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VECTOR ANALYSIS & CALCULUS 

 

Vector Analysis: 5% Qs 

 

               Dot Product, Cross Product, Properties of vectors and their modulus  
Example PYQs- 

Let , ,a b c  are some given vectors. Show that they possibly make a triangle. Also Find medians of 

this triangle. 

 

Vector Calculus = 95% Qs 

 

(I) Differential 

 Gradient 

 Directional derivative 

 Greatest rate of increase 

 Angle between two surfaces 

 Divergence, Solenoid Field, Change in per 

unit volume per unit time (Rate) 

 Curl, Rotation, Work done etc. Exactness.   

(II) Integral 

 Line Integral, Surface Integral, Volume 

Integral  

 Three Important Theorems 
Green’s, Stokes, Gauss Divergence Theorem. 

 

Chapter 1: Vector Analysis 

 

 

 
 

e.g. A special kind of vector spaces :  n
R R  [Euclidean Space] 

 1 2 1 2, .... ; , ....

are realnumbers

n na a a a a
 


R  

Field is Real Numbers. 

Vector Addition:    1 2 1, ,.... ,...n na a a b b  

 1 1 2 2, ,... n na b a b a b     

 

Scalar Multiplication 

   1 2 1 2, ... , ...n na a a a a a     

 

More Specifically, Here we will deal with  3
R R  

  3

1 2 3 1 2 3, , ; , , are realnumbera a a a a aR3  

(3- Dimensional Euclidean Space) 

 

A non-empty

set of vector

A field of scalar

IF

Vector Addition Scalar Multiplication

   Vectors: Vector Space : V IF
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Representation 

 1 2 3 1 2 3
ˆˆ ˆ, ,a a a a a i a j a k     

 

 
 

1 2
ˆˆ ˆa a i a j ak    

1 2 3
ˆˆ ˆb b i b j b k    

1 2 3
ˆˆ ˆc c i c j c k    

 

Operation on Vectors: 

(1) Scalar product:  

a b   for two vectors 

 
For three vectors-  

(Scalar triple product) , ,a b c  

 a b c   = Volume of parallelepiped having edges , ,a b c  

1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

  

X

Y

Z

î

ĵ

k̂

R

R

R

X

Y

Z
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 
1 2 3

1 2 3

1 2 3

b b b

b c a c c c

a a a

    

a b c b c a c a b      
     

 

 

 
 

 

(2) Vector Product 

 

ˆsin ,0a b a b n       

n̂  is unit vector normal to the plane containing a  and b . 

 

 
 

Vector Triple Product 

Formula 

     a b c a c b a b c       

     a b c a c b b c a      

 

Reciprocal Seat of Vectors 

, ,a b c  are set to form reciprocal set of vector if  

' ' ' 1a a b b c c       

' ' ' ' ' ' 0a b a c b a b c c a c b           

 

Note: ', ', 'a b c , , ,a b c  are said to be reciprocal  

if 

 
'

b c b c
a

abca b c

 
 

    

 

 
'

c a c a
b

b c a bca

 
 

  
 

c a

abc



 
 

 

 
 

 

 

 

a

b

n̂


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Projection of a  on b  

is given by ˆa b  

where ˆ
b

b
b

  

 

 
 

 

Example: Find projection of  

ˆˆ ˆA 2 3i j k    on the vector ˆˆ ˆ2 2i j k B    

 
 ˆˆ ˆ2 2

ˆˆ ˆ ˆ2 3
ˆˆ ˆ2 2

i j k
A B i j k

i j k

 
   

  2

1 4 6 3
1

31 4 4

 
  

 
 

Q1. Without making use of cross product find a vector perpendicular to the plane of  

ˆˆ ˆA 2 6 3i j k    

ˆˆ ˆ4 3B i j k    

Solution. 

Let 
1 2 3

ˆˆ ˆc c i c j c k    is required unit vector 

0c A    

   1 2 3
ˆ ˆˆ ˆ ˆ ˆ2 6 3 0c i c j c k i j k        

1 2 32 6 3 0c c c    ....(i) 

1 2 30 4 3 0c B c c c       ....(ii) 

On solving (i) and (ii) we get 

1 3 2 3

1 1
,

2 3
c c c c    

a

bLength
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3 3 3

1 1 ˆˆ ˆ 3
2 3

c c i c j c k     

3 3 3

2 2 2

3 3 3

1 1 ˆˆ ˆ
2 3ˆ

1 1

4 9

c i c j c k
c

c
c

c c c

 

  

 

1 1 ˆˆ ˆ
2 3

1 1
1

4 9

i j k 



 

 

 

 

 
 

Formula  

(1) Area of parallelogram with touching side as A,B  

= A B  

 

 

(2) Area of triangle with two adjacent sides A , B  

1
A B

2
   

 

Q. Prove that the necessary and sufficient condition for A,B,C  to be coplaner is  A B C 0    

Solution. 

The necessary part - 

Let if A,B,C  are coplaner then   A B C 0    must hold.  

As we know that B C represents a vector perpendicular to plane containing B  and C  

A  must be   to B C  

 A B C 0     

 
Sufficient Part - 

Let if  A. B C 0   then volume of parallelepiped with edges A,B,C  must be zero. 

A, B,C  must lie in same plane. 

 

Q. Find the equation of the plane containing three vectors      1 2 32, 1,1 , 3,2, 1 , 1,3,2P P P    

Solution. We know that  

 

Equation of a plane is given as  

0Ax by cz d     

 

*Two planes together represent straight line in 3D (if they intersect) represented by 

1 2 3 4 0a x a y a z a     

1 2 3 4 0b x b y b z b     

or in symmetrical form, Line passing through    1 1 1 2 2 2, , , , ,x y z x y z  is given by 

1 1 1

2 1 2 1 2 1

x x y y z z

x x y y z z

  
 

  
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 1
ˆˆ ˆ2, 1,1 2 AP i j k      

 2
ˆˆ ˆ3,2, 1 3 2 BP i j k      

 3
ˆˆ ˆ1,3,2 3 2P i j k c       

 

 
 

   A B Cr r r    are co-planer 

      A B C 0r r r       

      ˆˆ ˆ2 1 1x i y j z k      . 

           ˆ ˆˆ ˆ ˆ ˆ. 3 2 1 1 3x i y j z k x i y j z z k           
 

 = 0 

11 5 13 30x y z     

 

Q. Find the constant a  so that the following vectors are co-planer 

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ2 , 2 2 , 3 5

A B C

i j k i j k i aj k     
 

Solution. 

   0A B C a b c    

2 1 1

1 2 3 0

3 5a



    

     2 10 30 1 5 9 1 6 0a        

20 6 14 6 0a a       

34 6 7 0a     

28 7 0a    

4a    

 

PYQ [2016] 

Prove that the vector 

ˆˆ ˆ3 2a i j k    

ˆˆ ˆ3 4b i j k    

ˆˆ ˆ4 2 6c i j k    

can form the sides of triangle. Find the median of  . 

1P

A

B
2P

3P

C

V  , ,x y z
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Hint for solution; 

 
 

a  b  c  

9 1 4    

14  

1 9 16    

26  

16 4 36    

56  

2 14  

 
 Sum of the sides   third side 

a b b   

3 14 26   

yes possible of side of   

D  is mid point of B, C  

     1 1 2 2 3 3

1 1 1
D , ,

2 2 2
y z y z y z     

     
2 2 2

1 1 2 2 3 3

1 1 1
D

4 4 4
y z y z y z       

     
2 2 2

1 1 2 2 3 3

1

2
y z y z y z       

 

 

 
 

 

 
 

 

 
 

 

 

 

a

b

c

 1 2 3, ,C z z zD 1 2 3, ,B y y y



Mindset Makers for UPSC 
 

Personalized Mentorship +91-9971030052 

 

 
 

 

 

 
 

 

Vector Differentiation 
Type (1) Problems 

Simple Differentiation 

e.g. Velocity, Acceleration, Momentum, Work done, K.E. 
if position vector  

ˆˆ ˆr xi yj zk    

 

Parametric Form 

e.g. if 
2 ˆˆ ˆsin cost tr ti e j e t k     then find velocity at 0t   and acceleration at 0t   

Note- Some added information from Vector Analysis will be needed here too. 

 

 

Type II Problem 

(1) Gradient  

 Finding gradient at some point  

 Finding normal vector to cover surface 

 Angle of intersection between two level surfaces 

 Gradient and greatest rate of increase/decrease 
(2) Divergence  

(3) Curl 

 

Type - I 

(i)  d A B dA dB    

(ii)  d A B A dB dA B      

(iii)  d A B A dB dA B      

(iv)    
2

A B A B
x y y x

   
   

    
 

I II I II

A B A B
y x x

    
     
      

A B A B
y x y z

       
       

       
A B B A

y x y y

      
      
       

 

Similarly we can do for  
2

A B
x y




 
 

 

PYQ [2012] 

If 
2 3 2 ˆˆ ˆ2A x yzi xz j xz k    

2 ˆˆ ˆ2B zi yj x k   , then find the value of  
2

A B
x y




 
 at  1,0, 2  
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Solution. Hint: 

 
2

A B A B
x y x y

   
   

    
 

 

 

 

Method-(1) First find  A B  then derivative 

 
Method-(2) Applying formula 

    
2

A B A B
x y x y

   
   

    
 

A B B A
x y y

   
     
   

 

A B B A
y y y y

      
     

      
B A A B

y x x y

      
      

      
 

Q. For two vectors a , b  given by  

 [2017] 
2 3 ˆˆ ˆ5a t i tj t k    

ˆ ˆsin cosb t i t j   

Determine    ,
d d

a b A B
dt dt

   

Solution. 

 
d db d

a b a b
dt dt dt


     

   2 3 ˆˆ ˆ ˆ ˆ5 cos sint i tj t k t i t j        2 ˆˆ ˆ ˆ ˆ10 3 sin cost i j t k t i t i      

2 35 cos sin 0t t t t t    210 sin cos 3 0t t t t     
25 cos 11 sin cost t t t t    

 
d db da

a b a b
dt dt dt

      

2 35 10 1 3

cos sin 0 sin cos 0

i j k i j k

t t t t t

t t t t

   



 

 

Q. The position vector of a moving particle at time t  is 

[2017] 

 2 ˆˆ ˆsin cos 2 2v t i t j t t k     

Find the component of acceleration a  in the direction parallel to the velocity vector v  and 

perpendicular to the plane of v  and v  at time 0t  . 

Solution. Hint: 

 3 ˆˆ ˆsin cos 2 2v t i t j t t k     

  ˆˆ ˆcos 2sin 2 2 2
dr

v t i t j t k
dt

    
1 2 3

ˆˆ ˆv i v j v k    

Dynamics 
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2

2

dv d v
a

dt dt
   

ˆˆ ˆsin cos 2 2t i y t j k     

 

 

 
Vector Analysis required here 

If 
1 2 3

ˆˆ ˆc c i c j c k    

Here 
1 2 3, ,c c c  are component of c  

Let's say if it is given c  is parallel to 
1 2 3

ˆˆ ˆb b i b j b k    

31 2

1 2 3

cc c

b b b
    ....(1) 

Let's say if c  is perpendicular to 
1 2 3

ˆˆ ˆd d i d j d k    

1 1 2 2 3 3 0c d c d c d    ....(2) 

Using those condition (1) and (2) 

Can we try to figure out  

1c   

2c   

3c   

We need 

31 2

1 2 3

aa a

v v v
   ....(1) 

ˆˆ ˆv i j k        

1 1 2 2 3 3 0a a a       ....(2) 
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 Vector Calculus 

 

Scalar Field: If we can assign some particular scalar value to each point of a region D in some space 

then this scalar valued function is called scalar function of the position and we say  , ,f x y z  is a 

scalar field defined on region D. 

e.g. 

Temperature   2 3, ,T x y z x y yz   on earth's surface is a scalar field because we can assign a 

particular scalar value to each point on surface. 

  2 21,2,3 1 2 2 3 56T       

 

Vector Field: Suppose to each point  , ,x y z  in the region D in space there corresponds a vector 

 , ,f x y z  then f  is known as vector function of the position  , ,x y z  and we say that a vector 

field f  has been defined on D. 

 

D
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Level Surfaces: Let's consider a function of 3 variables  , ,f x y z  whose inputs are points in 
3R  

and whose outputs are numbers. 

e.g. 

  2 2 2, ,f x y z x y z    

or   2 3, ,f x y z x y   

or    2 2, ,f x y z z x y    

A function  , ,f x y z  is said to be of level K  to be the set of all points in 
3R  which are solution of 

 , ,f x y z K . 

e.g. 

 2 2,z x y   

a t b   cylinder. 

 

 

 2 2,z x y 

a z b 

cylinder

D
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(i) Ellipsoid: 

2 2 2

2 2 2
1

x y z

a b c
    

(ii) Elliptic paraboloids: 

2 2

2 2

z x y

c a b
   

(iii) Hyperbolic paraboloids: 

2 2

22

z x y
bc a

   

(iv) Hyperboloid in one-shed: 

2 2 2

2 2 2
1

x y z

a b c
    

(v) Hyperboloid in two-shed: 

2 2 2

2 2 2
1

z x y

c a b
    

 

2 2 2 2x y z  
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Directional Derivative 

 
f

x




 is the directional derivatives of f  along the direction of unit normal vector î . 

 
f

y




 and 

f

z




 are directional derivatives of f  along ĵ  and k̂ . 

i.e., 
f

n




 is the directional derivative of the function f in an arbitrary direction n  (along unit 

normal vector n̂ ) 

 

Gradient and Level Surfaces 

For a scalar function f  the gradient vector is defined as ˆ
f

n
n





 where n̂  is the unit normal 

vector to the level surface f  at some point in the direction of increasing f  and 
f

n




 is called the 

normal derivative at that point. 

 

Grad f : 

ˆˆ ˆf i j k f
x y z

   
    

   
 ˆˆ ˆf f f

i j k
x y z

   
   

   
 

 
Note: 

ˆgrad
f

f n
n





 

1
f f

f
n n

 
    

 
 

For a function f , the gradient vector f  has the properties: 

 It points in the direction in which f  increases most rapidly (fastest). 

 It is perpendicular to level curves or surface of f . 

 

 

 

 1 2 3
ˆ ˆˆ ˆ ˆ ˆf i j k f i f j f k

x y z

   
       

   
 

n̂

n̂

n̂

Divergence
"Loss"per unit volume,per unit time

Vector valued function
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31 2 ff f
f

x y z

 
    

  
 ....(1) 

Let's consider a vector valued function 

     1 2 3 1 2 3
ˆ ˆˆ ˆ ˆ ˆ, , , , , ,f f i f j f k f x y z i f x y z j f x y z k       which is defined and differentiable 

at each point  , ,x y z  in a region of space. Then div  f  is defined by equation (1). 

Although f  is a vector valued function but div  f  is a scalar. 

e.g. 

Find the Divergence of    log 2ˆ ˆcos logx zF e y i z x j    2 ˆze k  at  2log71, , log 5e  over a 

region in 
3R  in which F  is defined and differentiable. 

     log 2 2cos logx z zf e y z x e
x y z

  
     

  
 

log 2log 0 2x z ze z e    

log 2log 2x z zz e e   at  2 log71, , log5e  

   log log5 2log5log log5 2f e e    log5log log5 50   

 

Q. A fluid moves so that it's velocity at any point  , ,P x y z  is  , ,v x y z . Show that the loss of fluid 

per unit volume per unit time in a small parallelepiped having centre at  , ,P x y z  and edge parallel 

to the coordinate axes and having magnitude ,x y   and z  respectively, is given approximately by 

div v . 

 

 
 

Let x  component of velocity v  at 1P v   

x  component of v  at centre of the face  

AFED 1
1

1

2

v
v x

x


  


 approx. 

 x  component of v  at centre of the face 

GHCB 1
1

1

2

v
v x

x


  


 approx. 

 

v

A

B

C

D E

F

G

x t

y

v

 ,P x z

H

v

v

v
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Now it is clear volume of the fluid entering through the face GHCB per unit time 

1
1

1

2

v
v x y z

x

 
     

 
 

d
v

t
  

1,t v d   

Volume d y z    

Volume of the fluid existing through the face  

AFED 1
1

1

2

v
v x y z

x

 
     

 
 

So loss in volume per unit time in x -direction 

1
1

1

2

v
v x y z

x

 
     

 

1
1

v
v x y z

x

 
     

 

1v x y z
x


   


 ....(1) 

Similarly loss in volume of the fluid per unit time in the y -direction 

2v
x y z

y


   


 

and in z -direction 

3v
x y z

z


   


 

 Total loss in volume of the fluid per unit volume per unit time equal to  

 

31 2 vv v
x y z x y z x y z

x y z

x y z

 
          

  


  

31 2
vv v

x y z

 
  
  

  div v , where 

1 2 3
ˆˆ ˆv v i v j v k    

 

Note: 

The above article is true exactly only in the limit as the parallelepiped shrinks to P i.e., 

, ,x y z   approaches to '0'.  If there is no loss of fluid anywhere then div 0v v  . This is 

known as equation of continuity for an incompressible fluid.  

i.e., neither source nor sinks such vector v  is known as Solenoidal. 

 

Curl 

Let's consider a vector valued function      1 2 3
ˆˆ ˆ, , , , , ,f f x y z i f x y z j f x y z k    

If F  is differentiable, then the curl or rotation of F  is defined as  

1 2 3

ˆˆ ˆi j k

curl F F
x y z

f f f

  
  

  

3 32 1 2 1ˆˆ ˆf ff f f f
i j k

y t x t x y

        
         

         
 

Note: 

At the time of numerical solution we should take care of e.g. 3 1,f f  are functions free from y  and 

2 3,f f  are free from x  and 1 2,f f  are from z , then the calculation is very easy. 
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e.g. curl F ,  
2 22 ˆˆ ˆcos logx y zF e x i e j e z k    

1 2 3

ˆˆ ˆi j k

F
x y z

f f f

  
 

  

3 32 1 2 1ˆˆ ˆf ff f f f
i j k

y t x z x y

        
         

         
= 0 (zero vector) 

 

Note: 

Suppose   and A  are differentiable scalar and vector functions respectively and both have 

continuous 2nd partial derivatives, then following laws hold. 

(i)  
2 2 2

2

2 2 2x y z

  
 

  
     

  
 where 

2 2 2
2

2 2 2x y z

  
   

  
 is called Laplacian operator. 

(ii)   0    i.e., curl grad 0   

(iii)  A 0    i.e., div curl A 0  

(iv)   satisfies Laplacian equation if 
2 0   

 

Note: 
This problem indicates that the curl of a vector field has something to do with the rotational properties 

of the field (Because   is present). 

 If the field F  is that due to a moving fluid e.g. a paddle wheel placed at various points in the 

field would tend to rotate in regions where curl 0F  , while curl 0F   in the region, there 

would be no rotation and in this case, the vector field F  is called Irrational.  

 If a field is not irrotational then sometimes it is also called as a "Vortex Field". 
 

Vector Integration 

Let's consider a vector valued function      1 2 3
ˆˆ ˆ, , , , , ,F f x y z i f x y z j f x y z k    in a region D 

of some space. 

If ˆˆ ˆr xi yj zk    is the position vector of some point in this region D. 

Let c  be a curve in this region and we want to find the value of the integral 

c

F dr  i.e., integration 

along the curve c . 

        1 2 3
ˆ ˆˆ ˆ ˆ ˆ, , , , , ,

c c

F dr f x y z i f x y z j f x y z k dxi dy j dz k         

     1 2 3, , , , , ,
c c

F dr f x y z dx f x y z dy f x y z dz       

e.g. Evaluate the line integral 

c

F dr  where  2 2ˆ ˆF xy i x y j    and  the curve c  is the x -axis 

from 2x   to 4x   and the line 4x   from 0y   to 12y  . 
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 2 2

c c

F dr xy dx x y dy      

Along the line PQ ; 2x   to 4x  , 0y   and 0dy   

   
4

2 2

2

0 0 0 0

x

PQ x

F dr x dx x





          

Along the line QR  

4 0, 0x dx y     to 12y   

 
12

2 2

0

4 0 4

y

QR y

F dr y y dy





      

12
3

0

16
3

y
y

 
  
 

 
3

12
192

3

 
  
  

192 576 768    

c PQ QR

F dr F dr F dr        0 768 768    

 

Conservative Fields 

Suppose F    everywhere in a region R  of the space where R is defined by 

1 2 1 2 1 2, ,a x a b y b c z c       and  , ,x y z  is a single valued function and has continuous 

partial derivatives in the region R . Then  

(i) 

2

1

P

P

F dr  is independent of the path c  in R  joining the points 1P  and 2P  in R  . 

(ii) 0
c

F dr   around any closed curve c  in R . 

In such a case F  is called conservative vector field and   is its scalar potential. 

Q. Suppose F   , where   is single valued and has continuous partial derivatives. Show that the 

work done in moving a particle from a point 1P  to  2 , ,P x y z  in this vector field is independent of 

the path joining 1P  and 2P . Conversely suppose 

c

F dr  is independent of the path c  joining two 

points. Show that   a function   s.t. F   . 

