

X,
2

a

N|$ O ey

L
2

|
I3

0

aa 4
On S, x=0,A=-1,dS =dydz, F-i=yz,, Ilf-ﬁdS:jIyzdydz:%
s, 00

On S, x=a,A=i,dS =dydz,F -fi=(a’ - yz), Iﬁ-ﬁdS:Ti(aZ—yz)dydz
S, 00

:iiazdydz—jiyzdydz :a4—a—4:§a4

00 00 4 4

On 83,y:0,ﬁ:—j,d8:dxdz,lf-ﬁ:zx,Jllf-ﬁdS:ﬁzxdxdz:a?
S. 00

OnS,,y=aA=],dS=dxdz,F-n= (a —zx), If-ﬁdS:ﬁ(az—zx):aI:%a“

00

On S;,2=0,=—K,dS = dxdy, F-i=xy, If-ﬁdS:”xydxdyz%
00

On Se,z:a,ﬁ:IZ,dS=dxdy,|f-ﬁ:a2—xy, If-ﬁdS:”(az—xy)dxdy :ga“
00
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=3a™". Hence, mlf-ﬁds :jV- F.-dr
6. Evaluate

” x*dydz + y*dzdx + 2z (xy — x— y ) dxdy

where S is the surface of the cube

0<x<a,0<y<al<z<a

Solution.

AdS = dydz i + dzdx j + dxdy k

xzdydz+yzdzdx+22(xy—x—y)dxdy=(x2f+ y2]+22(xy—x—y)lz)-ﬁd8
So, ”xzdydz+y2dzdx+ 2z(xy —x—y)dxdy :J'(xzf+ y2j+22(xy—x—y)I2)-ﬁdS
S

= IV-(x2f+ y’j+2z(xy—x—y) IZ)dr (By Gauss Divergence theorem)

aa a2
2”xydxdy:?
00

7. Use divergence theorem to evaluate ”X3dydz+x2ydzdx+ x’zdxdy where S is the sphere
S

X* +y?+2° =1.
Solution.

I ” x3dydz + x?ydzdx + x?zdxdy = Dj(x3f + X2y + xzzﬁ) -AdS

= J'V : (xsf + X2y + XZZIZ)d 7 (By Gauss Divergence theorem) = 5”'[ x2dxdydz
2

!

= Sjﬂrz sin® @cos’ ¢-r’sinddrdddg =5

O ey
O =3

1z
r*sin® @cos® ¢-dgdodr :57z”r“sin3 ododr
00

17/2 2

- 1 1 4
=10z | [ r*sin® 6dodr =107-2 2he  [2he 2
00

rr“dr I%sin39d0: = e .
: ° 2/% 2§1|1_/2 3| 3
2 2

8. Verify the divergence theorem for F =4xf—2yzj+z212 taken over the region bounded by
x*+y>=4,7=0and z=3.
Solution.
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U

SZ
/_
\

| dz
L A
2déo

A

_—

(2
S, 2d@

1

X
Let us first calculate the volume integral

F=4xi—2y?j+2°k, V-F =(4-4y +22)

IOV- Fdr = ”j:(4—4y+22)dzdydx :H[(4—4y)z+ 22]2 dydx = H(Zl—lZy)dydx

The region of double integral is shown in Figure 7.5

2 Jax? a

”(21—12y)dydx = 21jjdydx—12j j ydydx = 21” dydx —0 ( j f(x)dx=0if fin odd}
2. a_x? -a

=84r

This volume V is bounded by the surface S which is a piecewise smooth surface consisting of lower base

S,(2=0), upper base S,(z=3) and curved surface S, (X2 +y’= 4).
/ N yto4
X

on S,,z=0,dS =dxdy,A=—k,F-n=0, [ F-AdS=0

Sy

On SZ,Z:3,dS:dxdy,ﬁzlz,lf-ﬁ:zz:9, L If-ﬁdS:9J‘S dS =9x Area of circle of radius 2

=367
On S;x=2c0sd,y=2sind

Equation of S, belongs to family of level surface S : x* + y? =constant
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. VS xXi+y] = .
An outward drawn unit normal vector i = VS _Xi+y) ,F-A= (2x2 —~ y3)
vs| 2

=8cos’ @ —sin* @
dS =2d@dz

L F -AdS ﬂGTJj(cosz 0 —sin® 0) dzd@ :48_[02”(0032 0 —sin® 49)d6?
s 0

- 48joz”cos2 ¢9o|9—48j:”sin3 0do (j:”sin3 040 = o) _ 487

The surface integral over S
fIF-nds = [ F-ndS+| F-AdS+[ F-AdS =0+367+487=84z
S 1 2 3

Hence, [S[]F -Ads = | V- Fdr
9. Using divergence theorem, evaluate [ﬁA~ AdS where A=x% +Yy®]+2z°k and S is the surface of
S

the sphere x*+y>+2z°=a’.

Solution.

Using divergence theorem
2rw a

EﬁSA AdS = jv Adr =3[(x* +y*+72° 7 =3[ [[r*r*sin6drdods
000

_3I J.smé{ } d9d¢_—aj Ism@d@d :—aj [-coso]; d¢

6. 12
—ga .[0 d¢ —Eﬂ'a

10. Use divergence theorem to evaluate [ﬁ\7 -AdS where V = x?zi + yi —xz?k and is the boundary of

the region bounded by the paraboloid z = x* + y* and the plane z =4y .

Solution.
z

X
Applying Gauss divergence theorem
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4y
m\fﬁds :IV-Vdr = Jdr (This region of volume integration is as shown in Figure):” I dzdxdy
x%+y?
= ”(4y —x* —y?) dxdy
The region of integration of double integration in the projection of region VV on Xy plane as shown in Figure
y

X2 +y? =4y:>x2+(y—2)2 =4
4sin@

In polar form, r =4sin@, I:II(4y—X2—y dxdy = ]EJ. 4rsin@—r? rdrdH
0 O

pu 4 4sin@ :
:J' ir3sin6'—r— d9=%f sin“Hdez% Asin“ede
3 4| 3 3 b

7 5 55"
_ 14K e J‘Asin49d0:|72|%= 22
3 2x2x1

11. Verify Gauss divergence theorem for F= ny+ 22j+ 2yzl€ on the tetrahedron
X=y=z=0,x+y+z=1

Solution.
z

X+y=1

X X
Let us find volume integral IV- Fdr
\

V is the region bounded by x=0,y=0,z2=0 and X+ Y+ z =1 as shown in Figure
F=xyi+z?j+2yzk, V-F =3y
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_[V .Fdr = SH J'ol_x_y ydzdxdy = SH y(1—x—y)dxdy
R

Where R is the region of double integral obtained by taking projection of V on the Xy plane as shown in
Figure

J:'! (1-x)-y*)dydx = 3]{1 Xy__y_} :—J' (1-x)’ :_%(l—xf

2 3

4
The volume V is bounded by surface S. S is a piecewise smooth surface consisting of S; (x = 0),
S,(y=0),S,(2=0),S,(x+y+z=1),0n S,x=0,A=~i,dS =dydz, F-A=0

11-x 3(1—X)
 F-AdS=0.0nS,,y=0,dS =dxdz,i=—j,F-A=—7* j s=[] 2dzdx_—j_ dx
' 00 0
1
1
:“I 1=x) (1— x)’ T

on S,,z=0,dS =dxdy,ﬁ:—I2, F-i=0, [ F-nds=0
On S,, equation of S, belongs to family of level surface given by, S : X+ Yy + = constant