 

 

 

 

 

2x  4x 

xP Q

Y
R

12y 
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Proof: 

 

Let ˆˆ ˆF i j k
x y z

  


  
   

  
 

Work done 

1c

F dr   
2

1

ˆ ˆˆ ˆ ˆ ˆ
P

P

i j k dx i dy j dz k
x y z

     
      

   
  

2

1

P

P

dx dy dz
x y z

     
   

   
      

2

1

2 1

P

P

d P P      

Since it is given that   is single valued so whatever the path 1 2 3/ / ...c c c joining the points 1P  and 2P  

is chosen, we get  

Work done 

1 2 3c c c

F dr F dr F dr           2 1P P    

Therefore if F    the work done or the line integral 

2

1

P

P

F dr  is independent of the path. 

Conversely  

Let 
1 2 3

ˆˆ ˆF Fi F j F k    

We have to show 

If 

c

F dr  is independent of path c . 

Then ˆˆ ˆF i j k
x y z

    
  
  

 

i.e., we have to show 1 2 3, ,F F F
x y z

    
  
  

 

 
 

 

 
 

 

1 1 1 1 1 1

, , , ,

1 2 3

, , , ,

, ,

x y z x y z

x y z x y z

x y z F dr Fdx F dy F dz        ....(1) 

 
 

 

1 1 1

, ,

1 2 3

, ,

, ,

x x y t

x y z

x x y t Fdx F dy F dz



      ....(2) 

Target 

   
0

, , , ,
lim
x

x x y z x y z

x x

 

 

 


 
 

On subtracting (1) from (2), we get 

   , , , ,x x y t x y z    

 1 1 1 1, ,P x y z  2 2 2 2, ,P x y z

5c

2c

1c

3c

4c
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 

 

 

 

1 1 1 1 1 1

, , , ,

1 2 3 1 2 3

, , , ,

x x y z x y z

x y z x y z

Fdx F dy F dz Fdx F dy F dz



        

 

 

 

 1 1 1

1 1 1

, , , ,

1 2 3 1 2 3

, , , ,

x y z x x y z

x y z x y z

Fdx F dy F dz Fdx F dy F dz



        

 

 , ,

1 2 3

, ,

x x y z

x y z

Fdx F dy F dz



    

   

 
1 2 3

, ,

, , , , 1

x y z

x x y t x y z
Fdx F dy F dz

x x

  
   

    ....(3) 

Since we have taken the integral in the R.H.S. of equation (3) is independent of the path joining points 

 , ,x y z  and  , ,x x y z . So, let's choose the path as straight line 

 

 
 

0, 0dy dz    

So equation (3) becomes 

   
0

, , , ,
lim
x

x x y t x y z

x

 

 

 




 

 , ,

1

, ,

0

0 0

lim

x x y z

x y z

x

F dx

x



 

 





1 1d F dx F   

1F
x


 


 ....(4) 

Similarly we can find 2 3,F F
y z

  
 

 
 

Therefore, we have ˆˆ ˆF i j k
x y z

    
  
  

 

F    

 

Theorem 

Suppose F  is a conservative field then curl 0F   (i.e. F  is irrotational) and conversely if curl 

0F   then F  is conservative. 

 

Proof: 

Let F  is conservative field, then by definition F    

 curl 0F      

i.e., F  is conservative  curl 0F  . 

 

 , ,x y z  , ,x x y z
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Surface Integral  

The surface integral of a function   over a surface S  (which need not be closed surface or phase 

surface). May be defined as: 

Divide the surface S into m  small elements 
1 2, ,..., nS S S    and form the expression 

1 1 2 2 ... m mS S S        , where i  is the value of the function   at point 
iP . Now if m  we 

land up with the surface integral 

S

ds   or for vector valued functions 

S

F ds . 

 
Let if n̂  is the unit normal vector drawn outward to the surface S then we can define the vector 

elementary surface area by  

ˆdS dS n   

ˆ

Elementarysurfacearea

dS n ds  

  

 

Note:   

ˆ
S S

F dS F ndS      

Here ˆF n  is the component of F  along n̂  i.e., normal to the surface S and ˆ
S

F ndS  is called the 

total Flux across the surface S. 

 

How to calculate 

S

F ds ? 

We know that ˆˆ ˆr xi yj zk   ˆˆ ˆcos cos cosr i r j r rk     

 

n̂

iS

 , ,i i iP x y z

SurfaceS
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The same concept we apply for the elementary surface area. 

If cos , cos , cosds ds ds r   are the orthogonal projections of the elementary area ds  on the YZ-

plane, ZX-plane and XY-plane respectively. 

 

Therefore, now we can write 

ˆˆ ˆcos cos cosdS ds i ds j ds rk     

Here , , r   are direction angles of ds  with x -axis, y -axis and z -axis respectively. 

ˆˆ ˆˆ cos cos cosn ds ds i ds j ds rk      

ˆ ˆ cosi nds ds    

ˆ ˆ
ˆ ˆ

dy dz
i nds dy dz ds

i n


    


 ....(1) 

ˆ ˆ cos
ˆ ˆ

dz dx
j n ds ds ds

j n



   


 ....(2) 

ˆ ˆ cos
ˆ ˆ

dx dy
k nds ds r ds

k n


   


 ....(3) 

ˆ
ˆ ˆ

ˆ ˆ ˆˆS S x y y z

dxdy F ndy dz
F ds F nds F n

i nk n


     


     

ˆ

ˆ ˆ
z x

F n dt dx

j n




   ....(4) 

Whichever form in (4) suits you to easily integrate (According to given condition); Apply that 

 

Green's Theorem 

Let's consider a closed region R  in the xy -plane bounded by a simple closed curve c  and suppose 

   , , ,P x y Q x y  are continuous function with continuous derivatives in the region R. 

Then  

   , ,
c R

Q P
P x y dx Q x y dy dx dy

x y

  
   

  
   

 

X

Y

Z

r



P
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Note: 
Unless otherwise stated, we will always consider that the line integral is described in the positive 

sense (i.e. the curve c  is transverse in the counterclockwise direction. 

 

Note: 

We can extend the proof of Green's Theorem in the plane to the curve c  for which lines parallel to the 

coordinate axis may cut the curve c  in more than 2 points. 

 

 
 

1STUS R

N M
Mdx Ndy dxdy

x y

  
    

  
   ....(1) 

2SVTS R

N M
Mdx Ndy dxdy

x y

  
   

  
   ....(2) 

On adding (1) and (2), we get 

 
L.H.S. 

STUS SVTS ST TUS SVT TS TUS SVT TUSVT

                 

 

R.H.S. 

1 2R R R

     

 

Note: 

From the above description we just try to show that the Green's Theorem in the plane is applicable for 

simply connected closed Regions.  

 

1R

2R

S T

v

U
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Note: 
The Green's Theorem in the plane is also applicable for the multiply connected Regions. It can also be 

shown by the similar process as above. 

 
Q. Express the Green's Theorem in the plane in vector notation. 

Solution. 

Let's consider a vector field function  

   ˆ ˆ, ,F M x y i N x y j   and the position vector in the plane as ˆ ˆr xi yj   and ˆ ˆdr dx i dy j   

Now, curl 

ˆˆ ˆ

0

i j k

F
x y z

M N

  

  

ˆˆ ˆN M N M
i j k

z y x y

       
        

        
 

 curl ˆ N M
F k

x y

 
  

 
 

Now the Green's Theorem in the plane can be written as ˆcurl
R

F dr F k dr      

 A Generalization of this phenomena to the surface S in the space having a curve c  as a boundary 

leads quite naturally to Stoke's Theorem. 

Q. Show that a necessary and sufficient condition for 1 2 3Fdx F dy F dz   to be an exact differential 

is that 0F  , where 
1 2 3

ˆˆ ˆF Fi F j F k   . 

Q. Show that  2 3 3 3cos 4 2 siny z x x z dx z y x dy   2 2 43 siny z x x dt   is an exact differential 

of a function   and find such  . 

Solution. 

2 3 3 3 2 2 4

ˆˆ ˆ

cos 4 2 sin 3 sin

i j k

x y z

y z x x z z y x y z x x

  

  

 

 

 

Proof: 

Let 1 2 3Fdx F dy F dz   is an exact differential 

i.e.,  1 2 3Fdx F dy F dz d dx dy dz
x y z

  


  
     

  
 

i.e., 1 2 3, ,F F F
x y z

    
  
  

 

Simplyconnected closed Regions

Multiplyconnected closed Regions

R
R

R
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i.e., ˆˆ ˆF i j k
x y z

  


  
   
  

 

  0F       

Let 0F   

Then F  must be of the form   

i.e., F dr dr     

1 2 3Fdx F dy F dz dx dy dz
x y z

    
     

  
 

1 2 3Fdx F dy F dz d     

1 2 3Fdx F dy F dz d     is an exact differential equation. 

Solution. 

   2 3 3 3 2 2 4cos 4 2 sin 3 siny z x x z dx z y x dy y z x x dz     

1 2 3Fdx F dy F dz    

i.e., 
1 2 3

ˆˆ ˆF Fi F j F k    

0F   (on calculating) 

F  is an exact differential i.e.,   a function   s.t. 

1 2 3Fdx F dy F dz d    

i.e., 1 2 3, ,F F F
x y z

    
  

  
 

2 3 3

1 siny z x x z    

3 2

2 sinz y x   

2 3 4

3 siny z x x z    

  2 3 4, , sinx y z y z x x z    

 

Result  

Consider a closed curve c  in a simply connected region then 0
c

Mdx Ndy    

iff 
M N

y x

 


 
 everywhere in the region. 
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Volume Integral 
 

 
 

Q. Let's consider some scalar valued function   2, , 45x y z x y   and let v  be the closed region 

bounded by the planes 4 2 8x y z    and 0, 0, 0x y z   . Then evaluate the volume integral  

v
dv  

 

 
8 4

8 4 22 2
2

0 0 0

45

x
x y

x y z

v x y dxdydt


 

  

     

 
 

2 4
8 4 22

0

0 0

45
x y

x y

x y z dxdy
 

 

    

 
4 4 2

2

0 0

45 8 4 2

x

x y

x y x y dxdy



 

     

 
4 4 2

2 3 2 2

0 0

360 180 90

x

x y

x y x y x y dxdy



 

     

4 24 2 2 3 2 2 3

0 0

360 180 90

2 2 3

x

x

x y x y x y
dx





 
   

 
  

     
4

2 2 32 3 2

0

180 4 2 90 4 2 30 4 2
x

x x x x x x dx


      
   

X

Y

Z

 0,4,0

 0,0,8

 2,0,0 0,0,0

4 2 8x y z  

iv
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     
4

2 2 3 2 2 2 3

0

180 16 4 16 90 16 4 16 30 64 96 48 8
x

x x x x x x x x x x dx


          
   

 

Gauss Divergence Theorem 

Let v  is the volume bounded by the closed surface S and F  is a vector valued function of position 

with continuous derivative then  

ˆdiv
v S

F F ndS    

 Applicable only for closed surface. 

 

e.g. If the surface S is 
2 2 4x y  , 5z   we cannot apply Gauss's Divergence Theorem here. 

But if the surface S is 
2 2 4x y  , 5z   to 8z  ; yes we can apply Gauss Divergence Theorem. 

 
 

Stoke's Theorem  

Alternative definition of curl: 

Suppose S  is a surface element at a point P, the boundary of the element being the closed curve c  

and n̂  is the unit normal vector at the point P drawn outward to the surface. Then we define a limit 

 
0

curl lim c

n S

F dr

F
S



 







 

If this limit exists independent of the shape of the curve.  

 

Here  curl
n

F  is the component of a certain vector curl F along the normal n̂  to the surface. 

 

Statement 

The line integral of a vector field F  around any closed curve is equal to curl
S

F  (i.e., the surface 

integral of curl F taken over any surface of which the curve is a boundary edge. 

Mathematically if F  is any continuous differentiable vector function and S is a surface enclosed by a 

curve c , then  

ˆcurl
c S

F dr F ndS     

Here n̂  is the unit normal vector outward to the surface S.  

 

S

c

n̂
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Gradient, Divergence and Curl 

Solved Examples 

1. If 
2 3 2 2ˆ ˆˆ ˆ ˆ ˆ ˆ2 , 2A x yzi xz j xz k B zi yj x k      , then value of  

2

A B
x y




 
 at  1,0, 2  is equal 

to ? 

2 3 2

2

ˆˆ ˆ

2

2

i j k

A B x yz xz xz

z y x

  



 

     3 3 2 3 4 2 2 4 ˆˆ ˆ2 2 4x z xyz i xz x yz j x y z xz k       

  2 4 2 ˆˆ ˆ 2A B xz i x zj x yzk
y


    


 

 
2

2 3 ˆˆ ˆ4 4A B z i x zj xyzk
x y


    

 
 

So, at  1,0, 2 ,  
2

ˆ ˆ4 8A B i j
x y


   

 
 

 

2. If   2 3 2, , 3f x y z x y y z  , then grad f and the point  1, 2, 1   is equal to ? 

2 3 23f x y y z   

ˆˆ ˆf f f
f i j k

x y z

  
   

  
 2 2 2 3 ˆˆ ˆ6 3 3 2xyi x y z j y zk     

At   ˆˆ ˆ1, 2, 1 , 12 9 16f i j k       . 

 

3. The gradient of  f r  is equal to?  

    ˆf r i f r
x


 


  ˆ '

r
if r

x





  ˆ '

x
if r

r


 '
ˆ

f r
ix

r
 

 'f r
r

r
  

 

4.  f r r   is equal to? 

 
 'f r

f r r
r

   [as solved in previous question] 

  0f r r    

 

5. 
1

r

 
 
 

 is equal to? 

1 1
î

r x r

   
    

   
 2

1ˆ r
i

r x

 
  

 
 2

1ˆ x
i

r r

 
  

 
 3

1
îx

r
   3

r

r
   

 
 

 

6. log r  is equal to?  
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ˆlog logr i r
x


 




1ˆ r
i

r x


 


 2 2

1 ˆ r
ix

r r
   

 

7. 
nr  is equal to ? 

ˆn nr i r
x


 


 1ˆ n r

inr
x

 



 2 ˆnnr ix  2nnr r  

 

8. If a  is constant vector & ˆˆ ˆr xi yj zk    then grad  r a  is equal to ? 

   ˆr a i r a
x


   


 ˆ r

i a
x

 
  

 
  ˆ ˆi i a  a  

 

9. Let a  & b  are constant vector and ˆˆ ˆr xi yj zk    grad r ab 
 

 is equal to ? 

grad r ab 
 

   î r a b
x


  


  ˆ r

i a b
x

 
   

 
   ˆ ˆi i a b   a b   

 

10. If a  is a constant vector,   is scalar field  a   is equal to? 

Let 
1 2 3

ˆˆ ˆa a i a j a k    

1 2 3a a a a
x y z

  
   

  
 

  1 2 3a a a a
x y z

  


  
   

  
 

 

11. If a  is constant vector and  ˆˆ ˆr xi yj zk a r     is equal to ? 

 

Let 
1 2 3

ˆˆ ˆa a i a j a k    

1 2 3a a a a
x y z

  
   

  
 

   1 2 3
ˆˆ ˆa r a a a xi yj zk

x y z

   
      

   
 

1 2 3
ˆˆ ˆa i a j a k a     

12. The unit normal vector to the level surface 
2 2 4x y z    at point  1,1, 2  is? 

Normal vector lies in direction of f  , So ˆ
f

n
f





 

2 2f x y z   , ˆˆ ˆ2 2f xi yj k    , At  1,1, 2  ˆˆ ˆ2 2f i j k    , 9 3f    

So, 
ˆˆ ˆ2 2

ˆ
3

f i j k
n

f

  
 


2 2 1 ˆˆ ˆ
3 3 3

i j k    
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13. The directional derivative of   2 2, , 4f x y z x yz xz   at the point  1, 2, 1   in the direction of 

vector ˆˆ ˆ2 2i j k   is? 

     2 2 2 ˆˆ ˆ2 4 8f xyz z i x z j x y xz k      , At  1, 2, 1  , ˆˆ ˆ8 10f i j k     

So, directional derivative of  f  in direction of ˆˆ ˆ2 2i j k   is equal to  

   1 ˆ ˆˆ ˆ ˆ ˆˆ 8 10 2 2
3

f a i j k i j k       
37

3
  

 

14. The point P closet to origin on the plane 2 5 0x y z     is ? 

Closest point will be foot of perpendicular from origin  

2 5 0S x y z     , 
ˆˆ ˆ2

ˆ
6

S i j k
n

S

  
 


 

Coordinate of 
2 1 1

, ,
6 6 6

P r r r
 

  
 

, It lies on S. So, 
5

6
r   

Hence, 
5 5 5

, ,
3 6 6

P
 

  
 

 

 

15. The temperature T at a surface is given by 
2 2T x y z   . In which direction a mosquito at the 

point  4,4,2  on the surface will fly so that it cools fastest? 

2 2T x y z     

Direction of fastest cooling will lie in direction opposite to the direction of gradient i.e. T  

ˆˆ ˆ2 2T xi yj k    ˆˆ ˆ8 8i j k    

 

16. The scalar function f which corresponds to V f   

where 
2 2 2

ˆˆ ˆxi yj zk
V

x y z

 


 
 is ?  

2 2 2f x y z c    , 
r

f
r

   

 

17. One of the point at which the derivative of the function   2 2,f x y x xy y y     vanishes along 

the direction 
ˆ ˆ3

2

i j
 is ? 

   ˆ ˆ2 1 2f x y i x y j       

Directional derivative in direction given by 
ˆ ˆ3

2

i j
   

1 3
2 1 2

2 2
x y x y      

 1 2 32 3 3

2 2 2
x y


   . It becomes zero at 

2
1,

2 3 1

 
 

 
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18. Which of the following is a unit normal vector to the surface z xy  at  2, 1, 1P   ? 

The surface is 0f xy z   , ˆˆ ˆf yi xj k    ˆˆ ˆi xj k    , 
ˆˆ ˆ2

ˆ
6

f i j k
n

f

  
 


 

 

19. Let  , lnf x y x y   and  ,g x y x y  . Then the value of  2 fg  at  1,0 ? 

 
1 2

ln ,f x y g x y    , lnfg x y x y   ,

2 2
2

2 2
fg fg

x y

  
   

  
 

 
1 1 1

ln
2 2

fg x y x y
x x y x y x y


    

   
 

   
 

 
2

3 2 3 2

2

1 1 1 1
ln

4 2 42

fg
x y x y x y

x x y x y

 
       

  
 

2 0fg   

 

20. The spheres  
2 2 2 1x y z    and  

2
2 23 4x y z     intersect at an angle? 

2 2 2 1x y z   , 
2 2 2 2 3 1x y z y    . They intersect at plane 0y   

 0,0,1  is one point of intersection which is lying on the both sphere. 

Let us find normal vector at this point and find angle between them  

ˆˆ ˆˆ
in xi yj zk    

 
2

ˆˆ ˆ3
ˆ

2

xi y j zk
n

  
  

1 2

1
ˆ ˆcos

2
n n     at point  0,0,1 , 3   

 

21. Let ,0     be the angle between the planes 0x y z    and 2 4x z   

The value of   is? 

3 3 0x y z x y z        , 2 4 2 4 0x z x z       

Let us find angle between their normal 

ˆ
f

n
f





, 1 2

1
ˆ ˆcos

15
n n    ,         2

ˆˆ2
ˆ

5

i k
n


 , 1

ˆˆ ˆ
ˆ

3

i j k
n

 
  

1 1
cos

15
    

 

22.   2 2,f x y xy yx   

Suppose the directional derivative of f in the direction of the unit vector  1 2,u u  at the point  1, 1  

is 1. The among the following  1 2,u u  is? 

2 2f xy yx  ,    2 2ˆ ˆ2 2f y xy i x xy j     ,  At   ˆ ˆ1, 1 f i j      
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1 2
ˆ ˆn̂ u i u j   

Directional derivative of f in direction of unit vector  1 2,u u  is ˆ 1f n    

1 2 1u u   , 1 21, 0u u    satisfies above equation. 

 

23. For what values of a and b, the directional derivative of   2 2, ,u x y z ax yz bxy z   at  1,1,1  

along ˆˆ ˆ 2i j k   is 6  and along ˆˆ ˆ 2i j k   is 3 6 ? 

     2 2 2 2 ˆˆ ˆ2 2u axyz by z i ax z bxyz j ax y bxy k        

The directional derivative of  , ,u x y z  along  ˆˆ ˆ 2i j k   at  1,1,1  

       
ˆˆ ˆ 2 1ˆˆ ˆ2 2 2 2 2 2

6 6

i j k
a b i a b j a b k a b a b a b

 
            6

6

a b
   (Given) 

So, 6a b   

The directional derivative of  , ,u x y z  along  ˆˆ ˆ 2i j k   at  1,1,1  

      
ˆˆ ˆ 2ˆˆ ˆ2 2

6

i j k
a b i a b j a b k

 
        

1
3 3 6

6
a b    (Given) 

3 18a b   ....(2) 

Solving (1) & (2) 

6, 0a b   

 

24. If  , ,f x y z x y   and   2

1 ˆˆ ˆf x y
i j k

g z z

   
      

  
 then  , ,g x y z  is ? 

  

2

f g f f g

g g

    
  
 

2

f f
g

g g


    

Given   2

1 ˆˆ ˆf x y
i j k

g z z

   
      

  
 , On comparing  , ,g x y z z . 

 

25. The directional derivative of   2 cos, , xyf x y z z e  at 0, ,1
2

 
 
 

 along  ˆˆ ˆ2 2i j k   is? 

2 cos 2 cos cos ˆˆ ˆsin sin 2xy xy xyf yz e xyi xz e xyj ze k        

Unit vector along ˆˆ ˆ2 2i j k   is given by,  1 ˆˆ ˆˆ 2 2
3

n i j k    

Directional derivative along  ˆˆ ˆ2 2i j k   

 
 

2 cos 2 cos cos

ˆˆ ˆ2 2
ˆˆ ˆˆ sin sin 2

3

xy xy xy
i j kdf

f n z e y xyi z e x xyj ze k
ds

 
       

 2 cos 2 cos cos1
2 sin sin 4

3

xy xy xyz ye xy xz e xy ze     
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At 0, ,1
2

 
 
 

, directional derivative
4

3
e . 

 

26. Let ˆˆ ˆr xi yj zk   . Then   r r r    is equal to ? 

   2 2 2ˆ 2r r i x y z r
x


     


 ,   22 2r r r r r r      

    22r r r r     4r  

 

27. If ˆˆ ˆr xi yj zk   , then 
4

r  equals ? 

   
4 4r r   4î r

x





 3

ˆ
4

ix
r

r


 24r r . 

 

28. Let   2 2 2, , 2T x y z xy z x z    be the temperature at the point  , ,x y z . The unit vector in the 

direction in which the temperature decreases most rapidly at  1,0, 1  is ? 

 

Temperature increases most rapidly in the direction of T . 

   2 2 2 ˆˆ ˆ2 2 2 2T y xz i xyj x z k      , At   ˆˆ1,0, 1 , 2 4T i k      

Unit vector in the direction of 
1 2 ˆˆ
5 5

T i k     

So, temperature decreases most rapidly in the direction of T . i.e., 
1 2 ˆˆ
5 5

i k  

 

29. The equation of a surface of revolution is  

2 23 3

2 2
z x y   .The unit normal to the surface at the point 

2
,0,1

3
A
 
  
 

 is ? 

Equation of surface is 

 2 2 23

2
z x y   

2 2 23 3 2 0F x y z     

Unit normal to the surface 
2 2 2

ˆˆ ˆ6 6 4
ˆ

2 9 9 4

F xi yj zk
n

F x y z

  
 
   2 2 2

ˆˆ ˆ3 3 2

9 9 4

xi yj zk

x y z

 


 

2 ˆˆ3 2 ˆˆ6 23

2 10
9 4

3

i k
i k




 

 

3 2 ˆˆ
5 10
i k  . 
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Assignment-1 

 

1. Find the directional derivative of the function 
2 2 22f x y z    at the point  1,2,3P  in the 

direction of line PQ where Q is the point  5,0,4 . 

Solution. 

Here, function 
2 2 22f x y z   , ˆˆ ˆ2 2 4f xi yj zk    , At  1,2,3 , ˆˆ ˆ2 4 12f i j k     

Now, vector PQ = position vector Q-position vector of P    ˆ ˆˆ ˆ ˆ5 4 2 3i k i j k     ˆˆ ˆ4 2i j k    

Unit vector in direction of PQ ,
ˆ ˆˆ ˆ ˆ ˆ4 2 4 2

ˆ
16 4 1 21

i j k i j k
a

   
 

 
 

So, directional derivative of f in the direction of ˆ ˆa f a    
 ˆˆ ˆ4 2

ˆˆ ˆ2 4 12
21

i j k
i j k

 
   

28 4
21

321
   

 

2. What is the greatest rate of increase of 
2u xyz  at the point  1,0,3 ? 

Solution. 
2u xyz ,

2 2 ˆˆ ˆ 2u yz i xz j xyzk    , At  1,0,3 , ˆ9u j   

The greatest rate of increase of  f  lie in the direction of f . 

So, maximum value of directional derivative  

ˆu a   with â  being unit vector parallel to u 9u   . 

 

3. Find the directional derivative of  

(i) 
3 2 2 24 3xz x y z  at  2, 1,2 along z axis.    

(ii) 
2 24x yz xz  at  1, 2,1  in the direction of ˆˆ ˆ2 2i j k  . 

Solution. 

(i) 
3 2 2 24 3f xz x y z  ,    3 2 2 2 2 2 2 2 ˆˆ ˆ4 6 6 12 6f z xy z i x yz j xz x y z k      , At  2, 1,2 , 

ˆˆ ˆ16 96 48f i j k      

Along z axis, the directional derivative along z axis ˆ 48f k     

(ii) 
2 24f x yz xz  ,    2 2 2 ˆˆ ˆ2 4 8f xyz z i x zj x y zx k      ,At  1, 2,1 , ˆˆ 6f j k    

Unit vector in the direction of ˆˆ ˆ2 2i j k  , 
ˆ ˆˆ ˆ ˆ ˆ2 2 2 2

ˆ
39

i j k i j k
a

   
   

Directional derivative in direction of ˆˆ ˆ2 2i j k   
ˆˆ ˆ2 2 13ˆˆ 6

3 3

i j k
f a j k

  
         

 
. 

 

4. Find the directional derivative of   2 3,f x y x y xy   at the point  2,1  in the directional of a 

unit vector which makes an angle of 3  with x axis? 
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Solution. 

  2 3,f x y x y xy  ,    3 2 2ˆ ˆ2 3f xy y i x y x j     , At  2,1 , ˆ ˆ5 14f i j    

Unit vector making an angle of 3  with x axis ˆ ˆˆ cos sin
3 3

a i j
 

 
1 3ˆ ˆ
2 3

i j   

So, directional derivative of f in the direction of unit vector making angle of 
3


 with the x axis ˆf a    

 
1 3ˆ ˆ ˆ ˆ5 14
2 2

i j i j
 

     
 

5 14 3

2


 . 

 

5. Find the constants a and b so that the surface  2 2ax byz a x    will be orthogonal to the surface 

2 34 4x y z   at the point  1, 1,2 . 

Solution. 

The two surface are orthogonal at point P if the respective normal to the surface are perpendicular to each 

other. 

The surface 1S  is given by 

 2

1 : 2 0S ax byz a x    , Gradient of 1S ,   1
ˆˆ ˆ2 2S ax a i bz j by k       

At  1, 1,2   1
ˆˆ ˆ2 2S a i b j bk      

Unit normal vector to 1S 1
1

1

ˆ
S

n
S





 

The surface 2S  is given by  

2 3

2 : 4 4S x y z  , Gradient of 2S , 
2 2

2
ˆˆ ˆ8 4 3S xyi x j z k    , At  1, 1,2  

2
ˆˆ ˆ8 4 12S i j k     

Normal to 2S , 2
2

2

ˆ
S

n
S





 

Two surface 1S  & 2S  are orthogonal So, 1 2
ˆ ˆ 0n n  1 2

1 2

0
S S

S S

 
 

 
1 2 0S S    

    ˆ ˆˆ ˆ ˆ ˆ2 2 8 4 12 0a i bj bk i j k          8 2 8 12 0a b b     8 4 16a b     

Point  1, 1,2  lies on 1S . So, 2 2a b a   1b  So, 
5

2
a  . 

 

6. Find the values of constant a,b & c so that the directional derivative of the function. 
2 2 3f axy byz cz x    at the point  1,2 1  has maximum magnitude 64 in the direction of parallel 

to z-axis 

Solution. 

The function  

2 2 3f axy byz cz x   ,      2 2 2 3 ˆˆ ˆ ˆ3 2 2f i f ay cz x i axy bz j by czx k
x


       


  

At  1,2, 1        ˆˆ ˆ4 3 4 2 2f a c i a b j b c k        
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The directional derivative of f is maximum along f  and it is given that maximum value of directional 

derivative is along z axis. So, f  is parallel to z axis. So, its x & y component should be zero. 

So, 
4

4 3 0
3

a
a c c     , 4 0 4a b b a    , So,   ˆ2 2f b c k  

32 ˆ
3

ak  

Maximum value of directional derivative is equal to 64f 
32

64
3

a
  . So, 6a   

24b  , 8c   . 

 

7. Find the directional derivative of 
2 3f x yz  along , 1 2sin , costx e y t z t t      at 0t  . 

Solution. 

The function 
2 3f x yz , 

3 2 3 2 2 ˆˆ ˆ2 3f xyz i x z j x yz k    , For 0, 1tt x e   , 1 2sin 1y t    

cos 1z t t    . So, at  1,1, 1 ˆˆ ˆ2 3f i j k      

The curve is described by vector     ˆˆ ˆ1 2sin costr e i t j t t k      

  ˆˆ 2cos 1 sintdr
t e i tj t k

dt

      , At 0t   ˆˆ ˆ2t i j k     

Unit vector along tangent, 
ˆˆ ˆ2

ˆ
6

i j k
t

  
  

Directional derivative along the curve at 0t  ˆf t    
 ˆˆ ˆ2

ˆˆ ˆ2 3
6

i j k
i j k

  
    

3 3

26
  . 

 

8. If 1r  and 2r  are the vector joining the fixed point.  1 1 1, ,A x y z  &  2 2 2, ,B x y z  respectively to a 

variable point  , ,P x y z  then find the values of grad  1 2r r  &  1 2r r . 

Solution. 

The vector 

1AP r = position vector of P-position vector of A    1 1 1
ˆ ˆˆ ˆ ˆ ˆ2xi yj k x i y j z k       

     1 1 1
ˆˆ ˆx x i y y j z z k      . Similarly,      1 2 2 2

ˆˆ ˆBP r x x i y y j z z k        

1 2 1 1 1

2 2 2

ˆˆ ˆi j k

r r x x y y z z

x x y y z z

    

  

 

           1 2 2 1 2 1 1 2
ˆ ˆy y z z y y z z i x x z z x x z z j                 

     1 2 2 1
ˆy y z z y y z z k         

           1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1
ˆ ˆy z z z y y y z y z i z x x x z z z x z x j                   

     1 2 2 1 1 2 2 1
ˆx y y y x x x y x y k         

        1 2 1 2 1 2 1 2r r x x x x y y y y z z z z           
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   1 2 1 2
ˆr r i r r

x


   


  1 2

ˆ 2i x x x      1 2î x x x x     

   1 2
ˆ ˆi x x i x x     1 2r r  . 

 

9. Find the equation of tangent plane and normal to the surface 
22 3 4 1xz xy x    at the point 

 1,1,2 . 

Solution. 

Equation of the surface is ,   2, , 2 3 4 1f x y z xz xy x    , 

 ˆf i f
x


 


  2 ˆˆ ˆ2 3 4 3 4z y i xj xzk     , At  1,1,2  ˆˆ ˆ9 3 8f i j k     

Let ˆˆ ˆR xi yj zk    is a position vector of any arbitrary point  , ,x y z  on the tangent plane at point P. 

The position vector of point P is ˆˆ ˆ 2r i j k    

Equation of tangent plane at point P is  

 R r .grad 0f       1 1 2 0
f f f

x y z
x y z

  
      

  
     9 1 3 1 8 2 0x y z        

9 3 8 22x y z    

Equation of normal to the surface at point  1,1,2  is 

1 1 2x y z

f f f

x y z

  
 

  

  

, 
1 1 2

9 3 8

x y z  
 


. 

 

10. Find the equation of the tangent plane and normal to the surface 2xyz   at the point  1,2,1 . 

Solution. 

The equation of surface is  , , 2 0f x y z xyz    

ˆˆ ˆf yzi xzj xyk    , At point  1,2,1  ˆˆ ˆ2 2f i j k     

Let ˆˆ ˆR xi yj zk    be the position vector of an arbitrary point  , ,x y z  on the tangent plane. 

Position vector of point of contact  1,2,1 , ˆˆ ˆ2r i j k    

Equation of tangent plane is ,   0R r f    

     1 2 1 0
f f f

x y z
x y z

  
      

  
     2 1 2 2 1 6x y z        

2 2 6x y z    

Equation of normal to the surface at point  1,2,1  

1 2 1x y z

f f f

x y z

  
 

  

  

, 
1 2 1

2 1 2

x y z  
  . 
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11. Give the curve 
2 2 2 1, 1x y z x y z       (intersection of two surfaces) find the equation of the 

tangent line at the point  1,0,0 . 

Solution. 

Given is the curve of intersection of two surfaces 
2 2 2

1 20 1S x y z S x y z         

1 2
ˆ ˆˆ ˆ ˆ ˆ2 2 2 ,S xi yj zk S i j k        , At the point  1,0,0  

1
ˆ2S i  , 

2
ˆˆ ˆS i j k     

The normal vector to surface 
1S  & 

2S  are given by, 1
1

1

ˆˆ
S

n i
S


 


, 2

ˆˆ ˆ
ˆ

3

i j k
n

 
  

Tangent to the curve of intersection will be perpendicular to both 1̂n  & 2n̂  i.e. it lies in the direction of 

1 2
ˆ ˆn n  i.e. 

 ˆˆ ˆ
ˆ

3

i j k
i

 


1 1 ˆˆ
3 3

j k    

So, equation of tangent passing through  1,0,0  & parallel to vector 
1 1 ˆˆ
3 3

j k   is 

1 0 0

1 10
3 3

x y z  
 


. 

 

12. Find the angle between the surface 
2 2 2 9x y z    and 

2 2 3z x y    at the point  2, 1,2 . 

Solution. 

Angle between two surfaces at a point will be equal to the angle between their respective normal at the 

point. So, let us the unit normal vector to the surfaces at given point i.e.  2, 1,2  

The given surfaces are ,
2 2 2

1 9S x y z    , 
2 2

2 3S x y z     

Their gradient are ,
1

ˆˆ ˆ2 2 2S xi yj zk    ,
1

ˆˆ ˆ2 2S xi yj k     

At  2, 1,2 , 
1

ˆˆ ˆ4 2 4S i j k    , 
2

ˆˆ ˆ4 2S i j k     

The unit normal vectors to the surface 1S  & 2S  at point  2, 1,2  are 

1
1

1

ˆˆ ˆ4 2 4 2 1 2 ˆˆ ˆˆ
3 3 336

S i j k
n i j k

S

  
    


 

2
2

2

ˆˆ ˆ4 2 4 2 1 ˆˆ ˆˆ
21 21 21 21

S i j k
n i j k

S

  
    


 

If   is the angle between two vectors  

then 
1 2 1 2
ˆ ˆ ˆ cosn n n n  

8 2 2
cos

3 21 3 21 3 21
   

8

3 21
 .So, 

1 8
cos

3 21
  . 

 

13. If F  & f are two point function, show that the components of the former tangential and normal 

to the level surface 0f   are 
 
 

2

f F f

f

  


 and 

 
 

2

F f f

f

 


 

Solution. 
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Unit normal vector to the surface 0f  , ˆ
f

n
f





 

Magnitude of component of F  normal to the surface 0f   is , ˆ
f

F n F
f


  


 

Component of F  normal to the surface 0f   ˆ ˆ
f f

F n n F
f f

  
      

 
 

2

F f f

f

 



 

Component of F  tangential to surface 0f  =   F - normal component of F
 
 

2
 

F f f
F

f

 
 


 

   
 

2

f f F F f f

f

    




 
 

2

f F f

f

  



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Divergence and Curl  

SOLVED EXAMPLES  

 

1. div r  equal to ? 

ˆˆ ˆr xi yj zk   , ˆr i r
x


  


 ˆ ˆ 1 3i i      

2. curl r  is equal to? 

curl 

ˆˆ ˆi j k

r
x y z

x y z

  

  

= 0 

3. The value of constant a for which the vector       ˆˆ ˆ3 2f x y i y z j x az k       is solenoidal 

is?  

Vector f  is solenoidal if div 0f  , div      3 2 0f x y y z x az
x y z

  
      
  

1 1 0a    2a   . 

4. If a  is a constant vector, then  r a   is equal to ? 

div    ˆr a i r a
x


   


 ˆ r

i a
x

 
   

 
  ˆ ˆ 0i i a     

5. If a  is a constant vector, curl  r a  is equal to? 

curl    ˆr a i r a
x


   


 ˆ r

i a
x

 
   

 
  ˆ ˆi i a      ˆ ˆ ˆ ˆi a i i i a    

 

 ˆ ˆi a i a    3 2a a a    

6. If  ˆˆ ˆ2 3xyzf e i j k    the curl f  at  1,1,1  equal to ? 

ˆˆ ˆ

2 3xyz xyz xyz

i j k

f
x y z

e e e

  
 

  
      ˆˆ ˆ3 2 2xyz xyz xyze xz xy i e xy yz j e yz xz k       

At  1,1,1 ,  ˆˆf e i k    

7. If 
2 2 2 ˆˆ ˆ2 3f xy i x yzj yz k   , then value of div f  at  1,1,1  is equal to ? 

2 2 2 ˆˆ ˆ2 3f xy i x yzj yz k   , div      2 2 22 3f xy x yz yz
x y z

  
  
  

2 22 6y x z yz    

At  1,1,1 , div 3f    

8. If    2 2 2 ˆˆ ˆ2f x y i xyj y xy k     , the curl f  at  1,1,1  is equal to? 



Mindset Makers for UPSC 
 

Personalized Mentorship +91-9971030052 

 

    ˆˆ ˆ1f x y i j x y k       , curl 

ˆˆ ˆ

1 1

i j k

f
x y z

x y x y

  


  

   

ˆˆ ˆi j k     

      ˆ ˆˆ ˆ ˆ ˆ1f curl f x y i j x y k i j k            1 1 0x y x y         

 

Assignment-2 

 

1. Prove that div    3n nr r n r   

Solution. 

div  nr r  ˆ ni r r
x


 




1ˆ n nr r
i nr r r

x x

   
     
  

 1 ˆ ˆ ˆ ˆˆ .n nx r x r
nr i r r i i i

r x r x

     
            
 2 2 1n nnr x r    3n nnr r   3 nn r   

2. Prove that    2 23n nr r n n r r    

Solution. 

    2 n nr r r r    (from previous example),    3n nr r n r   So,    2 3n nr r n r    

 
 

ˆ3

nr
n i

x


 


   1ˆ3 n r

n nr i
x

 
 


   2 ˆ3 nn n r xi     23 nn n r r   

3. Prove that div 3
0

r

r

 
 

 
 

Solution. 

div 3 3
ˆr r
i

r x r

   
    

   
 3 3

1 1ˆ r
i r

r x x r

    
     

    
 3 4

1 3ˆ ˆ r
i i r

r r x

  
      

  


 3 5

1 3ˆ ˆ ˆi i i r x
r r

      2

3 5

1 3
1 x

r r
    2

3 5

3 3
r

r r
   0  

4. Prove that div 
2

ˆ
re

r
  

Solution. 

ˆ
r

r
e

r

 
    

 
ˆ r
i

x r

  
   

  


1 1ˆ r
i r

r x x r

    
     

    
 2

1 1ˆ ˆ r
i i r

r r x

  
     

  


 2

1 1ˆ ˆ ˆ ˆ
x

i i i r
r r r

 
     

 
 2

3

1 1
1 x

r r
   

3 1 2

r r r
    

5. Prove that vector  f r r  is irrorational  

Solution. 

A vector function is said to be irrotational if its curl is zero 
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     ˆf r r i f r r
x


  


    ˆ '

r r
i f r r f r

x x

  
   

  
    ˆ ˆ'

x
i f r r f r i

r

 
   

 
  

 
 

'
ˆ ˆ ˆˆ

f r
xi r f r i i

r
     

 
 

'
ˆ ˆ

f r
r r f r i i

r
     0  

Since, curl of  f r r  is zero, hence  f r r  is irrotational. 

6. Prove that 
2 1

0
r

 
  

 
 

Solution. 

2 1 1

r r

   
      

   
, 2

1 1 1ˆ ˆ r
i i

r x r r x

      
        

      
  2

1ˆ x
i

r r

 
  

 
 3 3

1 ˆ r
xi

r r
      

1 1

r r

   
      
   

3

r

r

 
   

 
3

ˆ r
i

x r

  
   

  
 3 3

1 1ˆ r
i r

r x x r

    
      

    


3 4

1 3ˆ ˆ r
i i r

r r x

  
       

  
    3 5

1 3ˆ ˆ ˆx
i i i r

r r

 
      

 
 2

3 5

1 3
1 x

r r
     2

3 5

3 3
0r

r r
      

7. Prove that div grad   21n nr n n r    

Solution. 

grad ˆn nr i r
x





 1ˆ n r

inr
x

 



 1ˆ n x

inr
r


2 ˆnnr xi 

2nnr r  

div grad  2n nr div nr r  2ˆ ni nr r
x


 


  2 2ˆ n nr

n i r r r
x x

   
   

  


 2 3ˆ ˆ 2n n r
n i r i r n r

x

   
    

 
  2 3ˆ ˆ ˆ 2n n x

nr i i n i n r r
r

  
       

 
 

   2 4 ˆ3 2n nnr n n r x i r       2 1 23 2n nnr n n r x      2 23 2n nnr n n r     

 2 2nn n r     21 nn n r    

8. Prove that  2 2 22               

Solution. 