VS i+ ]+k

vs|~ B

Outward drawn unit normal to S,, fi=

= S 1 1
F-n =ﬁ(xy+z2 +2y2) =ﬁ(xy+(l—x—y)2 +2y(1—x—y)) =£(x2 — Y% +xy—2x+1)
ds :%z J3dxdy . So, L4 F -AdS :J:’lgx(x2 —-y° +xy—2x+1)dydx

(The region of double integration is given by projection of V on Xy plane as shown in Figure )

1-x 2
1_
dx = J'{ x)3+qux
: 2
Ikt o2 ) 11(121) 5
* i RN P e >
o, 24 3 2) "6 24 372)

So, [fl. F -ds =jslﬁ~ﬁds +L2ﬁ~ﬁds +lef~ﬁds +j54lf-ﬁd8 =0+(—$j+0+—:

y Xy’
—I x —2x+1)y——+7

-5 -%)

Hence, Ul F -AdS :LV- Fdr
12. Using Divergence theorem evaluate | :” x>dydz + x*ydzdx + x*zdxdy where S is the closed

surface bounded by the planes z =0,z =b and the cylinder x*+y? =a’.
Solution.
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U

_—
|

| dz

if‘: R y

»n
\adH KNZ_‘_yZ:aZ

X
- | y
[
ado
X

| = _U x3dydz + x®ydzdx + x*zdxdy = [ﬁ(x3f + X2y + xzzIZ) -AdS

=[v- (x3f +X2yj + xzzIZ)dr = 5[”: Xdzdxdy =5b [ x*dxdy
R

(This region of double integral R is given by projection cylinder on Xy plane as shown in Figure )

27 a 4@
:5b“.r2cos2 Ordrdo :SbI2 " coszode :Ea“bj2 cos? 9d9:§ﬂa4b
00 "3 0 4 ° 4

13. If F=xi — yj°+(z2 —1)I2 find the value of mlf -AdS where S in the closed surface bounded by

the planes z =0,z =b and the cylinder x*+y* =a’.
Solution.

vy

_—
|

aad- y

N
NI

X
By Gauss Divergence theorem
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D‘:Lﬁ.ﬁdszjvv.ﬁdr, lfzxf—yj+(zz—1)kA, V-F=2z
" dxdy =b? [[| dxy

b _ 2
J.V'FdT:J‘J.J.O 2zdzdxdy —”z .
(The region of integration R is projection of volume region VV on Xy plane as shown in Figure)

=b? x area of circle of radius a = ra’b?
14. Evaluate

Dj(yzzzh X% + zZyZIZ)ﬁdS

where S is the part of the sphere x*+ y® + 2> =a® above the Xy plane bounded by this plane.
Solution.

By divergence theorem

m(yzzf+zzx2j+zzyzﬁ)-ﬁd8 :jV-(yZZZf+ZZX2j+22y2l2)~d2' :jIJZZyZdXdydz

a2
:_[HZrcose-rzsinzesin2¢-rzsin Odrdod ¢ :2” j r°sin® @cos @sin® gdgdodr
000
% sin*0|” r 1
_ ar% s - 3 _ a5 5y = = ab
—27z.|‘0 _[0 r®sin® 6 cos &dr —27rJ.0 = 0 dr = ZIO ridr =~ 7

15. Evaluate [ﬁ F -AdS over the entire surface of the region above the Xy plane bounded by the cone

22 =x%+y? and the plane z =3 if F =4xzi + xyz?j +3zK .
Solution.
By Gauss Divergence

Dl E.AdS =IVV- Fdr :_[VV-(4xzf+xy22j+32I2)dr

V is volume enclosed by cone z* = x* + y? and the plane z =3 as shown in Figure )
y
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3 3 3
- 47+ xz® +3)dzdxdy = [[ 222+ x = +3z dxdy
R T e

(The region of double integration R is projection of volume V on Xy plane as shown Figure )

{ 9-x2 - y?) 3(27 (¢ +y?)" )+3(3—m)}dxdy
-[]

’ 3
=2 {Z—Jrz—%—r} =108

0
16. Evaluate by divergence theorem the integral

xz?dydz +(x*y — z° ) dzdx + ( 2xy + y*z ) dxdy
3

Where S is the entire surface of the hemispherical region bounded by z = «/az —x*—y? and z=0.

Solution.
The surface is shown in Figure

{27 2r? —3r)+;rcos¢9(27 r)}rdedr_zﬂj‘ 27r —2r® —3r )d

AdS = dydzi + dxdzj + dxdyk
__U xz*dydz +(x*y —z° ) dzdx+( 2xy + y*z ) dxdy = Dj( (xy-z )J+(2xy+yzz)I2)-ﬁdS

S is the surface of hemispherical region bounded by z = \/a —x*—y? and z=0 as shown in Figure .
.[VV-(xzzf+(x2y—z3) j+(2y+ yzz)IZ)dr
(By Gauss Divergence theorem mlf -AdS = _[V V-Fdr7)

S

= [[[ (22 +x*+ y*) dxdydz :Tﬁr? r?sin6drdadg :joz”jo%r—asin 6dodé
000 0

27a’
5

a® 22 a® or 2 a® ror
:Ejo !sm&d@dgb:EJ'O [-cos o], d¢:EJ'O dg =

17. By using Gauss Divergence theorem,
Evaluate [ﬁ(xf +y+ zzlz). AdS
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where S is the closed surface bounded by cone x*+ y? = z? and the plane z =1.
Solution.

R

2

y
\x2+y =1
j |

V -
N

X
Using Gauss Divergence theorem

JLF-fds=| v-Fdz
1
L(xi +yj+zzk)-ﬁd8 :jv (XI +yj+22k)dr —ZHJI_ (z+1)dzdxdy

(V is volume enclosed by cone x* + y* = z* & the plane z =1 as shown in Figure )

22 |
:ZIIR?+ZW

(The region of integration of double integral R is the projection of volume V on Xy plane as shown in
Figure)

dxdy

:J.J-(l—xz—yz)+2(l—w/x2+y2)dxdy:le.3 2r—r? rdrdH
00
_ (%8 Z_Z_'J_ﬁldgzl 2”d6’=7—7[
02 3 4], 120 6

18. Verify divergence theorem for F = 2X2yf = j +4xz%K taken over the region in the first octant

bounded by y*+27°=9 & x=2.
Solution.
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Szx X=2
/
i‘//
/S“
S, )
57 L Paon
z i \22+y2=9
ADY: y
e i
y s, 3d0

Let us first find the volume integral .[V V-Fdz, Vis the volume enclosed by surface y* +2* =9 & x=2
in first octant as shown in Figure .
— ~ P A = 2
F =2x°yi —y?]+4xz°k , V-F =4xy -2y +8z, IVV- Fdr :”L (4xy — 2y +8xz ydxdydz
2
:” 2X°y — 22Xy +4x*z| dydz
R

0
(R is the projection of Vis Xy plane as shown in Figure ).

3
_ % . ATIR2 - 7, & Q.2 A
_4!:_[0 (rcos @+ 4rsin ) rdadr _4J'Or [sino—4cos @] dr —2Oj0r dr =180
Now, let us calculate the surface integral over S. S is a piecewise smooth surface consisting of
S,(x=0),8,(x=2),5,(2=0),S,(y=0),S; (y* +2* =9)
On §,,x=0,dS =dydz,i=—i,F =0, So, [ F-fidS =0

3
On S,,x=2,dS =dydz,A=1,F-A=8y, So, L F -rids =8|[ ydydz =8jj0/2rcos9rd9dr
2 0

3
:8Ir2dr:72

0
On S;,2=0,dS =dxdy,Ai=—k,F =0, S0, [ F-AdS=0
Vitzk = . 1, . 4

JF-n=—=(4xz" -
AR

Let y=3c0s6,z=3sin6, F-A=9(4xsin®d—cos’#), F-AdS = 27(4xsin® 6 —cos® 6)dAdx

OnS,,y*+2>=9,dS =3dddx, A=

[ Fonds = 27?[0%(4xsin3 0 cos’ 0)dddx
° 0
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j%sin39dezj”/2cos3ede=|_2|l_/2= he 2 =18[ " (4x~1)dx =18[ 2x* ~x] =108
0 0 25, 531 3 0 0
2 2

So, surface integral [ﬂ F -AdS is give as

fLF-nds = F-ndS+[ F-AdS+[ F-AdS+[ F-AdS+| F-AdS =0+72+0+0+108
S, S, S, S, Ss

=180

So, mlf-ﬁds = jV- Fdz . Hence, Gauss divergence theorem is verified.