    2                      
2 22             

9. If A  and B  are irrotational, prove that A B  is solenaidal 

Solution. 

A B  are irrotational  So, 0A   &  0B   

Now,    ˆA B i A B
x


    


 ˆ ˆA B

i B i A
x x

     
         

     


ˆ ˆA B
B i i A

x x

     
         

     
 ˆ ˆ ˆA B B

B i i A B curl A A i
x x x

   
           

   
    

0B curl A Acurl B    Since   0A B    



Mindset Makers for UPSC 
 

Personalized Mentorship +91-9971030052 

 

Hence, A B  is solenoidal. 

10. If f and g are two scalar point function prove that div   2f g f g f g     . 

Solution. 

We can use a vector identity  f f f       , Where   is a scalar function & f  is a vector 

function. So,    f g f g f g      
2f g f g     

Aliter. ˆf g f i g
x

 
   

 
 ˆˆ ˆg g g

f i f j f k
x y z

  
  

  
 

  ˆg g g
f g f f i f

x x y y z z

         
        

         
2 2 2

2 2 2

f g g f g g f g g
f f f

x x x y y y z z z

        
        
        

2 2 2

2 2 2

g g g f g f g f g
f

x y z x x y y z x

           
          

          
 

2 ˆ ˆˆ ˆ ˆ ˆf f f g g g
f g i j k i j k

x y z x y z

        
          

        

2f g f g     

11. Prove that div  A r r curl A    when A  is a constant vector 

Solution. 

Using identity  A B B curl A A curl B      ,  A r r curl A A curl r       

r curl A   (as curl 0r  ) 

12.  If a  is a constant vector, prove that  

div    0nr a r   

Solution. 

     ˆn nr a r i r a r
x


    


  1ˆ n nr r

i nr a r r a
x x

   
      

   
  

     1 ˆ ˆn nnr xi a r r i a i           2 ˆ ˆ 0n nnr r a r r i a i         

13. Prove that  

Solution. 

  2 2                

              
2        

              
2        

     2 2                       2 2        

14. If a  and b  are constant vectors, prove that  

(i) div   2r a b b a     
 

 (ii) curl  r a b b a    
 

 

Solution. 
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(i) div    r a b r a b       
     î r a b

x


    
 

 ˆ r
i a b

x

  
     

  


 ˆ ˆi i a b    
     ˆ ˆ ˆi i b a a b i     

       ˆ ˆ ˆ ˆi b i a a b i i      
 

  1x xa b a b     3a b a b    2 2a b b a       

(ii) curl    ˆr a b i r a b
x


        
   

 ˆ r
i a b

x

  
     

  
  ˆ ˆi i a b    

   

   ˆ ˆ ˆi i b a a b i     
       ˆ ˆ ˆi b i a a b i i       ˆ ˆ

x y zb a k a j   

     ˆ ˆˆ ˆ ˆ ˆ
x y x z y z y x z x z yb a k b a j b a i b a k b a j b a i       

      ˆˆ ˆ
y z z y z x x z x y y xb a b a i b a b a j b a b a k      b a   

15.  If r  denotes the position vector of a point and if r̂  be the unit vector in direction of r , r r

, determine of grad  1r 
 in terms of r̂  and r. 

Solution. 

1 1
î

r x r

   
     

   
2

1ˆ r
i

r x

 
    

 
3

1 ˆxi
r

  
3

r

r
  , 2

ˆ1 r

r r

 
  
 

,Where, r̂  is a unit vector in 

direction of r . 

16. For any constant vector a , show that the vector represented by curl  a r  is always parallel 

to the vector a r  being the position vector of a point  , ,x y z , measured from the origin. 

Solution. 

Curl   ˆ r
a r i a

x

 
     

 
ˆ r
i a

x

 
    

 
   ˆ ˆ ˆ ˆi a i i a i           ˆ ˆ ˆ ˆi i a i a i    

 ˆ ˆ1a i a i    3 2a a a   . So, Curl  a r  is always parallel to vector a . 

17. If ˆˆ ˆr xi yj zk    find the value(s) of n in order that 
nr r  may be (i) solenoidal, (ii) 

irroataional. 

Solution. 

(i) For vector to be solenoidal, its divergence should be zero. 

   ˆn nr r i r r
x


   


  1ˆ ˆn nr r
i r nr r i

x x

   
       

 
2

1 ˆ ˆn nx
nr r i i

r

 
    

 
 

2 2 1n nnr x r     3 3n n nnr r n r    . So, 
nr r  will solenoidal if 3n   . 

(ii) For vector to be irrotational, its curl must be zero. 

Curl  ˆn nr r i r r
x


  


  1ˆ ˆn nr r
i r nr r i

x x

   
      

   
   2ˆ ˆ ˆn ni r nr x r i i     
 

 

 2 ˆ 0nnr xi r    
 

 2nnr xi r       2 0nnr r r    

So, 
nr r  will be irrotational for any value of n. 

18. If uf v  , when u, v are scalar fields and f  is a vector, find the value of f .curl f . 

Solution. 
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Given uf V  , Taking curl on both sides ,    uf V   0u f u f      (as curl of 

gradient = 0). Taking dot product with f  

  0f u f uf f      . Since   0f u f    . So, 0f f   

19. Let ˆˆ ˆr xi yj zk    and r r . If a scalar field   and a vector field u  satisfy 

 u f r r    where f is an arbitrary differentiable function, then show that 

   2 ' 3rf r f r   . 

Solution. 

 u f r r   2       u f r r      ˆ0 i f r r
x


  


  

     ˆ ˆ'
x r

i r f r if r
r x


   


 

 
 2

'
ˆ ˆ

f r
x f r i i

r
       ' 3rf r f r   

20. A vector field is given by 

 

     

 
 

   

2 2 2

0

2 2 2 2

0 02 2

ˆ ˆ for region-I

ˆ ˆ
for region-II

a xj yi x y r

F r xj yi
ar x y r

x y

   



 
 



 

Here a and 0r  are two constants. 

Find the curl of this field in both the region. 

 
Solution.  

   ˆ ˆF r yi xj    for 0r r  (Region I), 
 

2

0 2 2

ˆ ˆyi xj
r

x y


 


 for 0r r  (Region II) 

In regions I,  

ˆˆ ˆ

0

i j k

F
x y z

y x 

  
 

  



ˆ2 k  

x
0r

02r

y
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In region II 

2 2

0 0

2 2 2 2

ˆˆ ˆ

0

0

i j k

F
x y z

r y r x

x y x y

 

  
  

  


 

 

21. If r  is the position vector of the point  , ,x y z  w.r.t. origin. 

Prove that  

     2 2
" 'f r f r f r

r
    

Find  f r  such that  2 0f r  . 

Solution. 

   2 f r f r  ,    ˆf r i f r
x


 


  ˆ '

r
if r

x





  ˆ '

x
i f r

r


 '
ˆ

f r
ix

r
 

 'f r
r

r
  

 
 2
'f r

f r r
r

 
  

 
 

1ˆ 'i f r r
x r

  
   

  


      
1 1 1ˆ ' ' '

r
i f r r f r r f r

x r r x r x

    
     

    
  

     2

1 1 1ˆ ˆ' " '
x r

i f r r f r r f r i
r r r x r

 
       
  

 
       3

' 1 1ˆ ˆ ˆ ˆ" '
f r x

x i r f r i r f r i i
r r r r

 
         

 
  

   
 2 2

3 2

' " 1
' 1

f r f r
x x f r

r r r
      

 
   

' 3
" '

f r
f r f r

r r
       

2
" 'f r f r

r
   

Now, let us find  f r  such that  2 0f r  ,Let    'g r f r  

Now,  2 0f r     
2

" ' 0f r f r
r

      
2

' 0g r g r
r

  
2

0
dg

g
dr r

   2 0
dg dr

g r
    

Integrating  

2
dg dr

g r
   = constant 

2

1gr C    1

2

C
g r

r
 1

2

Cdf

dr r
 , 1

22

C
f dr C

r
   

  1
2

C
f r C

r
    

22. Evaluate   div a r a   where a  is a constant vector. 

Solution. 
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     ˆa r a i a r a
x


      


 ˆ r

i a a
x

  
     

  
  

  ˆ ˆi a i a        ˆ ˆ ˆi a a i a i a          ˆ ˆ ˆ ˆa a i i a i a i      
 

2 21 xa a    

2 2 23 2a a a    

23. If 
1

f r
r

 ; find grad  div f . 

Solution. 

1ˆdiv f i r
x r

  
   

  


1 1ˆ r
i r

x r r x

   
    

   
 2

1 1ˆ ˆx
i r i

r r r

 
     

 


   3

1 1ˆ ˆ ˆx i r i i
r r

      2

3

1 1
1x

r r
   

1 3 2

r r r
     

grad (div f ) = grad
2

r

 
 
 

2
î

x r

  
  

  
 2

2ˆ r
i

r x

 
  

 
 3

2 ˆxi
r

   3

2
r

r
    

24. Prove that curl      22n n na r r n r a nr r a r     . 

Solution. 

curl    ˆn na r r i a r r
x


     

    ˆ n nr
i a r a r r

x x

   
      

   
  

    1ˆ ˆ n n r
i a i r a r nr

x

  
     
     1ˆ ˆ ˆn n x

i a i r i a r nr
r

        

   2ˆ ˆ ˆn nr i a i r xi a r             2ˆ ˆ ˆ ˆn nr i i a i a i nr r a r            
 

     2ˆ ˆ1n nr a i a i nr r r a r a r            
 23 n n n nr a r a nr a nr r a r      

   22 n nn r a nr r a r     

25. Prove that div 
 

 2

2

1f r d
r r f

r r dr

 
 

 
 

Solution. 

 
 

1ˆ
f r

div r i f r r
r x r

    
    

   
       

1 1 1ˆ r
i f r r f r r f r

x r r x r x

    
     

    
  

 

     2

1 1 1ˆ ˆ'
x x

i f r r f r r f r i
r r r r r

 
       

 


 
        3 2

1 1ˆ ˆ ˆ ˆ'
f r

x i r f r x i r f r i i
r r r

 
       

 


 
   2 2

3 2

1 1
' 1

f r
x f r x f r

r r r
        

 
 

 
' 3

f r f r
f r

r r
     

 
' 2

f r
f r

r
     2

2

1
' 2r f r r f r

r
     2

2

1 d
r f

r dr
  

26. Prove that 
3 4

1 3
r

r r

  
    

  
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Solution. 

3 3

1 1
î

r x r

   
    

   
 4

3ˆ r
i

r x

 
   

 
 5

3ˆ x
i

r

 
  

 
 5

3
îx

r
  

5

3r

r
  .

3 4

1 3r
r

r r

 
   
 

 

3 4

1 ˆ 3
r

r i
r x r

     
        

    
  

4 4

1 1ˆ3
r

i r
x r r x

   
      

   
    5 4

4 1ˆ ˆ ˆ3
r

i r i i
r x r

 
       

 
 2

6 4

4 1
3 x

r r

 
     

 
  

2

6 4

4 1
3 1x

r r

 
      

 
4 4 4

4 3 3
3

r r r

 
     

 
 

27. Prove that  

  
5 3

31 a r b r a b
b a

r r r

    
     

  
 

where a  and b  are constant vectors. 

Solution. 

1 1
î

r x r

   
    

   
 2

1ˆ r
i

r x

 
   

 
 2

1ˆ x
i

r r

 
   

 
 2

1
îx

r
  

3

r

r
   

 
3

1 a r
a

r r

 
   

 
, 

 
3

1 ˆ
a r

a i
r x r

    
      

    
  

 3 3

1 1ˆ r
i a r a

x r r x

     
        

     
    4 3

3 1ˆ ˆr
i a r a i

r x r

 
       

 
  

    5 3

3 1ˆ ˆ ˆa r ix a i i
r r

       5 3

3 1
a r r a

r r
    

  
 5 3

31 1a r b r
b a a b

r r r

   
      

  
 

28. If a  is a constant vector, prove that  

curl  3 3 5

3a r a r
a r

r r r

 
    

 
 

Solution. 

curl  3 3

1ˆa r
i a r

r x r

    
        
  3 3

1 1ˆ r
i a a r

x r x r

     
        

     
  

   3 4

1 3ˆ ˆ r
i a i a r

r r x

  
        

  
    3 5

1 3ˆ ˆ ˆi a i ix a r
r r

         

      3 5

1 3ˆ ˆ ˆ ˆi i a i a i r a r
r r

              3 5

1 3
3a a r r a a r r

r r
         

 2

3 5

2 3a
r a a r r

r r
       3 5

3a
a r r

r r
     

29. Evaluate 
2

2

r

r

  
   

  
. 
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Solution. 

2 2
ˆr r
i

r x r

   
      

   
 2 2

1 1ˆ r
i r

x r r x

   
    

   
 3 2

2 1ˆ ˆxr
i i

r r r

 
     

 
  

 4 2

2 1ˆ ˆ ˆx
i r i i

r r

 
      

 


2

4 2

2 1x

r r

 
   

 
  

2

4 2

2 1
1x

r r
    

2 2 2

2 3 1

r r r
     

Now, 
2 2

2 2

1r

r r

    
       

    
2

1

r

 
   

 
, 

2 2

1 1
î

r x r

   
    

   
 3

2ˆ r
i

r x

 
   

 


4

2 ˆxi
r

   4

2r

r
   

2 4

1 2r

r r

   
       

   
4

2ˆ r
i

x r

  
   

  
 4 4

1 1ˆ2
r

i r
x r r x

   
     

   
  

5 4

4 1ˆ ˆ2
r

i r i
r x r

 
      

  6 4

4 1ˆ ˆ ˆ2
x

i r i i
r r

 
       

 


2

6 4

4 1
2

x

r r

 
    

 
  

2

6 4

4 1
2 1x

r r

 
      

 
4 4 4

4 3 2
2

r r r

 
     

 
 

30. Expand 

(i) 
n

r
a

r

 
  
 

 (ii) 
n

r
a

r

 
   

 
 (iii) 

n

r
a

r

 
  

 
 

where a  is a constant vector. 

Solution. 

(i) ˆ
n n

r r
a i a

r x r

   
      

   
 ˆ

n

r
i a

x r

   
    

   


1 1ˆ
n n

r
i a r

x r r x

    
     

    
  

1

1ˆ ˆ
n n

n r
i a r i

r x r

  
      

  
    2

1ˆ ˆ
n n

n
i x a r a i

r r

 
     

 
  

    2

1ˆ ˆ ˆ
n n

n
a r ix a i i

r r
      

 
2

1
n n

n a r
r a

r r


    

(ii) ˆ
n n

r r
a i a

r x r

   
        

   
 ˆ

n

r
i a

x r

   
     

   


1 1ˆ
n n

r
i a r

x r r x

    
       

    
  

1

1ˆ ˆ
n n

n r
i a r i

r x r

  
       

  
 2

1ˆ ˆ
n n

nx
i a r i

r r

  
      

  
  

2

1ˆ ˆ ˆ
n n

nx
i a r i a i

r r

    
          

    
   2

ˆ 0
n

n
ix a r

r 
       2n

n
r a r

r 
     

(iii) ˆ
n n

r r
a i a

r x r

   
       

   
 ˆ

n

r
i a

x r

   
     

   
  
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1 1ˆ
n n

r
i a r

x r r x

    
      

    
 1

1ˆ ˆ
n n

n r
i a r i

r x r

  
       

  


2

1ˆ ˆ
n n

n
i a xr i

r r

  
      

  
 2

1ˆ ˆ ˆ
n n

n
i a x r i a i

r r

    
          

    
   

   2

1ˆ ˆ ˆ
n n

n
ix a r i a i

r r
             2

1 ˆ ˆ ˆ ˆ
n n

n
r a r i i a i a i

r r
         
 

 

     2

1 ˆ ˆ1
n n

n
r r a r a r a i a i

r r
                  2

2

1
3

n n

n
r a r a r a a

r r
      
 

 

 
2

2
n n n

r an a
a n r

r r r


   

   
2

2
n n

n a r a
n r

r r 

 
   
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CHAPTER 4 

LINE INTEGRAL 

 

SOLVED EXAMPLES 

 

1. If 
2ˆ ˆ3F xyi y j   determine the value of 

C

F dr  where C is the curve 
22y x  in the xy  plane 

from  0,0  to  1,2 . 

 
Solution. 

The curve lies in xy  plane, so 0z  . z  can never be taken as independent variable z  is a dependent 

variable. Now, out of x and y , and one variable can be taken as independent. 

Suppose x  is taken as independent variable
22 , 4y x dy xdx   

23F dr xydx y dy   3 46 4 4x dx x xdx    3 56 16x x dx   

So, the line integral 

C

f dr  reduces to a definite integral.  
1

3 5

0

6 16x x dx

1 1
4 6

0 0

6 16
4 6

x x
 

7

6
   

If y  is taken as independent variable then x  can be expressed in terms of y  as 
2

y
x   

1 1

2 2
dx dy

y
 So, 

23f dr xydx y dy   21 1
3

2 2 2

y
y dy y dy

y
  

23

4
y y dy

 
  
 

 

So, the line integral f dr  reduces to a definite integral 

2

2

0

3

4
y y dy

 
 

 


2
3

2

0

3

8 3

y
y 

7

6
   

2. Evaluate 

C

F dr  where  2 2 ˆ ˆF x y i xyj    and curve C is arc of the curve 
2y x  from  0,0  

to  2,4 . 

x

y

z

C

 1,2
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Solution. 

 2 2F dr x y dx xydy    Taking x  as independent variable, 
2 , 2y x dy xdx   

 2 2F dr x y dx xydy     2 4 3 2x x dx x xdx     2 4x x dx   

So, the line integral F dr  reduces to a definite integral  
22 3 5

2 4

0 0

136

3 5 15

x x
x x dx     

3. Find the work done when a force 

   2 2 ˆ ˆ2F x y x i xy y j      

moves a particle in xy  plane from  0,0  to  1,1  along the parabola 
2y x . 

Solution. 

 

Here, on the curve C, y  can be taken as independent variable and 
2 , 2x y dx ydy   

work done in moving a particle by displacement dr dW F dr     2 2 2x y x dx xy y dy      

   4 2 2 22 2y y y ydy y y y dy        5 32 2y y y dy    

Hence, work done is moving a particle from O to P is given by 

 
11 6 4 2

5 3

0 0

2
2 2 2 2

6 4 2 3

y y y
W y y y dy         

4. Evaluate xdy ydx  around a circle 
2 2 2x y r   

Solution. 

x

y

z

O

C

 1,1P

x
O

C

 2,4

y
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Let C denotes the circle. The parametric equations of circle is cosx r  siny r   

Here, x  and y  have been expressed in terms of parameter which varies from 0 to 2  as one traverses 

the circle. 

cos sinx r dx r d     , sin cosy r dy r d      

 cos cos sin sinxdy ydx r r d r r d        
2r d  

So, 
2

C

xdy ydx r d  
22 r .Here, r  is a constant, because integral is carried over a circle. 

5. Calculate the work done when a force  2 2ˆ ˆF xyi x y j    moves a particle in xy  plane from 

 1,0  to  3,8  along the curve C, 
2 1y x  . 

Solution. 

The curve C is 
2 1y x  . Since, this is quadratic in x  and linear in y  with no xy  terms. This is a 

parabola. Let us put this parabola in the form 

 

   
2

4x a y    ,    
2

: 0 1C x y    

This is a parabola with vertex at  0, 1  and axis parallel to y  axis. 

On curve C, let us take x  as independent variable. The dependent variable y  can be written in terms of 

x  as 
2 1y x  , 2dy xdx  

 0, 1

 1,0
x

 3,8

y

x

y

C
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work done is moving a particle by displacement dr , dW F dr   

 2 2xydx x y dy       2
2 2 21 1 2x x dx x x xdx      5 32x x x dx    

So, work done is moving a particle from  1,0  to  3,8  along a curve C.

 
3

5 3

1

2
C

W F dr x x x dx     

3
6 4 2

1

2 227
6 4 2

x x x 
     
 

 

6. Evaluate the line integral 

C

F dr  where    ˆ ˆ2 2F x y i y x j     and C is curve in xy  plane 

consisting of the straight lines from  0,0  to  1,0  and then to  3,4 . 

Solution. 

 
The curve C consists of two pieces of smooth curves 1C  and 2C . 

1C  is straight line from  0,0  to  1,0  i.e. 0y   

2C  is straight line from  1,0  to  3,4  

i.e.  
4 0

0 1
3 1

y x
 

    
 

or, 2 2y x   

So, along 1, 0, 0C y dy   ( x  is an independent variable), F dr xdx   

Along 2; 2 2, 2C y x dy dx    (let us take x  as independent variables). 

   2 2F dr x y dx y x dy      

on 2C ,      2 2 2 2 2 2 2F dr x x dx x x dx         11 12x dx   

So, 

1 2C C C

F dr F dr F dr        
1 3

0 1

11 12xdx x dx   

1 32
2

10

11
12 20.5

2 2

x
x x

 
    

 
 

7. Evaluate 

C

F dr  where  2 2 ˆ ˆ2F x y i xyj   , where curve C is a rectangle in the xy  plane 

bounded by 0, , , 0y x a y b x    . 

Solution. 

1C
 1,0

x

2C

 3,4

y

O
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The curve C as shown in figure 4.11 consists of four pieces of smooth curves 1 2 3, ,C C C  & 4C . 

 2 2 2F dr x y dx xydy     

On 
2

1, 0, 0,C y dy F dr x dx    , On 
2, , 0, 2C x a dx F dr aydy      

On  2 2

3 , , 0,C y b dy F dr x b dx     , On 
4, 0, 0, 0C x dx F dr     

1 2 3 4C C C C

F dr F dr F dr F dr F dr              
0 0

2 2 2

0 0

2 0

a b

a b

x dx aydy x b dx dy           

0
3 3

2 2

0
0

3 3

a
b

a

x x
ay b x

 
       

 

3 3
2 2

3 3

a a
ab ab   

22ab   

8. Find the total work done in moving a particle in a force field given by ˆˆ ˆ3 5 10F xyi zj xk    

along the curve 
2 2 31, 2 ,x t y t z t     from 1t   to 2t  . 

Solution. 

On curve C, the coordinates , ,x y z  are expressed in terms of parameter t . 

1, 2x t dx tdt   , 
22 , 4y t dy tdt  , 

2, 3z t dz t dt   

 t varies from 1t   to 2t  . 

3 5 10F dr xydx zdy xdz       2 2 3 2 23 1 2 2 5 4 10 1 3t t tdt t tdt t t dt         

 5 4 3 212 10 12 30t t t t dt     

So, total work done,

C

W F dr   
2

5 4 3 2

1
12 10 12 30t t t t dt   

2
6 5 4 3

1

12 10 12 30 303
6 5 4 3

t t t t 
     
 

 

9. Find the work done in moving a particle once around a circle C in the xy  plane if the circle has a 

centre at the origin and radius 2 and if the force field F  is given by 

Solution. 

 0,0 1C  ,0a

 ,a b
 0,b

2C

3C

4C

y
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Equation of circle as shown in figure 4.12 is written in parametric form as  

2cos 2sinx dx d     , 2sin 2cosy dy d     , 0 0z dz    

, ,x y z  are expressed in terms of parameter  . 

     2 2 3 2 5F dr x y z dx x y z dy x y z dz           

     4cos 2sin 2sin 2cos 2sin 2cosd d             6cos 4sin 0     

 4 4sin cos d     

  varies from 0 to 2 .So, total work done  
2

0

4 4sin cosW d



   
2

2

0
4 2sin



   8    

10. If  2 2 ˆˆ ˆ3 6 14 20F x y i yzj xz k    . Evaluate F dr  where C is a straight line joining  0,0,0  

to  1,1,1 . 

Solution. 

Equation of straight line joining  0,0,0  to  1,1,1  is given by 
0 0 0

1 0 1 0 1 0

x y z
t

  
  

  
, where t  is 

parameter. 

In parametric form equation of curve is given by  

x t dx dt   , y t dy dt   z t dz dt    

t  varies from 0 to 1. 

 2 23 6 14 20F dr x y dx yzdy xz dz      3 220 11 6t t t dt    
1

3 2

0

20 11 6
C

F dr t t t dt      

1

4 3 2

0

11
5 3

3
t t t

 
   
 

13

3
  

11. Integrate the function 
2ˆ ˆF x i xyj   from the point  0,0  to  1,1 along the parabola 

2y x . 

Solution. 

x

C

y
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Here the curve C is parabola 
2y x  as shown in figure 4.13. On C, y  can be taken as independent variable. 

The dependent variable x  can be written in terms of y  as  

2x y , 2dx ydy , 
2F dr x dx xydy   4 22y ydy y ydy     5 32y y dy   

So, the line integral  
1

5 3

0

2
C

F dr y y dy   
1

6 4

0

1 1 1

3 4 12
y y     

12. Find the value of    2 2

C

x y dx x y dy   
   taken in the counter-clockwise sense along the 

closed curve C formed by straight line y x  and curve 
3 2y x . 

Solution. 

 
The curve C consists of chord OA and curved part AO as shown in figure 4.14. 

Equation of OA is y x  and curved part is 
3 2y x . 

Along chord OA, x  can be taken as independent variable and y x . 

   2 2F dr x y dx x y dy        2 2x x dx x x dx    22x dx  

Along OA, x  varies from 0 to 1. On curved part AO, let y  be taken as independent variable & dependent 

variable x  can be put as 
3 2 1 23

,
2

x y dx y dy  . 

   2 2dr x y dx x y dy       3 2 2 1 2 33

2
y y y dy y y dy   

3 5 2 23 3

2 2
y y y y dy

 
    
 

 

y  varies from 1 to 0. 

 0,0O
x

1C

2C

A

 1,1

y

x

 1,12y x

y
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1 2C C C

F dr F dr F dr      
1 0

2 3 5 2 2

0 1

3 3
2

2 2
x dx y y y y dy

 
     

 
   

1 0

3 4 7 2 3 2

0 1

2 1 3 1 1

3 4 7 2 2
x y y y y    

1

84
   

Note: If the integral is carried out in clockwise direction. The answer will differ only in sign. 

C

F dr  in clockwise direction 
1

84
 . 

13. Calculate 

C

F dr  where 

2 2

2 2 2 2
ˆ ˆy x

F i j
x y x y

 
 

, where C is the semi-circle 
2 2r a x  . 

Solution. 

 

The curve C shown in Figure  is the semi-circle
2 2y a x   

The equation can be written in parametric form as cos sinx a dx a d    

sin cosy a dy a d     .   varies from 0 to   

2 2

2 2

y dx x dy
F dr

x y


 



   2 2 2 2

2

sin sin cos cosa a d a a d

a

       
  3 3sin cosa d      

 3 3

0

sin cos
C

F dr a d



      
3 3

0 0

sin cosa d a d

 

      
2

3 3

0 0

2 sin 0 Since, cos 0a d d

 

   
 

    
 

 
2 1 2 4

2
32 5 2

a
a     

14. Evaluate 

C

dx

x y  where C is the curve 
2 4y ax  from  0,0  to  4 ,4a a . 

Solution. 

x
 ,0a

y

C

 ,0a
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The equation of curve (as shown in the figure 4.16) can be written in parametric form as  

2 2x at dx atdt   , 2 2y at dy adt   . Parameter, t  varies from 0 to 2. 

The integral  
2 2

2

2 0
0 0 0

2
2 2log 2

2 2

dx atdt dt
t

x y at at t
   

     2log 2  

15. Evaluate  
C

ydx xdy , where C is arc of cycloid    2 sin , 2 1 cosx y       joining the 

points  0,0  and  4 ,0 . 

Solution. 
The parametric equation of curve C as shown in figure 4.17 is given as 

   2 sin 2 1 cosx dx d        ,  2 1 cos 2siny dy d       

  is the parameter since  ,x y  varies from  0,0  to  4 ,0 . So,   will vary from 0 to 2 . 

The integrand ydx xdy  

     2 1 cos 2 1 cos 2 sin 2sind d              

 4 2 2cos sin d       

So,  
2

0

4 2 2cos sin
C

ydx xdy d



         

2 2 2

0 0 0

8 8 cos 4 sind d d

  

             
2 2

0 0
16 8 sin 4 cos sin

 
         24  

16. Evaluate 

C

F dr  where    ˆ ˆ2F a y i a y j     where C is the arc of the cycloid 

 sinx a    ,  1 cosy a    from  0,0  to  2 ,0a . 

Solution. 

x

 4 ,4a a

y

O
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The equation of cycloid is written in parametric form as  

   sin 1 cosx a dx a d        ,  1 cos siny a dy a d       

where   is the parameter varying from 0 to 2 . 

On C:    2F dr a y dx a y dy        1 cos 1 cos cos sina a d a a d          

 2 21 cos sin cosa d       

So, the line integral  
2

2 2

0

1 cos sin cos
C

F dr a d



         

2 2 2

2 2 2 2

0 0 0

cos sin cosa d a d a d

  

         
2a  

 

17. Evaluate 

2 2

5 3 5 3

C

x dy y dx

x y



  where C is the quarter of the astroid 
3 3cos , sinx a t y a t   from the 

point  ,0a  to the point  0,a . 

Solution. 

 
The parametric equation of the astroid as shown in figure 4.18 is given as 

3 2cos 3 cos sinx a t dx a t tdt    , 
3 2sin 3 sin cosy a t dy a t tdt    

x ,0a

 0,a

y

 0,0  2 ,0a x

y
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 ,x y  varies from  ,0a  to  0,a . So, t  varies from 0 to 2 . 

The integrand 

2 2

5 3 5 3

x dy y dx

x y





     
 

2 6 2 2 6 3

5 3 5 5

cos 3 sin cos sin 3 cos sin

cos sin

a t a t t dt a t a t t dt

a t t

  



 

4 3 3 23 sin cosa t tdt  

The line integral reduces to 

2 4 3
4 3 2 2 4 3

0

3 2 3 2 3
3 sin cos 3

162 3

a
a t tdt a




   

18. Find the value of  2 2

C

x y dy  taken in the counter clockwise sense along the quadrilateral with 

vertices        0,0 , 2,0 , 4,4 , 0,4 . 

Solution. 

 
The quadrilateral as shown in Figure 4.19 consists of four pieces of smooth curves AB. BC, CD & DA. 

On  2 2, 0, 0, 0AB y dy x y dy    . On  
4 0

, 0 2
4 2

BC y x


  


, 2 4, 2y x dy dx    

    22 2 2 2 4 2x y dy x x dx     210 32 32x x dx    

x  varies from 2 to 4. On , 4, 0CD y dy  ,  2 2 0x y dy   

On , 0, 0DA x dx  ,  2 2 2x y dy y dy  , y  varies from 4 to 0 

So, the line integral  

         2 2 2 2 2 2 2 2 2 2

C AB BC CD DA

x y dy x y dy x y dy x y dy x y dy              

 
4 0

2 2

2 4

0 10 32 32 0x x dx y dy      

04 3
3 2

2 4

10 112
16 32

3 3 3

y
x x x

 
     
 

 

 19. Evaluate 
2 2

C

xy dy x ydx  taken in the counter clockwise sense along the cardioid 

 1 cosr a   . 

x
 2,0A

B

C
D  4,4

 0,4

y
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Solution. 

 
The curve C as shown in figure 4.20 cardiod whose equation is  

 1 cosr a   ,    2cos 1 cos cos cos cosx r a a          

 sin 2cos sindx a d       

   sin 1 cos sin sin sin cosy r a a           

 2 2cos cos sindy a d       

The integrand  2 2xy dy x ydx  

   3 2 2 2 3 2cos sin cos cos sin cos sin sin 2cos sinr a d r a d                 

 2 2 2 2 2cos sin cos cos sin cos 2cosar d             

   
31 2 21 cos cos sin 4cos 2cos 1a d          

4 6 2 5 2 4 2 3 2 2 2 2cos sin 14cos sin 17cos sin 7cos sin cos sin cos sina                     

The line integral  

 2 2xy dy x ydx

 
2

4 6 2 5 2 4 2 3 2 2 2 2

0

cos sin 14cos sin 17cos sin 7cos sin cos sin cos sina d



                  

435

16
a   

20. A particle moves counterclockwise along the curve 
2 23 3x y   from  1,0  to a point P, under 

the action of the force  

  ˆ ˆ,
x y

F x y i j
y x

  . 

Prove that there are two possible locations of P such that work done by F  is 1. 

Solution. 

x

y
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2 2

1
1 3

x y
  , Point on ellipse is represented as  cos , 3 sin   

 ˆ ˆ ˆ ˆx y
F dr i j dxi dyj

y x

 
     

 
 

x y
dx dy

y x
 

 
0

cos 3 sin
sin 3 cos

cos3 sin
d d

  
   


    0

1
cos 3sin

3
d



  
 

   
 

  

0

1
sin 3cos

3



   
1

sin 3cos 3
3

      

Work done in equal to 1. So, 
1

sin 3cos 3 1
3

    
1

sin 3cos 2
3

     

 
2

21
sin 2 3cos

3
 

 
   

 

2 21
sin 4 9cos 12cos

3
       

228cos 36cos 11 0       2cos 1 14cos 11 0     .
1 11

cos ,
2 14

   

So, there are two value of   i.e., two possible location of P such that the work done by F  is 1. 

21. Find the circulation of the field  2 2 3 3 ˆˆ ˆF x yi xy j y x k      around the curve C, where C is 

the intersection of the sphere 
2 2 2 25x y z    and the plane 3z  . The orientation of the curve C 

is counterclockwise when viewed from above. 
Solution. 

x
 1,0

P

 0, 3

y
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 2 2 3 3 ˆˆ ˆF x yi xy j y x k     .C is the curve of intersection of surfaces 

2 2 2 25, 3x y z z    .So, 
2 2 16x y   

 2 2 3 3F dr x ydx xy dy y x dz     .For curve C, 3, 0z dz  , 
2 2F dr x ydx xy dy      

Let 4cos , 4sinx y    

 
2

2 2 2 2

0

256cos sin 256cos sinF dr d d



        
2

2 2

0

512 sin cos d



     

2

2 2

0

512 4 sin cos d



    
3 3

2 22048 128
2 3

   

22. If 
2 2 2 ˆˆ ˆ2 ,x yz F xyi z yj x k      and C is the curve 

2 32 , ,x t y t z t    from 0t   and 1t  . 

Evaluate the line integrals (a) 

C

dr  (b) 

C

F dr . 

Solution. 

(a) Along  
22 2 3 7, 2 2 2 8C x yz t t t t       

ˆˆ ˆr xi yj zk   2 3 ˆˆ ˆ2ti t j t k   ,  2 ˆˆ ˆ2 2 3dr i tj t k dt    

 
1

7 2

0

ˆˆ ˆ8 2 2 3
C

dr t i tj t k dt    
1 1 1

7 8 9

0 0 0

ˆˆ ˆ16 16 24i t dt j t dt k t dt    
16 12 ˆˆ ˆ2
9 5

i j k    

(b) Along C, 
2 2 ˆˆ ˆF xyi z yj x k   3 8 2 ˆˆ ˆ2 4t i t j t k    

   3 8 2 2ˆ ˆˆ ˆ ˆ ˆ2 4 2 2 3F dr t i t j t k i tj t k      
3 8 2

2

ˆˆ ˆ

2 4

2 2 3

i j k

t t t

t t

   

     10 3 2 3 4 8 ˆˆ ˆ3 8 8 6 4 2t t i t t j t t k        

     
1 1 1

10 3 2 3 4 8

0 0 0

ˆˆ ˆ3 8 8 6 4 2
C

F dr i t t dt j t t dt k t t dt          
47 5 46 ˆˆ ˆ
11 3 45

i j k     

23. Find the work done in moving the particle once round the ellipse 

2 2

1, 0
25 16

x y
z    under the 

field of force given by      2 ˆˆ ˆ2 3 2 4F x y z i x y z j x y z k         . 

x

y

3z 

z
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Solution. 

 
Work done moving the particle by distance dr  

     22 3 2 4F dr x y z dx x y z dy x y z dz           

The curve C is ellipse 

2 2

1
25 16

x y
  .The equation of ellipse is given by 5cos , 4sin , 0x y z     

5sindx d   , 4cosdy d  , 0dz   

    10cos 4sin 5sin 5cos 4sin 4cosF dr d d              

 2 234sin cos 20cos 20sin d         

On ,C   varies from 0 to 2  

So, work done in moving a particle around the ellipse.So, W F dr   

 
2

2 2

0

34sin cos 20cos 20sin d



         

2 2 2

2 2

0 0 0

34 sin cos 20 cos 20 sind d d

  

            = 0 

24. Evaluate 

C

F dr  where  2 2 ˆˆ ˆ3 sin cos 2sin 3sin sin 2F c a i a j b k         
 

 and the 

curve C is given by ˆˆ ˆcos sin ,r a i a j b k       varying from 
4


 to 

2


. 

Solution.  

ˆˆ ˆcos sinr a i a j b k     ,  ˆˆ ˆsin cosdr a i a j bk d       

 2 3 2 2 23 sin cos 2sin 3sin cos sin 2F dr c a a b d           
 

 

The line integral 

x

y

C
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 
2 2 2

2 3 2 2 2

4 4 4

3 sin cos 2sin 3sin cos sin 2
C

F dr a c d a c d b c d

  

  

                 

 
2

4 2
2 22 2 2 3

44
4

sin
3 sin sin cos 2

4 2

b c
a c a c


 





  

 
       

 

2
2 29 1 1

16 2 22 2

b c
a c a c

 
    

 
 

2
217 1

16 22 2

b c
a c

 
   
 

 

25. Evaluate      2 2 2 2 2 2

C

y z dx z x dy x y dz      where C is the part for which 0z   of the 

intersection of the surfaces 
2 2 2 2 24 , 2x y z x x y x      and curve beings at the origin and runs 

at first in the positive octant. 

Solution. 

 
The C is the intersection of the two surfaces  

 
2 21 1x y    (Cylinder), 

2 2z x  (Parabolic cylinder)  

The parametric equation of C is given as  
21 cos 2cos 2x     , 2sin cos

2 2
dx d    , sin 2sin cos

2 2
y     

cosdy d  ,  2 1 cos 2cos
2

z    , sin
2

dz d    

     2 2 2 2 2 2y z dx z x dy x y dz      

2 2 2 2 44sin cos 4cos 2sin cos 4cos 4cos cos
2 2 2 2 2 2 2

d d
      

  
    

        
    

4 2 24cos 4sin cos sin
2 2 2 2

d
   


  

    
  

 

So, the line integral becomes  

x

z



y
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     2 2 2 2 2 2y z dx z x dy x y dz





      

2 2 2 2 24 sin cos cos sin 4 cos 1 cos cos
2 2 2 2 2

d d

 

 

    
   

 

   
       

   
 

24 cos sin
2 2

d





 




   

The first and third integral vanishes since, the integrand is an odd function  
So, integral reduces to  

2 24 cos 1 cos cos
2 2

I d





 
 



 
  

 


2 22cos 2 2cos cos
2 2

d





 
 



  
   

  
  

   1 cos 3 cos cos d





   


   
3 2cos 4cos 3cos d





   


    

3 2cos 4 cos 3 cosd d d

  

  

     
  

    
2 2

3 2

0 0 0

2 cos 16 cos 6 cosd d d

 

           

0 16 0 4
4


      

26. Evaluate the following integrals along segment of straight line joining the given points  

(i)  1xdx ydy x y dz     from  1,1,1  to  2,3,4  

(ii) 
2 2 2 2

xdx ydy zdz

x y z x y z

 

    
  from  1,1,1  to  4,4,4  

Solution. 

(i) The curve C is a line joining  1,1,1  to  2,3,4  

1 1 1

1 2 3

x y z
t

  
    (parameter) 

The parametric form of line is given as  

1 , 2 1, 3 1x t y t z t      , , 2 , 3dx dt dy dt dz dt    

t  varies from 0 to 1] 

The line integral  

 1I xdx ydy x y dz      
2 2

1
2

x y
d x y dz
 

    
 

 
 

 

 
2,3,4 12 2

01,1,1

3 1 3
2

x y
t dt


    

1

2

0

1 3
3

2 2
t t

 
   

 

1 15
8

2 2
    

(ii) The curve is straight line from  1,1,1  to  4,4,4  given by 

1,x t dx dt   , 1,y t dy dt   , 1,z t dz dt    

t  varies from 0 to 3 

The integral reduces to  

     

 

3

2 2 2 2
0

1 1 1

2 3 1C

t dt t dt t dtxdx ydy zdz

x y z x y z t

     


     
 

3

0

3 3 3dt   
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27. Find the integral      
C

y z dx z x dy x y dz      where C is the circle 

2 2 2 2 , 0x y z a x y z      . 

Solution. 

 

     y z dx z x dy x y dz      

ydx zdx zdy xdy xdz ydz       

  0d xy yz zx     

The integral is an exact differential  

So, 0F dr  .   

 

28. Evaluate 
2 3

C

x y dx dy zdz   where C is the circle 
2 2 2 , 0x y R z   . 

Solution. 