19. Evaluate by using Gauss divergence theorem

(i) []l(azx2 +b?y? +czzz)/2d8

(i) [fL (a2 +b%y? +¢%2%) " dS

over the ellipsoid ax® +by* +cz* =1.

Solution.
S is the ellipsoid belonging to family to level surface as shown in Figure 7.22.

S :ax® +by? +cz® = constant
axi +byj +czk
\/azxz +b’y? +¢°z°

The outward drawn unit normal vector 1 to S is given by h =

(i) []j(azx2 +b?y? +c22)1/2 ds :[ﬁlf -AdS
Comparing the integrals F - = (azx2 +b?y® + szz)%

(axf +byj + czIZ)

Y2

2,2 2,2 2 2
: =(a°x* +b’y* +c’z
a’x? +b’y? +c?z? ( )

F -(axf +byj+czl2) =a’x® +b%y? +¢’2°
For using Gauss Divergence theorem, F should continuous and should have continuous partial derivatives

in region V enclosed by ellipsoid S. The surface F can be taken as
F =axi +byj +czk

so, [fj(a®* +b%y? +c%2%) " ds = f)(@d +byj +c*K ) -ds
S S

=_.'VV-(axf+byj°+czl€)dr

According to Gauss Divergence theorem
4r(a+b+c)

3Jabc

mlf-ﬁds :jV- Fdr =(a+b+c)jvdz' =(a+b+c)xvolume of ellipsoid =

(i) [fl(2%x +b%y? +c?2%) " dS =[f]F -Ads
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\ax“rby%cz2 =1
X

Comparing the integral
F-A=(a’x’ +b%y* +0222)7%
(axf+byj+czl2) 1
\/a2x2+b2y2+czzz \/a2x2+b2y2+c222
The function F can be taken as
F=xi+yj+zk, If-ﬁ=(xf+yj+zl2)(axf+byj+czl€):ax2+by2+cz=1 (on

S,ax? +by? +cz? =1), [&(axz +by* +cz)dS :m(xf+yj+zl2)-ﬁd8

=jV-(xf+yj+zl2)dr :3jdr

:>If~(axf+byj°+czI2)=1

Az
= 3xvolume of ellipsoid =
Jabc

Note. While evaluating surface integration, we can incorporate the equation of surface.
20.If F = (x2 +y —4)f+ 3xy |+ (2xz = 22)12 . Evaluate L (V x If) -AdS where S is the surface of the

sphere Xx* + y*+z° =a” above Xy plane.

Solution.
z

| -
S, N

fi=—k
The surface S is sphere x* + y*+z° =a® above Xy plane as shown in Figure 7.23.
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So, S is a open surface. But, Gauss theorem applies only to surface integral on closed surface. Had the
surface S been closed, the integral L V x F -AdS would have been zero because

jSvXﬁ-ﬁds =jv-(wﬁ)dr=o

Since, divergence of curl F will be zero.
S is open surface. Here we will make use of the fact that I V x F -AdS over the closed surface will be zero.
Now, let us consider a closed surface X consisting of hemispherical part S : x> + y® + z° =a’ above Xy
plane and base of hemisphere S':z=0.
We have to find LVx F -AdS
Now, [f| VxF-AdS = [V-(VxF)dz=0
=[[| VxF-Ads = [ VxF-dS+ [ VxF-fids =0
S S

[, VxF-fids—[ VxF.fds
Now, it is easier to evaluate the surface integral over the plane surface i.e. over the base of hemisphere
S':z=0.
On S',z=0,dS =dxdy, i = -k

N,
E.|l & O

OX oy oz

X*+y—4 3xy 2xz+17°

=-27j+(3y-1)k
So, VxF-A= (—22}+(3y—1)l2)-(—l2) =—(3y-1)

<
X
|Q) >

So, [[VxF-fidS =—[ VxF-nds = [[(3y—1)dyax=3| [ ydydx—[[dydx

-a_ a2 2

=0- Area of base = —7a’
Note: In this problem, we have converted as integral over a curved surface to integral over a plane surface.

21. Evaluate L(Vx If)-ﬁdS where F :(x—z)f+(x3 . yz) j—3xy?k and S is the surface of the

cone Z=2—+/X*+ Yy’ above the Xy plane.
Solution.
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YA
0
(a.B7) )
(a.B.7)
y y
X X
YA
Z
(a.B.7)
(0,0,2)
]
y
y
X S'A

1

The general equation of cone with axis parallel to Z axis and vertex at (a,ﬂ, 7/) with semi vertical angle
@ is given by.

(z—y)tan® @ = (X—a)2 +(y—ﬂ)2

The cone given by above equation is shown in Figure 7.25.

(z—;/)tan0:+\/(x—oz)2 +(y—,8)2 denotes part of cone above the vertex (a,f,y) as shown in
Figure 7.26.

(z—y)tan6 = —\/(x—oc)2 +(y —,8)2 denotes the part of cone below the vertex (e, B,7) as shown in

Figure 7.27.
Equation of cone given here is
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2=2-x*+y’
(2—2):—«/x2+y2

Comparing this equation with standard equation of cone

(z-y)tan0=\(x-a) +(y-B)

The vertex is (O, 0, 2) and semi vertical angle is &. It represents part of cone below the vertex. Here also,

we will make use of the fact that the surface integral I V x F -AdS over the closed surface will be zero
as [[[VxF -fidS = [V-(VxF)dr =0
Since V~(V>< I3)=0
Let us consider a closed piecewise smooth surface X consisting of two surface.
S :Partof cone z =2—/X* +y? lyingabove Xy plane, S': base of cone, bounded by x> +y* =4,z =0
;I'he surface integral
JLVxF-nds = [v-(VxF)dr=0
=[fLVxF-nds = [ VxF-AdS+[ VxF-Ads =0
S S
= [ VxF-fids =—[ VxF-fids
S S’

] i k
vxE=| 2 2 2
OX oy 0z

Xx—z xX+yz -3xy?
:(—6xy—y)f+(—1+3y2)j+(3x2)I2
(VxF)-fi=-3x" (fi=—k]

So, [ VxF-AdS =—| VxF-ndS

2 42

vy 4
jr— cos” 0d6 =12 cos* 6d0 =127
0 4 0 0

22. If F=yi+(x—2xz)]-xyk, evaluate jSVxlf~ﬁdS where S is the surface of the sphere

:3” x*dxdy :BTJZ'r2 cos’@rdrdé =3
00

X* +y? +12z* =a® above the xy plane.
Solution.
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S L}
A