The curve C is the circle 
2 2 2 , 0x y R z    

cos , sinx R dx R d     

sin , cosy R dy R d     

 2 3I x y dx dy zdz    

 
2 2

2 2 3 3

0

cos sin sin
2

z
R R R d d y



   
 

     
 

   

2

6 2 4

0

cos sin 0R d



      

2

6 4 2

0

4 sin cosR d



      

6
6

5 3
2 24

82 4

R
R


     

x

z

y
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 29. Evaluate 

C

A dr  along the curve 
2 2 1, 1x y z    from  0,1,1  to  1,0,1  if 

    ˆˆ ˆ2 2A yz x i xzj xy z k     . 

Solution. 

The curve C is the circle of radius 1 with the centre at  0,0,1  lying in a plane parallel to xy  plane. 

   2 2F dr yz x dx xzdy xy z dz       

 2 2d xyz x z    

F dr  is an exact differential. So, line integral 

C

F dr  is independent of curve joining initial and final 

points 

 2 2

C

F dr d xyz x z      

 

 1,0,1
2 2

0,1,1
1xyz x z       

30. Evaluate 
C

yzdx zxdy xydz   where C is the arc of curve cos , sin ,
2

at
x b t y b t z


    from the 

point it intersects 0z   to the point it intersects z a . 

Solution. 

 
The curve C is a spiral given by 

cos , sin ,
2

at
x b t y b t z


    

Since, z  varies from 0z   to z a , hence, t  varies from 0 to 2  

The line integral  

 
C

yzdx zxdy xydz   

   
C
d xyz xyz   

2
2

0

sin cos 0
2

ab
t t t





 
  
 

  

z

y

x
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31. Evaluate 2 2 2

C
y dx z dy x dz   where C is the curve of intersection of the sphere 

2 2 2 2x y z a    

and the cylinder  2 2 0, 0x y ax a z     integrated anticlockwise when viewed from the origin. 

Solution. 

 
The curve C is the curve of intersection of  

2 2
2 2 2 2 2 2 2,

2 4

a a
x y ax x y x y z a

 
         

 
 

2 2 2 2x y z a      

2 2z ax a    

 2z a x a    

Let cos sin
2 2 2

a a a
x dx d        

sin cos
2 2

a a
y dy d      

 2z a a x   

cos
2 2

a a
a 
 

  
 

 

2 2sin
2

a


  

So, sin cos
2 2 2

a
z a dz d

 
    

32.   varies from 0 to 2 . 

The line integral  
2 2 2I y dx z dy x dz    

   
2 2 22 2 2

22

0 0 0

sin sin 1 cos cos 1 cos cos
24 2 2 2 4 2

a a a a a a
d d d d

  

        
 

      
 

    

x

y

z

C
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 
2 23 3

2 5

0 0

0 cos cos cos
24 2

a a
d d

 

         

23 3 3
2 5

0 0 0

cos cos cos
2 2 2 2

a a a
d d d

  


          

 
2

3 2 3 5

0 0

cos cos 0 2a d a d




          

3

0
4

a 
    

3

4

a 
   
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5. Green's Theorem 

1. Verify Green's theorem in the plane for  2 2

C

xy x dx x dy   where C is the closed curve of the 

region bounded by y x  and 
2 4x ay . 

Solution. 

 
Here Mdx Ndy  

 2 2xy x dx x dy    

2 M
M xy x x

y


   


, 

2 2
N

N x x
x


  


 

Let us first evaluate the double integral over Region R bounded by 
2 4x ay  (curve 1C ) & y x  (curve 

2C ) as  

2

4

0 4

a x

x a

N M
dxdy xdydx

x y

  
  

  
  

44 2 3 4 3

0 0

16

4 3 16 3

aa
x x x a

x x dx
a a

 
     

 
  

Now let us evaluate the line integral Mdx Ndy  on closed curve C. The curve C is a piecewise 

smooth curve consisting of 1C  and 2C . On 

2

1,
4

x
C y

a
 , 

2

x
dy dx

a
  

 2 2Mdx Ndy xy x dx x dy   
3

2 2

4 2

x x
x dx x dx

a a

 
   
 

3
23

4

x
x dx

a

 
   
 

 

x  varies from 0 to 4a  on 1C . So, 

1

4 3
2

0

3

4

a

C

x
Mdx Ndy x dx

a

 
   

 
 

4
3

4

0

3

16 3

a

x
x

a
 

3 3
3 64 208

8
3 3

a a
a    

y

 4 ,4a a

2 4x ayy x

1C

2C

x
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On 
2 , ,C y x dy dx   

 2 2Mdx Ndy xy x dx x dy    23x dx  

x  varies from 4a  to 0. 

So, 

2

0

2

4

3
C a

Mdx Ndy x dx  
0

3 3

4
64

a
x a   . So, 

1 2C C C

Mdx Ndy Mdx Ndy Mdx Ndy        

3 3 3208 16
64

3 3
a a a    

Since, 

R C

N M
dxdy Mdx Ndy

x y

  
   

  
   

So, Green's theorem is verified. 

2. Verify Green's theorem in the plane for    2 2 22
C

xy x dx x y dy    where C is the boundary 

of the region enclosed by 
2y x  and 

2y x  described in positive sense. 

Solution. 

 

Here,    2 2 22Mdx Ndy xy x dx x y dy      

22 2
M

M xy x x
y


   


, 

2 2 2
N

N x y x
x


   


, 0

N M

x y

 
 

 
 

So, the double integral 
N M

dxdy
x y

  
 

  
  over region R bounded by 

2y x  (curve 1C ) and 
2y x  

(curve 2C ) is zero as integer and 0
N M

x y

 
 

 
. 

2y x

2y x
 1,1

R

1C2C
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Now, let us evaluate the line integral over a closed curve C. The curve C is a piece wise smooth curve 

consisting of 
1C  & 2C . 

On 
2

1, , 2C y x dy xdx   (Taking x  as independent variable). 

   2 2 22Mdx Ndy xy x dx x y dy        3 2 2 42 2x x dx x x xdx      5 3 22 4x x x dx    

x  varies from 0 to 1 on 1C  

So,  
1

1

5 3 2

0

2 4
C

Mdx Ndy x x x dx    

1
6 3

4

0

1
3 3

x x
x     

On C, , 2x y dx ydy   

Taking y  as independent variable  

   2 2 22Mdx Ndy xy x dx x y dy        2 4 4 22 2y y y ydy y y dy    

 5 4 22 5y y y dy     

y  varies from 1 to 0 on 2C  

 
2

0

5 4 2

1

2 5
C

Mdx Ndy y y y dy     

0
6 3

5

1

1
3 3

y y
y       

So, 

1 2

0
C C C

Mdx Ndy Mdx Ndy Mdx Ndy         

Since, 

R C

N M
dxdy Mdx Ndy

x y

  
   

  
   

So, Green's Theorem is verified. 

3. Apply Green's theorem in the plane to evaluate   sin cos
C

y x dx xdy   where C is the 

triangle enclosed by the lines 0, , 2y x y x    . 

Solution. 

 
0y 

2x
y


 x 

 ,2

1C

2C

3C

x

y
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Here,  sin cosMdx Ndy y x dx xdy     

So, sin , 1
M

M y x
y


  


, cos , sin

N
N x x

x


  


 

According to Green's theorem  

  

C R

N M
Mdx Ndy dxdy

x y

  
   

  
   

where R is the region enclosed by the piece wise smooth curve C consisting of curve  1 0C y  , curve 

 2C x   curve  3 2C y x   as shown in Figure 5.4. 

So,  
2

0 2

sin 1
y

N M
dxdy x dxdy

x y





  
    

  
    

2

2

0

cos
y

x x dy



 

2

0

1 cos
2 2

y y
dy

 


 
     

 
  

4
2

0

2
1 sin 2

2 4

y y
y

 
 


         

 4. If  2 2 ˆ ˆ2F x y i xyj    and ˆ ˆr xi yj  , find the value of  2 2 2x y dx xydy   around the 

rectangular boundary 0, , 0x x a y    and y b . 

Solution. 

 

Here the curve C is a piecewise smooth curve consisting of      1 2 30 , ,C y C x a C y b    & 

 4 0C x  . 

The region bounded by C is shown in figure 5.5. 

 2 2 2F dr x y dx xydy Mdx Ndy         

Here, 
2 2M x y  , 2

M
y

y


 


, 2 , 2

N
N xy y

x


 


 

Applying Green's theorem  

N M
Mdx Ndy dxdy

x y

  
   

  
 

0 0 0

4 4

b a b

ydxdy a ydy   
22ab  

0
 ,0a

x
1C

R
2C

3C

4C

 0,b  ,a b

y
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5. Evaluate sin cosx x

C

e ydx e ydy   by Green's theorem in plane where C is the rectangle with 

vertices        0,0 , ,0 , , 2 , 0, 2    . 

Solution. 

 

The curve C is a piecewise smooth curve consisting of      1 2 30 , , 2C y C x C y     & 

 4 0C x  . 

The region R bounded by C is as shown in figure. 

sin cosx x

C C

Mdx Ndy e ydx e ydy      

Here sin cosx xM
M e y e y

y

 
  


 

cos cosx xN
N e y e y

x

 
   


 

Applying Green's theorem  

N M
Mdx Ndy dydx

x y

  
   

  
 

2

0 0

2 cosxe ydydx


     

2

0

0

2 sinxe y dx


    

0
0

2 2x xe dx e




     2 1e    

6. Verify Green's theorem in the plane for    2 3 2 2x x dx y xy dy    where C is the square 

with vertices        0,0 , 2,0 , 2,2 , 0,2 . 

Solution. 

 0,0  ,0
1C

2C
R

 , 2  0, 2
3C

4C
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2 3 23
M

M x xy xy
y


    


, 

2 2 2
N

N y xy y
x


    


 

Let us first evaluate the double integral over region R bounded by curves  1 0C y  ,  2 2C x  , 

 3 2C y  ,  4 0C x  . 

 
2 2

2

0 0

3 2
R

N M
dydx xy y dydx

x y

  
   

  
    

2 2
2

3 2

0
0 0

4 2 1xy y dx x dx      
2

2

0
4 8x x      

Now, let us evaluate the line integral as closed curve C. The curve C is a piecewise smooth curve 

consisting of 1 2 3, ,C C C  & 4C .On 1, 0, 0C y dy   

2Mdx Ndy x dx   

x  varies from 0 to 2 on 1C , 

1

22 3
2

0 0

8

3 3
C

x
Mdx Ndy x dx      

On 2 , 2, 0C x dx  ,  2 4Mdx Ndy y y dy    

y  varies from 0 to 2 on 2C ,  
2

2

2

0

4
C

Mdx Ndy y y dy   

2
3

2

0

16
2

3 3

y
y     

On 3, 2, 0C y dy  ,  2 8Mdx Ndy x x dx    

x  varies from 2 to 0 on 3C ,  
3

0

2

2

8
C

Mdx Ndy x x dx   

0
3

2

2

40
4

3 3

x
x    

On 4 , 0, 0C x dx  ,
2Mdx Ndy y dy   

y  varies from 2 to 0 on 4C ,

4

0

2

2C

Mdx Ndy y dy  

0
3

2

8

3 3

y
    

1 2 3 4C C C C C

Mdx Ndy Mdx Ndy Mdx Ndy Mdx Ndy Mdx Ndy            
8 16 40 8

8
3 3 3 3

      

 0,0  2,0 x
1C

 0,2  2,2

2C

3C

4C

y
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Since, 

R C

N M
dxdy Mdx Ndy

x y

  
   

  
  . So, Green's theorem is verified. 

7. Use Green's theorem to evaluate the integral  2 2

C

x dx x y dy  , where C is the closed curve 

given by 0,y y x   and 
2 2y x   in the first quadrant, oriented counter clockwise. 

Solution. 

 
The given integral is  

 2 2x dx x y dy Mdx Ndy     . So, 
2 2;M x N x y    

According to Green's theorem 

R

N M
Mdx Ndy dxdy

x y

  
   

  
   

So,  2 2x dx x y dy dxdy   
21 2

0

y

y
dxdy



    
1

2

0
2 y y dy  

1
3 2

0

7
2

3 2 6

y y
y

 
    
 

 

 8. Let  2 2 2ˆ ˆF x xy i y j   . Using Green's theorem, evaluate the line integral 

C

F dr , where C is 

the positively oriented closed curve which is the boundary of the region enclosed by the x -axis and 

the semi-circle 
21y x   in the upper half plane. 

Solution. 

 x

y

 2,0
x

 1,1

2 2y x  y x

y
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 2 2 2ˆ ˆF x xy i y j   . So,  2 2 2ˆ ˆF dr x xy i y j     

According to Green's theorem 

C R

N M
F dr dxdy

x y

  
   

  
 

21

1 0

2

x

xydydx





  
21

1
2

0
1

x

x y dx




     

     
1

2

1
1 0 0if is odd function

a

a

x x dx f x f x




 
    

 
   

  9. Evaluate by Green's theorem  cos sin sin cosx y xy dx x ydy   where C is the circle 

2 2 2x y a  . 

Solution. 

 
The given integral is 

 cos sin sin cos
C

x y xy dx x ydy   

Where curve C is a circle of radius a  and centered at origin enclosing region R as shown in Figure 5.10. 

Here cos sin cos cos
M

M x y xy x y x
y


    


, sin cos cos cos

N
N x y x y

x


  


 

Using Green's theorem 

R

N M
Mdx Ndy dxdy

x y

  
   

  
  xdxdy 

2

0 0

cos

a

r rd dr



     
22

0

0

sin 0

a

r dr


   

10. Show that the area bounded by a simple closed curve C is given by 
1

2
xdy ydx . Hence find the 

area of the ellipse cos , sinx a y b   . 

Solution. 

 

R

C

O

x
C

R

2 2 2x y a 
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According to Green's theorem, if R is a plane region bounded by a simple closed curve C according to the 
Green's Theorem 

N M
dxdy Mdx Ndy

x y

  
   

  
   

Let us put 2, 2M y N x    

So, 
1

2 2 2

x y
xdy ydx dxdy

x y

    
      

    
  dxdy  = Area of region R bounded by C. 

So, area of region bounded by simple closed curve C is given by 
1

2
xdy ydx  

For as ellipse, cos sinx a dx a d      

sin cosy a dy a d      

 cos cos sin sinxdy ydx a b b a d abd           

So, area of region bounded by ellipse
1

2
xdy ydx 

2

0

1

2
abd



 
2

0

1

2
ab d ab



    

11. Apply Green's theorem in the plane to evaluate    2 2 2 22
C

x y dx x y dy    where C is the 

boundary of the surface enclosed by the x -axis and the semi circle 
2 2y a x  . 

Solution. 

 

Curve C is a piecewise smooth curve consisting of semi circle  2 2

1C y a x   & part of x  axis 2C

 0y  . 

Region R is bounded by curve C as shown in Figure 5.12. 

   2 2 2 22x y dx x y dy Mdx Ndy       

Here 
2 22 , 2

M
M x y y

y


   


,

2 2 , 2
N

N x y x
x


  


 

 ,0a  ,0a x

y

1C

2C
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According to Green's theorem 

C R

N M
Mdx Ndy dxdy

x y

  
   

  
   

2 2

2 20

2

a ya

a y

x y dxdy



 

  

2 ydxdy   

(Since,   0

a

a

f x dx


  if    2f x f y  so, 

2 2

2 2

0

a y

a y

xdx



 

 )

0 0

2 sin

a

r rd dr



   
2

0

4

a

r dr 
34

3

a
  

12. Verify Green's theorem in the plane for    2 23 8 2 3x y dx y xy dy    where C is the 

boundary of region bounded by 0, 0,x y x y a    . 

Solution. 

 
The given integral is  

   2 23 8 2 3x y dx y xy dy Mdx Ndy       

Here, 
2 23 8 , 16

M
M x y y

y


   


, 2 3 , 3

N
N y xy y

x


   


 

C is a piecewise smooth curve which consists of    1 20 ,C y C x y a    &  3 0C x   bounding region 

R  

Let us first evaluate the double integral  

0 0

13

a a x

R

N M
dxdy ydydx

x y


  

  
  

  
2

0
0

13

2

a
a x

y dx


     
2

0

13

2

a

a x dx   
3

0

13

6

a

a x  
313

6
a  

Now, let us evaluate the line integral  

On 
2

1, 0, 0, 3C y dy Mdx Ndy x dx     

x  varies from 0 to a .

1

2 3

0

3

a

C

Mdx Ndy x dx a     

On 2 , ,C y a x dy dx     

x y a 

y

1C

2C3C

x
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   2 23 8 2 3Mdx Ndy x y dx y xy dy      

       
223 8 2 3x a x dx a x x a x dy        2 28 19 2 8 2x ax x a a dx       

x  varies from a  to 0.  
2

0

2 28 19 2 8 2
C a

Mdx Ndy x ax x a a dx         

 
03

2 2 28 19
8 2

3 2 a

x a
x x a a x     

3 27

6
a a   

On 3, 0, 0, 2C x dx Mdx Ndy ydy     

y  varies from a  to 0.

3

0

22
C a

Mdx Ndy ydy a      

So, 

1 2 3C C C

Mdx Ndy Mdx Ndy Mdx Ndy Mdx Ndy         
3 3 2 27

6
a a a a

 
    

 

313

6
a  

Hence, 

R

N M
Mdx Ndy dxdy

x y

  
   

  
  . So, Green' theorem is verified.  

13. Evaluate the line integral 
2 2

C

xdy ydx

x y



  taken in the positive direction over any closed continuous 

curve C with the origin inside it. 

Solution. 

  
The given integral is  

2 2

xdy ydx
Mdx Ndy

x y


 

  . Here, 
2 2 2 2

,
y x

M N
x y x y


 

 
 

Since, M & N are not continuous at origin O. Hence, Green's theorem will not hold good for the given curve 
C. 

Let us enclose the origin by a circle   of radius   

Consider the region R enclosed by curve 'C  made of 2 1, , ,C C C . 

M and N are continuous function of x  and y  having continuous partial derivatives 
M

y




 and 

N

x




 in R. 

2 2

M y

y y x y

  
  

   

 

     

2 2 2 2 2 2

2 2 2
2 2 2 2 2 2

2x y y y x y y x

x y x y x y

    
   

  
 



C

1C

2C

r

O

C


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 

   

2 2 2 2

2 22 2
2 2 2 2

2x y x xN x y x

x x x y x y x y

     
   

     
 

So, line integral 

R

N M
Mdx Ndy dxdy

x y

  
   

  
   

2 1

0
C C C C

Mdx Ndy Mdx Ndy Mdx Ndy Mdx Ndy Mdx Ndy


                

But 

1 2C C

Mdx Ndy Mdx Ndy     0
C C

Mdx Ndy Mdx Ndy Mdx Ndy


          

So, 

C

Mdx Ndy Mdx Ndy


      ....(1) 

In the figure curve   is oriented in negative direction. 

On the curve  , cos sinx dx d     , sin cosy dy d      

  varies from 2  to 0. 

 0

2 2 2

2

cos cos sin sind dxdy ydx

x y


     



   


  
0

2

2d


     

So, from (1) 2
C

Mdx Ndy Mdx Ndy 


        

14. Using the line integral, compute the area of the loop of Descarte's folium 
3 3 3x y xy  . 

Solution. 

Putting y tx  in the equation of folium 
3 3 3x y xy   

2

3 3

3 3
;

1 1

t t
x y

t t
 

 
 

Let tan
y

t
x

   where   varies from 0 to 2 . 

So, t  varies from 0 to  . 

 

 

3

2
3

3 1 2

1

t
dx dt

t





 

 

 

4

2
3

3 2

1

t t
dy dt

t





 

Area of loop 
1

2
C

A xdy ydx   

 

2

2
3

0

9 3

2 21

t dt

t



 


  

15. Verify the Green's theorem 

   2 21 1
C

x ydx y xdy    where C is 
2 2 1x y  . 

Solution. 
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Here    2 21 1
C C

Mdx Ndy x ydx y xdy       

So,  2 21 1
M

M x y x
y


    


.  2 21 1

N
N y x y

x


    


 

Let us first evaluate the double integral over region R bounded by the curve  2 2 1C x y    

 2 2N M
dxdy y x dxdy

x y

  
   

  
 

1 2 2

3

0 0 0

1

4 2
r drd d

 


       

Now let us evaluate the line integral Mdx Ndy  as the closed curve  2 2 1C x y  . 

On C, cos sinx dx d     , sin cosy dy d      

  varies from 0 to 2 . 

     
2

2

0

1 cos sin sin 1 sin cos cosMdx Ndy d d



               

 
2

2 2 2 2

0

sin cos 2sin cos d



         
2

2 2 2 2

0

sin cos 2sin cos d



          

2 2 2

2 2

0 0 0

sin cos 2 sin cosd d d

  

           
2

2 2

0

8 sin cos d



        
3 2 3 2

8
22 3


   

Since, 

R

N M
dxdy Mdx Ndy

x y

  
   

  
  . Hence, Green's theorem is verified.  

16. Verify Green's theorem in the plane for    
C

xy x y dx xy x y dy      where C is the closed 

curve 

2 2

1
9 4

x y
  . 