Similar to previous problem, here also use will make use of the fact that the surface integral jV xF-AdS
evaluated over a closed surface is equal to zero because the divergence of function V x F is always zero.
So, applying Gauss divergence theorem
j VxF -AdS evaluated over a closed surface is zero. Consider a closed piecewise smooth surface X
consisting of two surfaces.
(i) S :spherical part x>+ y*+z° =a® above Xy plane
(i) S': base of sphere x* +Yy® +z° =a’, bounded by circle X* + y* =a’ in Xy plane
Applying Gauss Divergence theorem
D]Vx F -AdS =IV-(V>< If)dz'=0
z \Y
= ([ VxF-Ads = [ VxF-dS+[ VxF-fidS =0

5 S
= [ VxF-fds =—[ VxF-fids

S g"

~

On S',dS =dxdy,z=0,A=-k

] i k

vxE=L <2 2 =Xi +yj—2zk
OX oy 0z
y X-—=2XZ -—Xxy

VxF-A=22=0
jwﬁ.ﬁd5=—jwﬁ-ﬁd3=o,sa J.VxliﬁdS:—J.Vxlf-ﬁdS:O.So, jwﬁ.ﬁd5=o
S S’ S S’ S

23. Evaluate L (Vx If)-ﬁdS where F :(x2 + y—4)f+3xyj+(2xz+ zz)kA and S is the surface of

paraboloid with axis parallel to z axis z = 9—(x2 + yz) .
Solution.
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a>0
> a<0

, A
.

X g y
The standard equation of parabola is given by

(z-7)=a(x=a)’ +(y- ) |

where (a, 3, 7) is the vertex of paraboloid

Comparing given equation of paraboloid z :9—<x2 + yz) (Figure 7.31) with standard equation. The

vertex is (0, 0, 9) . Here also, we will make use of fact that the integral IV x F-AdS is equal to zero for a
closed surface as shown in Figure.

Consider a closed piecewise smooth surface X~ consisting of paraboloid S and base of paraboloid
x* +y* =9 as shown in Figure 7.34.

Using Gauss Divergence theorem,

gijlf-ﬁdS=jv-(V><ﬁ)dr=o :>[]ij TﬁdS:ijﬁ-ﬁdsquﬁ-ﬁds=o
> \Y > S S
SN

So, ijif-ﬁdS=—jV><|f-ﬁds,0n = —k, dS = dxdy
S S’

Q) >
|Q) >

]

0

ox 6_y 0z
X*+y—4 3xy 2xz+717°

VxF fi=—(3y-1), [VxFfidS =—[VxF-nds = [[(3y-1)dydx
S S’

VxF = =-27j+(3y-1)k
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3 ox?
= 3_[ j ydydx — ” dydx
-3 7\/977
= - Area of base of paraboloid = -9

24. Let ¢(x, Y, z) =e”*siny . Evaluate the surface integral ﬂ?da, where S is the surface of the
n
S

cube 0<x<1,0<y<10<z<1 and % is the directional derivative of ¢ in the direction of the
n

unit outward normal to S. Verify the divergence theorem.

Solution.

y
(010)

(100) ~

(0,01)

o¢ .
— =Vao-n
on ¢

V¢ =e*sinyi +e* cosyj
S is a piecewise smooth surface as shown in Figure 7.35 consisting of following surface
x=0, x=1; y=0, y=1;z=0, z=1

On x =0, =—i,dS =dydz, H%da:—ﬁsin ydydz = (cosl-1)

On X =LA =i; dS =dydz, ”%-dazﬁesin ydydz =—e(cos1-1)

On y=0,fi=-j,dS =dxdz, ”%daz—ﬂexdxdz :—ﬂededz =—(e-1)
On y=1f=j,dS =dxdz, H%do—:ﬂex cosldxdz = cosl(e—1)

. 0
On z=0,A=-k,dS =dxdy, || ==do =0
n y .”.an o
On z=1,dS =dxdzz =1A=k =dS = dxdy, jj%dazo
on

So, m%aa =(cos1-1)—e(cosl-1)—(e—1)+cosl(e—1) =0

Using Divergence Theorem

Personalized Mentorship +91-9971030052



Mindset Maskers for UPSC

[Ivg-nds = [V?gdz =0
S \%

Since, V¢ = V-(eX sin yi +e* cos y]) =e*siny—e*siny=0.Hence, Gauss Divergence theorem is
verified.
25. Let S be the surface {(x y,2)eR* X +y*+22=2,2 20}, and let A be the outward unit

normal to S. If F = yI +xzj +(x2 + yz)kA, then evaluate the integral _[If -AdS .
S

Solution.
z

(0,0,1)

S:x*+y?=-2(z-1)

is a paraboloid with vertex at (O, 0,1) as shown is Figure 7.36
F = yf+xz]+(x2 +y2)I2

V-F=0

Consider a closed surface S which consists of two piecewise smooth surface S and S", where S' is base of
Paraboloid and S is paraboloid

fIF-Ads = [v-Fdr=0

Eﬁzﬁ-ﬁds=Lﬁ-ﬁd5+jsﬁ-ﬁd5=o

Lﬁ-ﬁdS:-jS"F".ﬁds

For S ,A=—K dS =dxdy

So, L F -AdS =—J‘S"If-ﬁd5 :—J'.|.(yf+xzj+(x2 +y2)lz)o(—l2)dxdy :”(x2 + yz)dxdy

2

272 r.4
—| d@=2x

- _([ ! r’rd@dr =I02” 2

26. Let D be the region bounded by the concentric spheres S,:x°+y’+z°=a’ and

S, :X*+y?+2°=b* where a<b. Let A be the unit normal to S, directed away from the origin. If

V?p=0inDand ¢ =0 on S,, then show that I|V¢|Zdv +I¢(V¢)-ﬁd8 =0.
D 5,

Solution.
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Let us consider a surface X consisting of S and S' enclosing a volume D as shown is Figure 7.37.
According to Gauss Divergence theorem

[ﬁzwgﬁ.ﬁds = [V (pvg)av
D
= [Vg-VgaV + [ pvgdv
D D
= jD|v¢|2 dV (as V’¢=0 inD)
Now, @W;ﬁﬁds =I81¢V¢-ﬁds +LZ¢V¢-ﬁdS
=L $-V¢-ndS+0 (as =0 on S,)
Here i is outward drawn normal i.e. pointing towards origin
So, [¢-Vg-ndS =—[ ¢-Vg-i'ds
S %
where A'=—N is unit normal to S, directed away from the origin
2 Al
so, [ [V v+ [ 4(Vg)-n'ds=0
27. Using Gauss's divergence theorem, evaluate the integral _flf -AdS , where F = 4xzi — y? ]+ 4yzk
S

, S is the surface of the solid bounded by the sphere x*+y®+z°=10 and the paraboloid
x> +Yy?=2z-2,and A is the outward unit normal vector to S.

Solution.
z
y
« X+yr=2-2
2 2
4_x2+y2+22=10 /xx+yx—l
P \j
X

F =4xzi — y2 ] +4yzk
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V-F=4z+2y
Using Gauss divergence theorem

fIF-ds = [v-Fdr = [[ [ (42+2)dadydx (dr = chdyciz) = 2[[[ 22 +y2]'s " cedy
S

10—
X2 +y2 42
\

= 2”(6—5(x2 + yz)—(x2 + y2)2 + y(JlO—x2 —y? —x*—y? —2))dxdy

Surfaces bounding the volume are x*+y® + 2> =10 & X* + y* = z—2 as shown in Figure 7.38.
So, curve of intersection of surfaces is given as

X*+2-2=10=>12=3

X +y?=1
z=3
Putting X =rcosé, y = rsin @, dxdy = rd&dr

(r is the region of integration of double integration)

fIF-nds = ZLlIOZ”[(G—Sr2 —r*)+rsin 9(\/107—02 + 2))} rd@dr
S
= ZJ.OlJ-OZ”(6—5r2 —r*)rdgdr + 2.[:102” r’ («/10— r? —a —2)sin 6dédr

Now, J.Ohsin 0d@ =0 So, integral of second term

ZJ.;J'OZ” r? (\/10— r2 —r? —2)sin 6dedr =0

} Curve of intersection

1 6 Tt
I Sr r 19
mF-ndS=4ﬂj[6r—5r3—r5]dr:47r Iri— | ==
5 4 6] 3
28. Let W be the region bounded by the planes x=0,y=0,2=0 and x+2z=6. Let S be the
boundary of this region. Using Gauss divergence theorem, -evaluate J. F-AdS, where
S

F =2xyi +yz2]+xzk and A is the outward unit normal vector to S.

Solution.
z

X+22=6

<
I

0
Y «— Yy=3

/

Using Gauss Divergence theorem
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fIF-Ads = [v-Fdz = [[[(2y+2° +x) dxdydz :j”:(x+2y+z2)dydxdz

6—X

zdxdz = joa.[(fzx(Sx+322 +9)dzdx = J.063xz +9z+2% % dx

Ixy+ yZ + 2%y

0
6

4
(—x3 +6x° —72x+512)dx = %{—%jt 2x° —36x° +512x} =2355
0
29. If If:(x2+y—4)f+3xj+(2xz+22)kA, then evaluate the surface integral .[(VX If)-ﬁdS,
S

1 ¢6

g o

where S is the surface of the cone z=1- «/x2 +Yy? lying above the Xy -plane and A is the unit normal

to S making an acute angle with K.
Solution.

S 1
X

Consider a closed surface ¥ consisting of S & S'as shown in Figure 7.41. Where S is conical surface & S'
is its base

U]Vxlf~ﬁd8 =IV-(V>< If)dz'=0
z V

= [[VxF-fdS+ [ VxF-fidS=0
ISVxﬁ-ﬁdS=—ISVx|E-ﬁdS

|Q) >

i j

VxF = 9 9
OX oy 0z

X*+y-4 3x 2xz+7°
=—27j+ 2k
For S"A=—k, dS = dxdy
So, [ VxFAdS =—[VxF-Ads
:Hdedy
=2
30. For the vector field V = xz° — yz* ] + 2(x* - y* )k
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(a) Calculate the volume integral of the divergence of \/ over the region defined by —a<x<a,-b<y<b
and 0<z<c.

(b) Calculate the flux of V out of the region through the surface at z=c. Hence deduce the net flux
through the rest of the boundary of the region.
Solution.

V:xzzf—y22i+z(x2—y2)kA
divV =22 - 22 + x? — y?
()

Volume integral of divergence of \/ over the region defined by —a<y<a,-b<y<b and 0<z<c.

a a b
[[[v -V dxaydz= [  (x: —y*)axcydz =c ] [ (x - dxdy_cJ' X y__3 dx
-a-bo0 —a-b b
=2cj[bx2—b—3jdx:2cb—x3—b3—xa =—4abc(a2—b2)
A 3 3 3| 3

(b) For z=c,A=k
V-ﬁ:z(xz—yz):c(xz—yz) for z=c
dS =dxdy, Flux across z =c,
b a
J'V AdS = CII x - dxdy—cj { 2y—y?3} dx=2cjaa(x2b—£jdx=2c[%—%x}
-a-b -b -a
:4a_bc(a2_b2)

3
Flux across the closed surface

[V -nds =jv.Vdr=4aTm(a2—b2)

This is equal to flux through the surface at z =c.So, flux through rest of the boundary of the region = 0
31. Using Divergence theorem, evaluate Ilf -AdS , where F =4xi — 2y2j+ 2%k and S is the surface

bounded by the region x> +y*=4,z=0,z=3.
Solution.
From Divergence Theorem

IﬁﬁdS =_[V- Fdr, V-F :(4—4y+22),_[v-lfdr=H J% (4—4y+2z)dxdydz
S V \

+

—
xr\:

:”42—4yz+zzz ydxdy

)dxdy = 21” dxdy —12j
-2 _

4-x2
=21([ dxdy -0 {-.jf(x)dx:mf f(x)isoddfunction}

= 21x area of circle of radius 2=84r
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32. Let S be the boundary of the region consisting of the parabolic cylinder z =1—X* and the planes
y=0,y=2 and z=0. Evaluate the integral [ﬁ F -AdS, where F = xyf+(y2 +e ) j+sin(xy)k
S

and 1 is the outward drawn unit normal to S.
Solution.

The surface S is shown Figure 7.42

2
Dllf.ﬁds=jvv.lfdr =”f3yo|xo|zo|y::a,ﬂy?2 dx dz
0

0

11-% 1 e 1 2
:6I J' dxdz=6f(1—x2)dx:6{x——} =12x-=8
-1 0 21 3 -1 3

33. If V = Xzl + yj — xz?k and S is the surface of the closed cylinder x°+y?=16,2=0 and z=4,
evaluate the integral ”\7 -AdS .
S

Solution.
[ﬁ\7 -ndS = IV Vdz (Gauss Divergence Theorem) = I(ZXZ +1- 2XZ) dz = volume of cylinder =64~

34. Evaluate the solid angle subtended by any arbitrary open surface bounded by circle C at any
point O.
Solution.
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o )@
0 0]

The solid angle subtended by S at O is same as solid angle subtended by a plane surface S'. Let us evaluate
the solid angle subtended at point O by surface S'.
Consider a ring of radius x and thickness dx, the surface element

dS = 2zxdx
Solid angle subtended by surface elements dS at O.
40— r.nSdS _& -2n _ 27z2xcoszé?dx _ 2mdx . dx
r r (x*+d?) (x2+d?)*
So, Solid angle subtended by S' at point O.
R
Q= _[dQ = 27sz. X 7 dx (R is the radius of circle)
0 (X2 + dz) ’
Let x* +d? =t*
= xdx =tdt ,
R
tdt il 1 1 1
Q= 2ﬂdj—3 =2rd [——} =2nd {——} =2nrd {———}
t t VX2 +d? |, d R?+d?

= Zn{l—L} =27 (1-cosa)
R?+d?

So, the solid angle subtended by a disc of radius R at any point O lying on a perpendicular axis passing
through its centre is given as

Q=2z(1-cosa)
Since, the solid angle is same for any surface bounded by C. So, the solid angle subtended by any arbitrary
surface S bounded by a circle C is equal to Q=27(1-cosa).

35. Using result obtained in previous problem, find the flux of electrostatics field across the disc of radius
R due to point charge g placed at distance d from its centre.
Solution.
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The flux of electrostatic field E across the disc S is given as

A

= A r. N
¢ = I E -AdS :I q —-AdS where fi is unit normal vector to S.
4rr g, 1’

r. . .
__4 I—3 ‘AdS = a x Solid angle subtended by S at the position of q .
Arey’r 4r €,

q q d
= 2r(l-cosa) = 1-
4r €, ( ) 260[ \/R2+d2j
36. Evaluate the solid angle subtended by a part of sphere at centre O as shown in figure.
Solution.

The bounding curve of S is a circle.

So, solid angle subtended by S at centre O is same as solid angle subtended by a plane surface enclosed by
circle C.

Q=2z(1-cosa)

Note. If the surface of previous problem is hemisphere then solid angle subtended by hemisphere at its
centre O.