Solution. 

x

y

2 2 1x y 
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Given line integral is  

   
C

Mdx Ndy xy x y dx xy x y dy         

1
M

M xy x y x
y


    


, 1

N
N xy x y y

x


    


 

Let us first evaluate the double integral over region R bounded by 

2 2

1
9 4

x y
C     

 
N M

dxdy y x dxdy
x y

  
   

  
 

2 2

2 2

2 3
9 4

3 23 2

2 33 2
9 4

3 2

x y

x y

ydydx xdxdy

 

 
   

      

   0 0 0 0if is odd

a

a

f x dx f x


 
    

 
  

Now, let us evaluate the line integral Mdx Ndy  on the curve 

2 2

1
9 4

x y
  . 

On C, 3cos 3sinx dx d     , 2sin 2cosy dy d      

  varies from 0 to 2 . 

   Mdx Ndy xy x y dx xy x y dy        

  6cos sin 3cos 2sin 3sin d           6cos sin 3cos 2sin 2cos d         

 2 2 2 212cos sin 18cos sin 5cos sin 6sin 6cos d              

So, the line integral  
2 2 2

2 2

0 0 0

12 cos sin 18 cos sin 5 cos sinMdx Ndy d d d

  

              
2 2

2 2

0 0

6 sin 6 cos 0d d

 

        

x

y

2 2

1
9 4

x y
 

R
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Here, we used    
2

0 0

2

a a

f x dx f x dx   if    2f a x f x  0  if    2f a x f x    

2 2

2 2

0 0

cos sin
4

d d

 


       

17. Verify the Green's theorem    
C

xy x y dx xy x y dy      where C is the circle 
2 2x y x  . 

Solution. 

 
The given line integral  

   Mdx Ndy xy x y dx xy x y dy         

  , 1
M

M xy x y x
y


    


,   , 1

N
N xy x y y

x


    


 

Let us first evaluate the line integral over region R bounded by 
2 2:C x y x   as shown in Figure 5.18. 

 
R

N M
dxdy y x dxdy

x y

  
   

  
 

2

20

x x

x x

ydydx xdxdy



 

    0 cosr rdrd     

2 cos

2

2 0

cosr drd

 



 


     [Equation of C in polar coordinate is cosr  ]

cos2 3

2 0

cos
3

r
d





 


    

2

4

2

1
cos

3
d





 


  
2

4

0

2
cos

3
d



   
2 5 21 2

3 82 3


      

Now, let us evaluate the line integral Mdx Ndy  over the curve  

 
22 2 2: 1 2 1 4C x y x x y       

On C, 
1 1 1

cos sin
2 2 2

x dx d       ,
1 1

sin cos
2 2

y dy d      

   Mdx Ndy xy x y dx xy x y dy        

 1,0

x

1
,0

2

 
 
 

y
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1 1 1 1 1 1 1
cos sin cos sin sin

2 2 2 2 2 2 2
d     

    
         

    

1 1 1 1 1 1 1
cos sin cos sin cos

2 2 2 2 2 2 2
d     

  
      

  
 

2 2 2 23 1 1 1 1 1 1
sin cos cos sin cos sin cos sin cos sin

8 4 8 8 8 4 4
d          

 
        
 

 

So, 

2 2 2

2 2 2

0 0 0

3 1 1
sin cos cos sin

8 4 8
C

Mdx Ndy d d d

  

             
2 2 2 2

2 2

0 0 0 0

1 1 1 1
cos sin cos sin cos sin

8 8 4 4
d d d d

   

                8


   

18. Evaluate the line integral    3 3 2y y

C

yx xe dx xy ye y dy     using Green's theorem where C 

is a circle of radius a . 

Solution. 

 
The region enclosed by a circle of radius a  as shown in figure. 

   3 3 2y y

C C

yx xe dx xy ye y dy Mdx Ndy        

Here, 
3 3x xM

M yx xe x xe
y


    


,

3 32x N
N xy ye y y

x


    


 

Applying Green's theorem 

N M
Mdx Ndy dxdy

x y

  
   

  
   3 3 yy x xe dxdy    

Changing to polar coordinates  

 
2

3 3 3 3 sin

0 0

sin cos cos

a

rr r r e rd dr


        

x

y

2 2 2x y a 
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2 2 2

4 3 4 3 sin

0 0 0 0 0 0

sin cos cos

a a a

rr d dr r d dr r e r d dr

  
     

     
       

     
     

2
sin

0
0

0 0 0

a

rr e dr


       

 19. Evaluate 
2 24

C

xdy ydx

x y



  round the circle 
2 2 2x y a   in the positive direction using Green's 

theorem. 

Solution. 

  
The given line integral is 

2 24
C

xdy ydx
Mdx Ndy

x y


 

   

Comparing the two integrals, 

   

2 2 2 2

2 22 2
2 2 2 2

4 4
,

4 4 4

y M x y x y
M

x y y x y x y

   
    

   
, 

 

2 2

22 2
2 2

4
,

4 4

x N x y
N

x y x x y

  
 

  
 

The curve C is the circle of radius a . R is the region enclosed by the circle 
2 2 2x y a  . M and N are not 

continuous at origin. So, the Green's theorem will not hold good for the given line integral. Proceeds 

similarly as done in question (13). 

C

Mdx Ndy Mdx Ndy


      

2 24

xdy ydx

x y



 


 0

2 2 2 2

2

cos cos sin sin

cos 4 sin

d



    

 

   
 

    (put cos , sinx y   ) 

2

2 2

0

1

cos 4sin
d




 




2 2

2

0

sec

1 4 tan
d








  

2

2

0

sec
2

1 4 tan
d










2 2

2

0

sec
4

1 4 tan
d








  

2

0

4
1 4

dt

t






1

0

1
4 tan 2

2
t



    

 
 

 

 

r


C



O

R
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6. Surface Integral 

1. Evaluate ˆ
S

F ndS  where ˆˆ ˆF yzi zxj xyk    and S is that part of the surface of the sphere 

2 2 2 2x y z a    which lies in the first octant. 

Solution. 

 

The surface of sphere 
2 2 2 2x y z a    is shown in figure  

The sphere belongs to a family of level surface given by 
2 2 2S x y z c     

So, the unit vector n̂  at any point P is given by, 
ˆˆ ˆ

ˆ
S xi yj zk

n
S a

  
 


, ˆˆ
z

n k
a

   

 
 ˆˆ ˆ

ˆˆ ˆˆ
xi yj zk

F n yzi zxj xyk
a

 
    

3xyz

a
 ,  

ˆˆ

dxdy a
dS dxdy

zn k
 


 

 
3

ˆ
xyz a

F ndS dxdy
a z

    3xydxdy  

ˆ 3
S R

F ndS xy dxdy    (The region of integration of double integration given by R) 

2

3

0 0

3 cos sin

a

r dr d



    
2 4

0 0

3 cos sin
4

a

r
d



  
 

  
 


24

0

3
cos sin

4

a
d



   
2

4 2
4

0

3 sin 3

4 2 8

a
a



 
  

 
 

x

y

R

2 2 2x y a 

x

y

z

n̂

P



 

 

2. Evaluate ˆ
S

F ndS  where 
2 ˆˆ ˆ 3F zi xj y zk    and S is the surface of the cylinder 

2 2 2x y a   

along with the bases included in the first octant between 0z   & z b . 

Solution. 

 
The cylinder is a piecewise smooth surface consisting of 1 2,S S  and 3S  where S is lower base 0z  , 2S  

is upper base 3,z b S  is the curved surface of cylinder, as shown in figure 6.4 & figure 6.5. 

n̂  is an outward drwan normal to surface. 

 

1 2 4

ˆ ˆ ˆ ˆ
S S S S

F ndS F ndS F ndS F ndS           

x



ad

y
1S

3S

2S

z

dS

dz

n̂

x

y

1S

2S

3S

z



 

 

On 
1

ˆˆ, , 0,S n k z dS dxdy     

  2ˆ 3 0F n F k y z       (as 0z   on 
1S ). So, 

4

ˆ 0
S

F n dS   

On 
2

ˆˆ, , ,S n k z b dS dxdy   , 
2 2ˆ 3 3F n y z by     

So, 

4

2ˆ 3
S

F ndS b y dxdy   
2

3 2

0 0

3 sin

a

b r dr d



    
2 4

2

0 0

3 sin
4

a

r
b d



 
 

   
 
  

2

4 2

0

3
sin

4
ba d



   
43

16
a b   

The curved surface 3S  belongs to family of level surface 
2 2S x y  = constant 

The unit normal vector to the surface 3S  is given by
ˆ ˆS xi yj

S a

 
 


 

For 3S ,  
 

2
ˆ ˆ

ˆˆ ˆˆ 3
xi yj

F n zi xj y zk
a


      

1
zx xy

a
   

dS ad dz . On 3, cos , sinS x a y a    

So, 
21

ˆ cos sin cosF n az a
a

       cos sin cosz a     

The surface integral becomes  
3

2

0 0

ˆ cos sin cos

b

S

F ndS z a ad dz



         

2

2

0 0

sin sin
2

b
a

a z dz



 
 

  
 


0
2

b
a

a z dz
 

  
 


2

0
2 2

b

z a
a z
 

  
 

 
2

ab
a b   

1 2 3

ˆ ˆ ˆ ˆ
S S S S

F ndS F ndS F ndS F ndS           43

18 2

ab
a b a b     

3. Evaluate ˆ
S

F ndS , where  2 ˆˆ ˆ2 2F x y i xj yzk     and S is the surface of the plane 

2 3 6x y z    in the first octant. 

Solution. 

 
The plane belongs to the family of level surface given by 2 3S x y z    = constant 

A unit vector normal to the surface is given by 

x

y

z



 

 

ˆˆ ˆ2 3
ˆ

14

S i j k
n

S

  
 


,  21
ˆ 4 6

14
F n x y x yz     

 
 

 21
4 2 6 2

14
x y x y x y         

1
6 2

3
z x y

 
   

 
 21
12 3 3 2

14
y x y xy     

14

ˆ 3ˆ

dxdy
dS dxdy

n k
  


,  21

ˆ 12 3 3 2
3

F ndS y x y xy dxdy      

So,  

6

6 2
2

0 0

1
ˆ 2 3 3 2

3

x

S

F ndS y x y xy dydx



        (The region of double integration is shown in figure  

 
6 6

2 3 2 2

0
0

1
6 3

3

x

y xy y xy dx


      
6 3

2

0

1 15 45
27

3 8 4 2

x
x x dx

 
     

 


6
4 3

2

0

1 5 45
27 4.5

3 32 4 4

x x
x x

 
      

 
 

4. Evaluate ˆ
S

F ndS  where ˆˆ ˆ2F yi xj zk    and S is the surface of the plane 2 4x y   in the 

first octant cut off by the plane 4z  . 

Solution. 

 
The surface of the plane 2 4x y   belongs to family of level surface 2S x y  = octant. 

z

x

y

2 4x y 

x

y

2 6x y 



 

 

A unit vector normal to the surface, 
ˆ ˆ2

ˆ
5

S i j
n

S

 
 


 

The integral  
ˆ ˆ2ˆˆ ˆˆ 2

5

i j
F n yi xj zk

 
     

 
   

1 2
2 2

5 5
y x x y     

 
1 1ˆ ˆ ˆˆ 2
5 5

n j i j j      

Now, taking projection of the surface on xz  plane as shown in figure 6.9. 

5
ˆˆ

dxdz
dS dxdz

n j
 


 

 
2

ˆ 5
5

F ndS x y dxdz    2 x y dxdz   

 2 4 2x x dxdz    ( 4 2y x   from the equation of surface) 

 2 4 x dxdz   

 
So, Surface integral becomes  

 
4 2

0 0

ˆ 2 4
S

F ndS x dxdz    

24 2

0 0

2 4
2

x
x dz 

4

0

12 48dz   

5. If 
2 ˆˆ ˆ2F yi zj x k    and S is the surface of the parabolic cylinder 

2 4y x  in the first octant 

bounded by the planes 4y   and 6z   then evaluate ˆ
S

F ndS . 

Solution. 

 

The parabolic surface as shown in fig. 6.10 belong to family of level surface 
24S x y   = constant. 

x

y
 0,4,0

 0,0,6

z

x 2,0

 2,4 0,4

z



 

 

The unit normal vector to the parabolic cylinder is given by 

2

ˆ ˆ2
ˆ

4

S i yj
n

S y

 
 
 

,  
 

2

2

ˆ ˆ2
ˆˆ ˆˆ 2

4

i yj
F n yi zj x k

y


    

 2

4 4

4

y z

y





 

2

2ˆˆ
4

n i
y

 


, 
2 4

ˆ 2ˆ

dydz
dS y dydz

n i


  


,  

1
ˆ 4

2
F ndS y yz dydz    

So, the surface integral reduces to double integral whose region of integration R is given in fig. 6.11 

 

 
1

ˆ 4
2

S R

F ndS y yz dydz     

Region R is the projection of parabolic cylinder on yz  plane 

 
6 4

0 0

1
ˆ 4

2
S

F ndS y yz dydz    

46 2
2

0 0

1
2

2 2

y z
y dz   

6

0

16 4z dz 
6

2

0
16 2 168z z    

6. Evaluate ˆ
S

F ndS  over the entire surface of the region above xy  plane bounded by the cone 

2 2 2z x y   and the plane 4z   if 
2 ˆˆ ˆ4 3F xzi xyz j zk   . 

Solution. 

 
The conical surface S, as shown in the fig. 6.12 belongs to a family of level surface given by  

2 2 2S x y z    = constant. 

The unit normal vector to cone is given by 
2 2 2

ˆˆ ˆ
ˆ

S xi yj zk
n

S x y z

  
 
  

 

x

y

1S

2 2 2z x y 

4z 

2S

z

y
 4,0

 0,6

R

z



 

 

 
 

2

2 2 2

ˆˆ ˆ
ˆˆ ˆˆ 4 3

xi yj zk
F n xzi xyz j zk

x y z

 
    

 

2 2 2 2

2 2 2

4 3x z xy z z

x y z

 


 
 

2 2 2

ˆˆ
z

n k
x y z


 

 
, 

2 2 2

ˆˆ

x y zdxdy
dS dxdy

zn k

 
 


 

 2 2 2 21
ˆ 4 3F ndS x z xy z z dxdy

z
     2 24 3x xy z z dxdy    2 24 3x xy z z dxdy    

 2 2 2 2 2 24 3x xy x y x y dxdy      

So,  2 2 2 2 2 2ˆ 4 3
S R

F ndS x xy x y x y dxdy        

(R is the region of integration given by projection of cone on xy  plane as shown in fig) 

 
2

2

164

2 2 2 2 2 2

4 16

4 3 as 0

y

y

x dxdy x y dxdy xy x y dxdy



  

 
     
 
 

   

2 4 2 4

3 2 2

0 0 0 0

4 cos 3r drd r drd

 

      

4 42 24 3
2

0 00 0

4 cos 3
4 3

r r
d d

 

    
2 2

2

0 0

256 cos 64d d

 

      

256 128 128      

On 2S , ˆˆ ,n k dS dxdy  , ˆ 3 12F n z    

2

ˆ 12
S

F ndS dxdy   192  

So, 

1 2

ˆ ˆ ˆ
S S S

F ndS F ndS F ndS       128 192 320      

7. Evaluate  2 2x y dS  where S is the surface of the cone 
2 2 2z x y   bounded by 0z   & 3z 

. 

Solution. 

x

y

2 2 16x y 



 

 

 

Upper part of a cone is given by 
2 2z x y   as shown in fig. 6.14. 

It belongs to family of level surface given by 
2 2:S x y z   = constant. 

Outward drawn unit normal vector is given by 

2 2 2 2

2 2

2 2 2 2

ˆˆ ˆ

ˆ

1

x y
i j k

x y x yS
n

S x y

x y x y

 
 

 


 
 

,      
1ˆˆ
2

n k  ,  2
ˆˆ

dxdy
dS dxdy

n k
 


 

S is a piecewise smooth surface consisting of conical part  

2 2

1 : 0S x y z    and 2 : 3S z   as shown in fig. On 1S , 2dS dxdy  

So,    
1

2 2 2 2 2
S R

x y dS x y dxdy     

The region of double integration R is projection of cone 
2 2 2x y z   on the xy  plane as shown in fig 

 
2 3

2

0 0

2 r r dr d



  

32 24

0 00

81 2
2

4 4

r
d d

 

   
81 2

2
  

On 2 , 3S z  , dS dxdy rdrd  ,   
2

2 3

2 2 2

0 0S

x y dS r rd dr



   

32 4

0 0
4

r
d



 
2

0

81

4
d



 
81

2
  

x

y

R
2 2 9x y 

x

y

z

3z 



 

 

So,      
1 2

2 2 2 2 2 2

S S S

x y dS x y dS x y dS      
81 2 81

2 2
    81

2 1
2
  . 

8. Evaluate the surface integral 

S

dS

r
 where S is the portion of the surface of hyperbolic paraboloid 

z xy  cut by the cylinder 
2 2 1x y   and r  is the distance from a point on the surface to z  axis. 

Solution. 

 
Surface of hyperbolic paraboloid belongs to the family of level surface :S xy z = constant. 

The unit normal vector to surface is given by 
2 2

ˆˆ ˆ
ˆ

1

S yi xj k
n

S x y

  
 
  

 

2 2

1ˆˆ
1

n k
x y

 
 

, 
2 2 1

ˆˆ

dxdy
dS x y dxdy

n k
   


 

So, the surface integral reduces to a double integral  

2 2

2 2

1

S R

x ydS
I dxdy

r x y

 
 


   

where R is the region of the integration of double integral as shown in fig. 6.16 which is projection of 

surface on xy  plane. 

Changing to polar coordinates cosx r  , siny r  , dxdy rd dr  

2 2

2 2

1

R

x y
I dxdy

x y

 





1 2

2

0 0

1 r d dr



    
1

2 2

0

1
2 1 log 1

2 2

r
r r r

 
     

 

 2 log 1 2    
 

 

9. Evaluate 
2I xdydz dzdx xz dxdy    

where S is the part of sphere 
2 2 2 2x y z a    in the first octant. 

Solution. 

x

R

y



 

 

 

S is the part of sphere 
2 2 2 2x y z a    lying the first octant as shown in fig. 

S belongs to family of level surface given by 
2 2 2:S x y z  = constant        

Outward drawn unit normal vector to S,, 
ˆˆ ˆ

ˆ
S xi yj zk

n
S a

  
 


, ˆˆ
z

n k
a

  . 
ˆˆ

dxdy a
dS dxdy

zn k
  


 

The given integral can be written as  

 2 2 ˆˆ ˆ ˆxdydz dzdx xz dxdy xi j xz k ndS       ˆF ndS   

Where 
2 ˆˆ ˆF xi j xz k   ,  2

ˆˆ ˆ
ˆˆ ˆˆ

xi yj zk
F n xi j xz k

a

  
      

 
 2 31
x y xz

a
    

 2 3

ˆ
S

x y xz
F ndS dxdy

z

 
    

2
2 2 2

2 2 2
R

x y
x a x y dxdy

a x y

 
    

   
  

(R is the region of integration as shown in fig. ) 

 

 
2

2 2 2

2 2 2 2 2 2
R R R

x dxdy y
dydx x a x y dxdy

a x y a x y
    

   
    

 
2 2 23 2 2

2 2 2

2 2 2 2
0 0 0 0 0 0

cos sin
cos

a a a
r r

d dr d dr r a r d dr
a r a r

  
 

      
 

       

 
3 2

2 2 4

2 2 2 2
0 0 0

4

a a a
r r

dr dr a r r dr
a r a r


   

 
  

3 2 3 5
2

0
6 4 3 5

a

a a r r
a

   
    

 
 

3 2 52

6 4 15

a a a 
    

10. Evaluate the surface integral cosz dS  over the surface or sphere 
2 2 2 2x y z a    where   

is the inclination of normal at any point of the sphere with the z  axis. 

x

R

y

x

y

z



 

 

Solution. 

 
S is the surface of sphere consisting of  

upper hemisphere 
2 2 2

1 :S z a x y    and  

lower hemisphere 
2 2 2

2 :S z a x y    as shown in fig. 6.19. 

Over 
2 2 2

1, cos ,S dS dxdy z a x y      

2 2 2cosz dS a x y dxdy     

Over  2, cos cos cosS dS dS dS dxdy          

2 2 2z a x y     

2 2 2cosz dS a x y dxdy     

Since projection of 1S  and 2S  is same i.e. 
2 2 2x y a   

 

1 2

cos cos
S S

z dS z dS   So, 

1 2

cos cos cos
S S S

z dS z dS z dS       

2 2 22
R

a x y dxdy    (R is the region of integration as shown in fig. 

2

2 2

0 0

2

a

a r rd dr



    

2 2

0

4

a

a r r dr 
34

3
a


  

11. Evaluate 

S

x dS  where S is the entire surface of solid bounded by the cylinder 
2 2 2x y a   and 

0z  , 2z x  . 

Solution. 