Q=2r (1— CcoS %) (9 = % for hemispherej

=27

For sphere, 8 =7

So, Solid angle subtended sphere at its centre
Q=2z(1-cosx)

=4r
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VECTOR CALCULUS:
UPSC PREVIOUS YEARS QUESTION(CSE & IFo0S)

VECTOR: BASICS & TRIPLE PRODUCT
1. VECTOR DIFFERENTIATION
GRADIENT, DIRECTIONAL DERIVATIVES
DIVERGENCE
CURL
2. VECTOR INTEGRATION-
LINE, SURFACE AND VOLUME INTEGRALS
3. THREE IMPORTANT THEOREMS
GREEN’S THEOREM
GAUSS’ DIVERGENCE THEOREM
STOKE’S THEOREMS
4. SOME OTHER TOPICS
CURVATURE & TORSION
CURVILINEAR COORDINATES.
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INTRODUCTION:VECTOR ANALYSIS

Q1. Prove that the vectors a=3i+ j—2k, b=—i +3]+4k, c=4i—2j—6k can form
the sides of a triangle. Find the lengths of the medians of the triangle.

[5b UPSC CSE 2016]

Q2. Prove that ax(bxc)=(axb)xc, if and only if either b =0 or ¢ is collinear
with a or b is perpendicular to both a and ¢ . [8c 2016 IF0S]

Q3. For three vectors show that: ax(bxc)+bx(cxa)+cx(axb)=0.

[5e 2014 IFoS]
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1. VECTOR DIFFERENTIAL CALCULUS

Q1. The position vector of a moving point at time t is T =sinti +cos2tj +(t* + 2t )k .
Find the components of acceleration ain the directions parallel to the velocity
vector v and perpendicular to the plane of ¥ and v at time t=0.

[5¢ UPSC CSE 2017]
Q2. If

A= x?yzi —2xz2%] + xz%k
B =2zi +vyj —x*k

82

Oxoy
Q3. For two vectors aand b given respectively by
a=>5t4 +tj—t°k and b=sinti —costj determine:

~od L - od L -

(i) a(a-b) and (ii) a(axno) [Se UPSC CSE 2011]

Q4. The position vector 7 of a particle of mass 2 units at any time t, referred to
fixed origin and axes, is

F=(t"-2t)i+ 1241 i+1t2|2
2 2

find the value of ——(AxE) at (1,0,-2). [Se UPSC CSE 2012]

At time t =1, find its kinetic energy, angular momentum, time rate of change of
angular momentum and the moment of the resultant force, acting at the particle,
about the origin. [8d 2011 IFoS]

GRADIENT, DIRECTIONAL DERIVATIVES

QL. Prove that for a vector &,
V(a-T)=4d; where r=xi + yj +2K, r =|F].
Is there any restriction on &?

Further, show that

a-V(E-Vlj: 3(a-r)5(b-r)_a,3b
r r r

Give an example to verify the above. [5e 2020 IFoS]

Q2. Find the directional derivative of the function xy*+yz®+zx* along the
tangent to the curve x=t,y=t*z=t* at the point (111). [Se UPSC CSE 2019]
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Q3. Find the angle between the tangent at a general point of the curve whose
equations are x=3t,y=3t>,z=3t> and the line y=z-x=0. [5b UPSC CSE 2018]

Q4. Find f(r) such that vf :ris and f(1)=0. [8a UPSC CSE 2016]

Q5. Find the angle between the surfaces x*+y*+2z°-9=0 and z=x"+y*-3 at
(2,-12).

[5e UPSC CSE 2015]
Q6. Find the value of 2 and . so that the surfaces Ax*-uyz=(1+2)x and
4x’y+7° =4 may intersect orthogonally at (1,-1,2). [6c UPSC CSE 2015]

Q7. A curve in space is defined by the vector equation 7=t +2tj—t%k .
Determine the angle between the tangents to this curve at the points t=+1 and
t=-1. [8b UPSC CSE 2013]

Q8. If u=x+y+z,v=x’+y*+2*, w=yz+2x+xy prove that grad u, grad v and
grad w are coplaner. [5e 2012 IFoS]

Q9. Examine whether the vectors v, v, and v, are coplaner, where u,v and w
are the scalar functions defined by:

U=X+Yy+2,

V=X’ +y*+7°

and w=yz+zx+xy. [8a UPSC CSE 2011]

Q10. Find the directional derivative of f(x,y)=x*y’+xy at the point (2,1) in the

direction of a unit vector which makes an angle of z/3 with the x-axis.

[1le UPSC CSE 2010]
Q11. Find the directional derivation of V?, where, V =xy% +zy*j+xz’k at the

point (2,0,3) in the direction of the outward normal to the surface
x*+y®+2° =14 at the point (3,2,1).
[5f 2010 IFoS]

Q12. Find the directional derivative of -
(i) 4xz®-3x?y?z* at (2,-1,2) along z-axis;

(i) x*yz+4xz* at (1-2,1) in the direction of 2i — j-2k. [5f UPSC CSE 2009]
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DIVERGENCE

QL. If r=xi+yj+zk and f(r) is differentiable, show that
div f(r)r]=rf'(r)+3f(r).
Hence or otherwise show that div(%j =0. [5e 2018 IFoS]

Q2. Calculate v?(r") and find its expression in terms of r and n, r being the
distance of any point (x,y,z) from the origin, n being a constant and v* being

the Laplace operator.
[8a UPSC CSE 2013]

Q3. Prove that div( V)= f (divV)+(grad f )-V where f is a scalar function.
[6c UPSC CSE 2010]

Q4. Show that, sz(r):(zjf‘(r)+f"(r), where r=x*+y?+z°. [4. 8a 2010

r
IFoS]
Q5. Show that div(grad r”):n(n+1)r”’2 where r=x*+y?+2z*. [5e UPSC CSE
2009]
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CURL

QL. For what value of a,b,c is the vector field

V =(4x—3y+az)i +(bx+3y+5z) ] +(4x+cy+3z)k irrotational? Hence, express V
as the gradient of a scalar function ¢. Determine ¢. [5Sc UPSC CSE 2020]

Q2. Let v=vi+v,j+vk. Show that curl (curlv)=grad(divv)-v?v. [8a UPSC
CSE 2018]

Q3. Show that F :(2xy+z3)f+x2j+3x2212 is a conservative force. Hence, find the
scalar potential. Also find the work done in moving a particle of unit mass in the
force field from (1,-2,1) to (3,1,4). [6¢ 2018 IF0S]

Q4. For what values of the constants ab and c¢ the vector
V =(x+y+az)i+(bx+2y-z)j+(-x+cy+2z)k is irrotational. Find the divergence
in cylindrical coordinates of this vector with these values. [5d UPSC CSE
2017]

Q5. A vector field is given by F=(x*+xy?)i+(y?+x%y)]. Verify that the field F
is irrorational or not. Find the scalar potential. [7c UPSC CSE 2015]

Q6. Examine if the vector field defined by F =2xyz% +x%z°]+3x%yz%k is
irrorational. If so, find the scalar potential ¢ such that F=gradg. [6d 2015
IFoS]

Q7. For the vector A= X7 2

determine ¢ such that A=v¢. [6d 2014 IF0S]

Q8. F being a vector, prove that curlcurlF=graddivF -V?F where
¢ o0° 0

Vz_—2+—2+—2.
oX° oy- oz

examine if A is an irrotational vector. Then

[5¢ 2013 IF0S]
Q9. If u and v are two scalar fields and f is a vector field, such that uf =gradv,
find the value of f.curl f. [5f UPSC CSE 2011]

Q10.If ¥ be the position vector of a point, find the value(s) of n for which the
vector r"F is (i) irrotational, (ii) solenoidal. [8c UPSC CSE 2011]
Q11. Prove the vector identity:

curl(Fxg)z f divg—gdivf+(g-v)F—(F-v)g and verify it for the wvectors
f=xi+z+yk and g=yi+zk.[8b 2011 IF0S]

Q12. Show that the wvector field defined by the vector function
V= xyz(sz+sz+ xyIZ) is conservative. [1f UPSC CSE 2010]
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Q13. Show that F =(2xy+2z°)i +x*]+32°xk is a conservative field. Find its scalar

potential and also the work done in moving a particle from (1,-2,1) to (3,1,4).
[8a 2010 IFoS]
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2. VECTOR INTRGRAL CALCULUS

Q1. For the vector function A, where A=(3x"+6y)i-14yzj—14yzj+20x2°K,
calculate jcﬂ-dr from (0,0,0) to (1,1,1) along the following paths:
(i) x=t,y=t*z=t°
(ii) Straight lines joining (0,0,0) to (1,0,0) thento (1,1,0) and then to (1,1,1)
(iii) Straight line joining (0,0,0) to (1,1,1)
Is the result same in all the cases? Explain the reason. [6b UPSC CSE 2020]
Q2. Find the circulation of F round the curve C, where
F=(2x+y?)i+(3y-4x)j and C is the curve y=x* from (0,0) to (1,1) and the
curve y*=x from (1,1) to (0,0).

[6b UPSC CSE 2019]

(23)
Q3. Evaluate _[ (lox4 —2xy3)dx—3x2y2dy along the path x*-6xy®=4y*.
(0.0)

[5e 2019 IFo0S]
Q4. Evaluate j e *(sinydx+cosydy), where C is the rectangle with vertices
C

(o,o),(ﬂ,o),(ﬂ,gj,(o,gj. [8c UPSC CSE 2015]

Q5. If A=2yi —zj—x*k and S is the surface of the parabolic cylinder y*=8x in
the first octant bounded by the planes y =4,z =6, evaluate the surface integral,
[[A-nds . [8¢c 2010 IFoS]

S

Q6. Find the work done in moving the particle once round the ellipse

2 2
X—+y—:1,z:0
25 16

F=(2x-y+ z)f+(x+y—zz)i+(3x—2y+4z)12. [8a UPSE CSE 2009]

under the field of force given by
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3. THREE IMPORTANT THEOREMS

GREEN’S THEOREM
QL. Let F=xyfi+(y+x)j. Integrate (VxF)-k over the region in the first

guadrant bounded by the curves y=x* and y=x using Green's theorem.

[8c UPSE CSE 2018]

Q2. Using Green's theorem, evaluate the jF(F)~dF counterclockwise where
C

F(7)=(x*+y?)i+(x*~y*)jand dr =dxi +dyj and the curve C is the boundary of
the region R:{(x, y)L< y§2—x2}. [8c UPSE CSE 2017]
Q3. Verify Green's theorem in the plane for [M(nyr yz)dx+x2dy} where C is the

closed curve of the region bounded by y=x and y=x*. [8b UPSE CSE 2013]
Q4. Find the value of the line integral over a circular path given by
x*+y’ =a’ z=0, where the vector field, F =(siny)i +x(1+cosy)]j.
[8b 2012 IF0S]

Q5. Verify Green's theorem in the plane for [Jj[(:%xz—8y2)dx+(4y—6xy)dy]
C

where C is the boundary of the region enclosed by the curves y=+/x and y=x2.

[8c 2011 IFoS]
Q6. Verify Green's theorem for e *sinydx+e™cosydy the path of integration

being the boundary of the square whose vertices are (0,0),(z/2,0),(z/2,7/2) and
(0,7/2). [8¢c UPSE CSE 2010]

Q7. Use Green's theorem in a plane to evaluate the integral,
I[(sz—yz)dx+(x2+y2)dy], where C is the boundary of the surface in the xy-
C

plane enclosed by, y=0 and the semi-circle y=v1-x2.
[8b 2012 IF0S]
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GAUSS’ DIVERGENCE THEOREM

Q1. Given a portion of a circular disc of radius 7 units and of height 1.5 units
such that x,y,z>0. Verify Gauss Divergence Theorem for the vector field

F:(z, x,3y22) over the surface of the above mentioned circular disc.

[7c 2020 IFoS]

Q2. State Gauss divergence theorem. Verify this theorem for F =4xi —2y2j+z%,
taken over the region bounded by x*+y*=4,z=0 and z=3.

[8c UPSC CSE 2019]
Q3. If S is the surface of the sphere x*+y*+z°=a*, then evaluate

[[[(x+2)dydz +(y+2)dzdx+(x+y)dxdy ] using Gauss' divergence theorem.
S

[6d UPSC CSE 2018]
Q4. Evaluate the integral: ”ﬁﬁds where F=3xy’i+(yx*—y*)j+32x’k and S is a
S

surface of the cylinder y*+z* <4,-3<x<3, using divergence theorem.

[8c UPSC CSE 2017]
Q5. If E be the solid bounded by the xy plane and the paraboloid z=4-x*-y?,

then [[F-ds where S is the surface bounding the volume E and
5]

F= (zxsin yz+x° )i +cos yzj+(3zy2 —et )K [5e 2016 IF0S]

Q6. Using divergence theorem, evaluate j j (x°dydz + x*ydzdx + x*zdydx) where S is
S

the surface of the sphere x*+y*+z*=1. [7b 2015 IF0S]

Q7. Verify the divergence theorem for A=4xi—2y?j+z%k over the region

xX*+y*=4, z=0,2=3. [8c 2014 IFo0S]

Q8. By using Divergence Theorem of Gauss, evaluate the surface integral
1

[[(a® +b?y*+c’2°) 2ds,  where S is the surface of the elliposid

ax’ +by* +cz* =1,a,b and ¢ being all positive constants. [8c UPSC CSE 2013]
Q9. Evaluate jlf~d§, where F =4xi —2y’j+2z°k and s is the surface bounding
S

the region x*+y’=4,z=0 and z=3. [6b 2013 IF0S]

Q10. Verify the Divergence theorem for the vector function
F=(X*-yz)i+(y?-xz)j+(z2*~xy)k taken over the rectangular parallelopiped
0<x<a, 0<y<b,0<z<c.[8b 2013 IFo0S]

Q11. Verify Gauss' Divergence Theorem for the vector v =x +y?j+z% taken
over the cube 0<x,y,z<1. [8d UPSC CSE 2011]
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Q12. Use the divergence theorem to evaluate ”\7~ﬁdA where V = x%zi +yj — xz’k
S

and S is the boundary of the region bounded by the paraboloid z=x*+y* and
the plane z=4y.
[7c UPSC CSE 2010]
Q13. Use divergence theorem to evaluate, ”(x3dydz+x2ydz dx+x’zdydx) where
S

S is the sphere, x* +y*+z* =1. [8b 2010 IF0S]
Q14. Using divergence theorem, evaluate ﬂs,&-d§ where A=x+y*j+z%k and S

is the surface of the sphere x*+y*+z*=a*. [8b UPSC CSE 2009]
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STOKE’S THEOREM

Q1. Verify the Stokes' theorem for the vector field F =xyi+yzj+xzk on the
surface S which is the part of the cylinder z=1-x* for 0<x<1,-2<y<2; S'is

oriented upwards.
[7a UPSC CSE 2020]
Q2. Evaluate the surface integral ”Vx F-nds for F=yi+(x—2xz)j-xyk and S is
S

the surface of the sphere x*+y*+z*=a’ above the xy-plane. [8b UPSC CSE
2020]
Q3. Evaluate by Stokes' theorem mcexdx+2ydy—dz, where C is the curve

X +y?=42=2,
[8c UPSC CSE 2019]
Q4. Verify Stokes's theorem for V =(2x—y)i —yz?j - y?zk, where S is the upper
half surface of the sphere x*+y*+2z*=1 and C is its boundary. [6¢ 2019 IF0S]
Q5. Evaluate the line integral j —y*dx+ x*dy + z°dz using Stokes's theorem. Here
©

C is the intersection of the cylinder x*+y?=1 and the plane x+y+z=1. The

orientation on C corresponds to counterclockwise motion in the xy-plane.
[8b UPSC CSE 2018]
Q6. Using Stoke's theorem evaluate

Il (x+y)dx+(2x—2z)dy+(y+2z)dz |, where C is the boundary of the triangle with
C

vertices at (2,0,0), (0,3,0) and (0,0,6). [6¢ 2017 IFoS]

Q7. Evaluate

[[(vxf)-nds , where S is the surface of the cone, z- 2—/x?+y? above xy-plane
S

and f:(x—z)f+(x3+yz)j°—3xy2kA. [7d 2017 IFoS]

Q8. Prove that [f] fdr = ([ dSxVf . [8b UPSC CSE 2016]

Q9. Evaluate H(VX f)-nds for f=(2x-y)i-yz’j-y’zk where S is the upper
S

half surface of the sphere x*+y®+z*=1 bounded by its projection on the xy
plane. [6d 2016 IFo0S]

Q10. State Stokes' theorem. Verify the Stokes' theorem for the function
f =xi +zj+2yk, where c is the curve obtained by the intersection of the plane
z=x and the cylinder x*+y?=1 and S is the surface inside the intersected one.
[7a 2016 IF0S]

Q1L If F=yi+(x-2xz) j-xk, evaluate [[(VxF)-nds, where S is the surface of

S

the sphere x*+y?+z* =a® above the xy-plane. [8b 2015 IFo0S]
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Q12. Evaluate by Stokes' theorem j(ydx+zdy+xdz) where r is the curve given

by x*+y®+z°—2ax—-2ay=0,x+y=2a starting from (2a,0,0) and then going

below the z-plane.
[6c UPSC CSE 2014]
Q13. Evaluate ”Vxﬂ-ﬁds for K:(xz+y—4)f+3xyj+(2xz+zz)12 and S is the
S

surface of hemisphere x*+y*+z° =16 above xy plane. [7b 2014 IFoS]
Q14. Use Stokes' theorem to evaluate the line integral J‘C(—y3dx+x3dy—z3dz),

where C is the intersection of the cylinder x*+y*=1 and the plane x+y+z=1.

[8d UPSC CSE 2013]

Q15. If F=yi+(x—2x2)j—xyk, evaluate [[(VxF)-nds where S is the surface of
S

the sphere x*+y?+z* =a® above the xy-plane. [8c UPSC CSE 2012]

Q16. Find the value of ﬂs(%x F)-ds taken over the upper portion of the surface

x*+y*—2ax+az=0 and the bounding curve lies in the plane z=0, when

If:(yz+zz—X)T+<zz+x2—yz)f+(x2+y2—zz)lz. [6b 2012 IFoS]

Q17. If w=4yi+x+2zk, calculate the double integral [[(Vxd)-ds over the

hemisphere given by x*+y*+2*=a’ z>0. [8b UPSC CSE 2011]

Q18. Evaluate the line integral [ﬁ(sin xdx+y*dy—dz), where C is the circle
C

x* +y? =16,z =3, by using Stokes' theorem. [5e 2011 IFoS]
Q19. Find the value of ﬂs(ﬁx F)-dS taken over the upper portion of the surface

x* +y*—2ax+az =0 and the bounding curve lies in the plane z=0, when
F Z(yz+22—Xz)f+(22+X2—y2)j+(x2+y2—zz)I2. [8c UPSC CSE 2009]
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CURVATURE & TORSION

Q1. A tangent is drawn to a given curve at some point of constant. B is a point
on the tangent at a distance 5 units from the point of contact. Show that the
curvature of the locus of the point B is

12
{25;&2 (1+ 25K2)+{K‘+5d’(+ 25;<3H
ds

(L+257)"

Find the curvature and torsion of the curve r =ti +t?j+t°k . [6c 2020 IF0S]
Q2. Find the radius of curvature and radius of torsion of the helix x=acosu,
y=asinu,z=autana . [7b UPSC CSE 2019]

Q3. Let r=r(s) represent a space curve. Find % in terms of T,N and B,
where T,N and B represent tangent, principal normal and binormal
respectively. Compute %.(%xgj in terms of radius of curvature and the
torsion. [5d 2019 IFoS]

Q4. Derive the Frenet-Serret formulae. Verify the same for the space curve

x =3cost, y =3sint,z=4t. [7c 2019 IF0S]
Q5. Find the curvature and torsion of the curve r=a(usinu)i +a(1-cosu)j +buk .

[7b UPSC CSE 2018]
Q6. Let o be a unit-speed curve in R* with constant curvature and zero torsion.
Show that « is (part of) a circle. [7d 2018 IFoS]

Q7. For a curve lying on a sphere of radius a and such that the torsion is never
0, show that

Kljz +(£T _a? [8c 2018 IF0S]

K K‘2T
Q8. Find the curvature vector and its magnitude at any point r =(¢) of the curve
r =(acos#,asing,ad). Show that the locus of the feet of the perpendicular from
the origin to the tangent is a curve that completely lies on the hyperboloid
X*+y?—z°=a’.

[7a UPSC CSE 2017]
Q9. Find the curvature and torsion of the circular helix r=a(cos6,sing,0cot ),
B is the constant angle at which it cuts its generators. [8c 2017 IF0S]
Q10. If the tangent to a curve makes a constant angle o, with a fixed lines, then

prove that xcosa+zsina=0. Conversely, if £ is constant, then show that the
T

tangent makes a constant angle with a fixed direction. [8d 2017 IFoS]
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Q11. For the cardioid r=a(1+cosd), show that the square of the radius of
curvature at any point (r,9) is a proportional to r. Also find the radius of

curvature if 9:0,%,%. [8d UPSC CSE 2016]

Q12. Find the curvature and torsion of the curve x=acost,y=asint,z="bt.

[5¢ 2015 IFo0S]

Q13. Find the curvature wvector at any point of the curve
T (t)=tcosti +tsint], 0<t<2x. Give its magnitude also. [5e UPSC CSE 2014]

2
Q14. Show that the curve X’(t):tf+(1?t)j+(1_tt jk lies in a plane. [5e UPSC
CSE 2013]
Q15. Derive the Frenet-Serret formulae. Define the curvature and torsion for a
space curve. Compute them for the space curve x=t,y=t*z :§t3. Show that the

curvature and torsion are equal for this curve. [8a UPSC CSE 2012]
Q16. Find the curvature, torsion and the relation between the arc length S and

parameter u for the curve: 7 =T (u)=2log, ui +4uj+(2u®+1)k . [8a 2011 IF0S]

Q17. Find «/< for the curve
r(t)=acosti +asintj +btk . [1c UPSC CSE 2010]
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CURVILINEAR COORDINATES

QL. Derive expression of vf interms of spherical coordinates.
Prove that v?(fg)=fv?g+2vf-vg+gVv?f for any two vector point functions

f(r.0,¢) and g(r,0,¢4). Construct one example in three dimensions to verify this

identity. [8a 2020 1FoS]

2 2 2
Q2. Derive AL 1 spherical coordinates and compute
ox*  oy* oz’

V? in spherical coordinates. [8¢c 2019 IFoS]

3

(x2+y2+zz)2
Q3. For what values of the constants ab and c¢ the vector
V =(x+y+az)i+(bx+2y—z)j+(-x+cy+2z)k is irrotational. Find the divergence

in cylindrical coordinates of this vector with these values.
[5d UPSC CSE 2017]
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