S is piece wise smooth surface consisting of  

x

2 2 2x y a 

x 2S
 n̂



y

1S

z
n̂



k̂

k̂



 

 

1S : Base of cylinder, 0z  , 
2S : roof of cylinder, 2z x  , 

3S : curved surface of cylinder 
2 2 2x y a   

On 
1S , dS dxdy , 

2 2

2 2
1

0

a ya

S a a y

x dS xdxdy



  

     

2S  belongs to family of level surface given by 
2 :S z x  = constant. 

So, outwards drawn unit normal to 2S , 
ˆˆ

ˆ
2

i k
n

 
  

On 2S , 2
ˆˆ

dxdy
dS dxdy

n k
 


, So, 

2 2

2 2
2

2 0

a ya

S a a y

x dS xdxdy



  

     

On 3, , cos , sinS dS ad dz x a y a      

z varies from 0 to 2x  i.e. 0 to 2 cosa   

3

2 2 cos

0 0

cos

a

S

xdS a a dzd

 

 


    
2

2

0
cos 2 cosa a d



    
2 2

2 3 2

0 0
2 cos cosa d a d

 

       

 
2

3

0
cos 0a d



     

So, 
1 2 3

3ˆ ˆ ˆ ˆ
S S S S
F ndS F ndS F ndS F ndS a            

12. Evaluate ˆF ndS  where S is the entire surface of the solid formed by 
2 2 2 , 1x y a z x     

and n̂  is the outward drawn unit normal and the vector function ˆˆ ˆ2 3F xi yj zk   . 

Solution. 

 

S is the pricewise smooth surface consisting of 1 : 0S z  , 2 : 1S z x   and 
2 2 2

3 :S x y a   (curved 

surface) as shown in fig. 6.21. 

 

x

y

2 2 2x y a 

x
y

1S

3S

1z x 2S

z



 

 

On 
1

ˆˆ ˆ, 0, , 0S z n k F n z        So, 
1

ˆ 0
S

F ndS   

On 
2 , 2S z x  , 

ˆˆ
ˆ

2

i k
n

 
  (as done in previous question) ,    

1 1
ˆ 2 1

2 2
F n x z x        

2
ˆˆ

dxdy
dS dxdy

n k
 


,  ˆ 1F ndS x dxdy   ,  

2

ˆ 1
S R

F ndS x dxdy     

2 2

2 2

a ya

a a y

dxdy xdxdy



  

     

(R is the region of double integration as shown in fig) 

dxdy   

2 2

2 2

as 0

a ya

a a y

xdxdy



  

 
 
 
 
 

2a  

3S  belong to family of level surface 
2 2

3 :S x y  = constant. 

Outward drawn unit normal vector., 3

3

ˆ ˆ
ˆ

S xi yj
n

S a

 
 


 

On 3S   2 21
ˆ 2 3 , cos , sinF n x y x a y a

a
       

dS ad dz ,  2 2ˆ 2 3F ndS x y ad dz    3 2 22cos 3sina dzd     

z  varies from 0 to 1x , i.e. 0 to 1 cosa   

 
 

3

1 cos2

3 2 2

0 0

ˆ 2cos 3sin

a

S

F ndS a dzd



  



      

   
2 2

3 2 2 4 2 2

0 0
2cos 3sin 2cos 3sin cosa d a d

 

            

3a   

So, 
1 2 3

ˆ ˆ ˆ ˆ
S S S S
F ndS F ndS F ndS F ndS         

2 30 a a     2 1a a   

13. Evaluate 

S

xyz dS  over the portion of , 0x y z a a    , lying in the first octant. 

Solution. 

 x

y

z



 

 

S is the surface given by x y z a    in the first octant. It belong to family of level surface given by 

:S x y z   = constant as shown in fig. 

Unit normal vector to the surface S, 
ˆˆ ˆ

ˆ
3

S i j k
n

S

  
 


, 
1ˆˆ
3

n k   

3
ˆˆ

dxdy
dS dydx

n k
 


. So, 3

S R

xyz dS xyz dydx   
0 0

3

a a x

xy a x y dydx



     

(R is the region of double integration as shown in fig) 

 

 
2 3

0 0

3
2 3

a x
a

y xy
x a x dx



    :  z a x y    

   
3 3

0

3
2 3

a
x x

a x a x dx     
3 5

0

3 1

6 40 3

a

x a x dx a    

14. Evaluate x dS  where S is the portion of the sphere 
2 2 2 1x y z    lying in the first octant. 

Solution. 

 
S is the surface of sphere lying in the first octant as shown in fig. 6.25 and belongs to family of level surface 

2 2 2:S x y z   = constant. 

An outward drawn unit normal vector to S. ˆˆ ˆˆ
S

n xi yj zk
S


   


, ˆn̂ k z   

2 2

1 1

ˆˆ 1

dxdy
dS dxdy dxdy

zn k x y
  

  
, 

2 21S R

x
x dS

x y


 
   

(R is the region of double integration as shown in fig. ) 

x

y

z

n̂

x

y

R

2 2 1x y 

x

y

R

x y a 



 

 

 
21 2

2
0 0

cos

1

r
d dr

r







 
1 2

2
0

41

r
dr

r


 


  

15. Evaluate the integral 
2 21

S

x y dS   where S is the hemisphere 
2 21z x y   . 

Solution. 

S is the surface of hemisphere 
2 21z x y    

An outward drawn unit normal vector to S, ˆˆ ˆn̂ xi yj zk   , 
ˆˆ

dxdy dxdy
dS

zn k
 


 

 2 2 2 2 2 21 1 1
S R

dxdy
x y dS x y z x y

z
          

R

dxdy   = Area of region R 

(R is the region of double integration as shown in fig.) 

16. Evaluate the integral 
2 2

S

x y dS  where S is the hemisphere 
2 2 2z a x y   . 

Solution. 

 

S is the surface of hemisphere 
2 2 2z a x y   . 

An outward drawn unit normal vector is S., ˆˆ ˆn̂ xi yj zk    

ˆˆ

dxdy dxdy
dS

zn k
 


 

x

R

2 2 2x y a 

y

x

y

R



 

 

2 2
2 2

S R

x y
x y dS dxdy

z
   

(R is the region of double integration as shown in fig.) 
2 2

2 2 2
R

x y
dxdy

a x y
 

 


2 5 2 2

2 2
0 0

sin cos
a

r
d dr

a r


 




 
2 5

2 2

2 2
0 0

4 sin cos

a
r

d dr
a r



  


   

5 3 3
2 2

2 2
0

4
2 3

a
r

dr
a r





1 5

2 2
0

4

r
dr

a r







62

15
a  

17. Evaluate 
2

dS

r
 where S is the cylinder 

2 2 2x y a   bounded by the plane 0z   and z b  and 

r  is the distance between a point on the surface and the origin. 

Solution. 

 
S is the surface of cylinder lying between 0z   and z b  on S as shown in fig. 6.29, 

dS ad dz , 
2 2r a z  , 

 

2

2 2 22 2

0 0 0

2

b b
dS ad dz dz

I a
r z aa z




  


   
1

0

2 tan

b
z

a
 

12 tan
b

a
   

18. Evaluate 
3 3 3x dydz y dzdx z dxdy   where S is the outer surface of the sphere 

2 2 2 2x y z a   . 

Solution. 

 

S is the outer surface of sphere 
2 2 2 2x y z a    as shown in fig. Normal to the outer surface  

x

sina d 

y

sina d 

ad

 d

d

 sina 

z

x

y

r

n̂

S

z



 

 

ˆˆ ˆ
ˆ

S xi yj zk
n

S a

  
 


. On a surface of sphere sindS ad a d    2 sina d d    

     3 3 3 3 3 3 ˆ ˆˆ ˆ ˆ ˆx dydz y dzdx z dxdy x i y j z k dydzi dz dxj dxdyk          

 3 3 3 ˆˆ ˆ ˆx i y j z k ndS   
 4 4 4

2 sin
x y z

a d d
a

  
 

   4 4 4 sina x y z d d      

 
2

4 5 4 4 5 4 4 4

0 0

sin cos sin sin cos sina a a a d

 

           

 cos , sin cos , sin sin onSz a x a y a        

2
1

5 5 2

7
20 0

2
5

4 4 2

7
20 0

3 16
sin 2 sin 2

152

2 1 2
cos sin 2 cos sin

52

d d

d d





   

     

 
    

 
 
   
  

 

 

 
2 2

5 4 4 5

0 0

16 2
sin cos

15 5
a d a d

 

   
 

      
 
   

22 5 1
4 4 2 2

0 0

22 5 1
4 4 2 2

0 0

3
sin 4 sin 4

42 3

3
cos 4 cos 4

42 3

d d

d d





    

    

 
    

 
 
    
  

 

 

5 5 516 3 3 2 12
2

15 4 4 5 5
a a a   

 
      

 
 

19. Evaluate  
y

xz dx dy xy dy dz yz dz dx   where S is the outer side of the pyramid formed by 

the planer 0, 0, 0x y z    and x y z a   . 

Solution. 

 
S is the piece wise smooth surface formed by 

1 2 3 4: 0. : 0, : 0,S x S y S z S x y z a        as shown in fig. 6.31. 

   ˆ ˆˆ ˆ ˆ ˆ

S

xzdxdy xydydz yzdzdx xy i yz j xz k dydz i dzdx j dxdy k          

 ˆˆ ˆ ˆ
S

xy i yz j xz k ndS     

ˆˆ ˆF xy i yz j xz k    

Here, 

1 2 3 4

ˆ ˆ ˆ ˆ ˆ
S S S S S

F ndS F ndS F ndS F ndS F ndS              

x

y

z



 

 

On 
1

ˆˆ ˆ: 0, , 0S x n i F n xy       , 

1

ˆ 0
S

F n dS   

On 
2

ˆˆ ˆ: 0, , 0S y n j F n yz       , 

2

ˆ 0
S

F n dS   

On 
3

ˆˆ ˆ: 0, , 0S z n k F n xz       ,

3

ˆ 0
S

F n   

4S  belongs to family of level surface , 4 :S x y z   = constant, 4

4

ˆˆ ˆ
ˆ

3

S i j k
n

S

  
 


 

 
1

ˆ
3

F n xy yz zx    , 3
ˆˆ

dxdy
dS dx dy

n k
 


,  

4

ˆ
S R

F n dS xy yz zx dydx      

(R is the region of integration as shown in fig.) 

 

  xy x y a x y dy dx        2 2

0 0

a a x

ax ay x y xy dydx



       

2 3 3
2 2

0 0
2 3 2

a xa
ay y xy

axy x y dx



      
32 2 3

0

1
2

6

a

a x ax x a x dx    
41

8
a  

20. Evaluate the surface integral  ˆˆ ˆ ˆxi yj zk ndS    where S is the positive side of the cube formed 

by the plane 0, 0, 0x y z    and 1, 1, 1x y z   . 

Solution.  

 
S is piece wise smooth surface consisting of  

1 2 3 4 5 6: 0, : 0, : 0; : 1, : 1, : 1S x S y S z S x S y S z       as shown in fig. 

On 
1

ˆˆ ˆ: 0, , , 0S x dS dydz n i F n x        , 

1

ˆ 0
S

F n dS   

x

y

z

x

R

x y a 

y



 

 

On 
2

ˆˆ ˆ: 0, , , 0S y dS dxdz n j F n y        , 

2

ˆ 0
S

F n dS   

On 
3

ˆˆ ˆ: 0, , , 0S z dS dxdy n k F n z        , 

3

ˆ 0
S

F n dS   

On 
4

ˆˆ ˆ: 1, , , 1S x dS dydz n i F n x      ,

4

ˆ 1
S

F ndS dydz     

On 
5

ˆˆ ˆ: 1, , , 1S y dS dxdz n j F n y      ,

5

ˆ 1
S

F ndS dxdz     

On 
6

ˆˆ ˆ: 1, , , 1S z dS dxdy n k F n z      ,

6

ˆ 1
S

F n dS dxdy     

So, 

1 2 3 4 5 6

ˆ ˆ ˆ ˆ ˆ ˆ ˆ
S S S S S S

F ndS F ndS F ndS F ndS F ndS F ndS F ndS                    

21. Evaluate  cos cos cos
S

x y z dS     where cos ,cos ,cos    are directional cosines of the 

outward drawn normal to the surfaces where S is the outer surface of the ellipsoid 

2 2 2

2 2 2
1

x y z

a b c
    

lying above the xy  plane. 

Solution. 

S is the outer surface of the ellipsoid 

2 2 2

2 2 2
1

x y z

a b c
    lying above the xy  plane. 

An outward drawn unit normal vector to S is given as  

ˆˆ ˆˆ cos cos cosn i j k      

cos
ˆ cosˆ

dydz dydz
dS dydz dS

n i



   


 

Similarly, cosdxdy dS   

cosdxdz dS   

 cos cos cos
S

I x y z dS xdydz ydxdz zdxdy          

2
volumeof ellipsoid in theabove plane

3
xdydz ydxdz zdxdy xy abc

 
    

 
    

So,  
2

cos cos cos 3 2
3

S

x y z dS abc abc


         

 

22.  Evaluate   
S

x y z ax by cz dS     where S is the surface of region 
2 2 1,0 1x y z    . 

Solution. 



 

 

 

S is the surface bounding the region 
2 2 1x y   & 0 1z   

S is a piece wise smooth surface consisting of  

1S : lower base 0z   

2S : upper base 1z  , 3S : curved surface of cylinder, 
2 2 1x y   as shown in fig. 

 

On 1 : 0,S z dS dxdy    
1S

x y z ax by cz dS      x y ax by dxdy    

  2 2ax a b xy by dxdy      
2 1

2 2 2 2 2

0 0

cos sin cos sinar a b r br r dr d



          

  
12 4

2 2

0 0

cos sin cos sin
4

r
a a b b d



        

  
2

2 2

0

1
cos sin sin cos

4
a b a b d



        

 2 2 2

2 2

0 0 0

1
cos cos sin cos

4 4 4

a bb
a d d d

  

      


        
4

a b


   

x

2 2 1x y 

y

1S

x

y
1S

3S

2S

z



 

 

 
On 2 : 1,S z dS dxdy   

  x y z ax by c dxdy      

      

2 2

2 2

11 1 1

1 11 1

y x

y x

x y ax by dxdy a c x dxdy b c y dydx c dxdy

 

  

              

 
4

a b c


    

On 3 : cos , sin ,S x y dS d dz     ,  

  
3S

x y z ax by cz dS     

  
1 2

0 0

cos sin cos sinz a b cz d dz



            
1

2

0

2a b cz dz     
2

3

c
a b


    

  
S

x y z ax by cz dS   
1 2 3S S S

      

     
2

4 4 3

c
a b a b c a b

  
          

3 5

2 3

c
a b


    

23. Find the value of surface integral yzdxdy xzdydz xydxdz   where S is the outer side of the 

surface formed by the cylinder 
2 2 4x y   and the planes 0, 0, 0x y z    & 2z  . 

Solution. 

 

S is a piece wise smooth surface bounded by 1 2 3: 0, : 0, : 0S x S y S z    & 
2 2

4 : 4S x y  . 

x

y

z

x

2 2 1x y 

y

2S



 

 

 ˆˆ ˆ ˆ
S

yzdxdy xzdydz xydxdz xzi xyj yzk ndS       ˆF ndS   

On 
1

ˆˆ ˆ, , , 0, 0S n i dS dydz x F n xz       . So, 

1

ˆ 0
S

F n dS   

On 
2

ˆˆ ˆ, 0, , , 0S y n j dS dxdz F n xy       . So, 

2

ˆ 0
S

F n dS   

On 
3

ˆˆ ˆ, 0, , , 0S z n k dS dxdy F n yz       . So, 

3

ˆ 0
S

F n dS   

On 
2 2

4

ˆ ˆ
ˆ, 4, , 2cos , 2sin

2

xi yj
S x y n x y 


      

So, 

2 2 2 24 cos 8cos sin
ˆ

2 2

x z xy z
F n

   
   2 22 cos 4cos sinz      

2dS d dz  

 
4

2 2ˆ 2 cos 4cos sin 2
S

F ndS z d dz        
22

2 2

0 0

4 cos 2cos sinz d dz



       

2

0

2
4 2

4 3
dz

 
   

 


2

2

0

2
4

8 3
z z

 
  

 

4
4

2 3

 
  

 
 

So, 
4

ˆ 4
2 3

S

F ndS
 

   
 

  
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7. Gauss Divergence Theorem 
 

1. Green's Theorem. Let   and   are scalar point function which together with their derivatives in any 

direction are uniform and continuous within the region V bounded by closed surface S then  

   2 2 ˆ
C S

d ndS                  

Proof: By Gauss Divergence theorem 

ˆF ndS Fd     

Let F         

   F         2 2 2              2 2        

So,    2 2ˆ
S V

ndS d                  ....(1) 

Since, n̂
n





 


, n̂

n





 


 

So, (1) can be written as  

 2 2

S V

dS d
n n

 
      
  

     
  

   ....(2) 

Note: Harmonic function: A scalar function   is said to be harmonic function if it satisfies Laplace's 

equation 
2 0   

If  and   both are harmonic, i.e. 
2 2 0     equation (2) reduces to 

0dS
n n

 
 
  

  
  

 . 

2. Prove that  

ˆ
V S

d ndS      

Proof: Let F C  where C  is any arbitrary constant non zero vector 

F C C        as 0C C     

Applying Divergence theorem 

ˆ
S V

F ndS Fd     

Where S is bounding surface of V. 

 ˆC ndS C d      ˆC ndS C d        ˆ 0C d ndS       
    

Since, ˆC d ndS     
    is zero for any arbitrary non-zero vector C . 

So,  ˆ 0d ndS      . Hence, ˆd ndS      

3. Prove that ˆg d n g dS    . 

Proof: Let F g C   where C is any arbitrary non-zero vector. 

  curl curlF g C C g g C        
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curlC g    curl 0C   

Applying Divergence theorem 

ˆF ndS Fd    ˆ curlg C ndS C g d       ˆ curln g C dS C g d     

    A B C C A B       

ˆcurl 0C g d n g dS     
    

Since, ˆcurlC g d n g dS   
    is zero for any arbitrary non-zero vector C , 

So, ˆcurl 0g d n g dS     . So, ˆ
V S

gd n g dS     

 

Solved Examples   

 

1. Let ˆˆ ˆ2 3F xi yj zk   , S be the surface of the sphere 
2 2 2 1x y z    and n̂  be the inward unit 

normal vector to S. Then ˆ
S

F ndS  is equal to?  

ˆ 'F ndS F n dS      

Where ˆ 'n  is outward drawn unit normal vector to S i.e. ˆ ˆ 'n n   

Fd     (Gauss Divergence theorem) 6  volume of sphere (Since, 6F  ) 8   

2. Let S be a closed surface for which ˆ 1
S

r nd  . Then the volume enclosed by the surface is ? 

ˆ 1r ndS  1rd    (Using Gauss Divergence theorem) 

3 1d   (Since, 3r  ). Volume 
1

3
V d   

3. Let   2 2 2 21
, , , 1

4
V x y z x y z

 
      
 

R and 

 
2

2 2 2

ˆˆ ˆxi yj zk
F

x y z

 


 
 for  , ,x y z V .Let n̂  

denote the outward unit normal vector to the boundary of V and S denotes the part 

  3 2 2 2 1
, , ;

4
x y z x y z

 
    

 
R  of the boundary of V. Then ˆ

S

F ndS  is equal to? 

Outward unit normal to boundary of V. 

ˆˆ ˆ
ˆ

1 2

xi yj zk
n

 
   ˆˆ ˆ2 xi yj zk     

 
 

 2
2 2 2

ˆˆ ˆ
ˆˆ ˆˆ 2

xi yj zk
F ndS xi yj zk dS

x y z

 
     

 
  2 2 2

1
2 dS

x y z
 

   

2 2 2 1
8 Since, onS

4
dS x y z

 
     

 


1
8 4 8

4
        
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4. The value of the integral ˆ
S
F ndS , where ˆˆ ˆ3 2F xi yj zk    and S is the closed surface given 

by the planes 0, 1, 0, 2, 0x x y y z      and 3z   is ? 

By divergence theorem  

ˆF ndS Fd   
1 2 3

0 0 0

6 36dxdy dz     

5. For any closed surface S, the surface integral ˆcurl
S

F ndS  is equal to? 

By divergence theorem  

 ˆcurl div curlF ndS F d   0  since,   0F    

6. For any closed surface S, the integral ˆ
S

r ndS  is equal to ? 

By Divergence theorem 

ˆr ndS rd      3 3d r   3 volume enclosed by surface S 3V  

7. If ˆˆ ˆ , , ,F axi byj czk a b c    are constants, then the integral ˆ
S

F ndS , S as a sphere of radius r  

is equal to? 

By Divergence theorem  

ˆ
S V

F ndS Fd     Where V is bounding surface of volume S. 

Let ˆˆ ˆF axi byj czk    

 ˆˆ ˆˆ ˆF ndS axi byj czk ndS       ˆˆ ˆaxi byj czk d     (By Gauss divergence theorem) 

 a b c d     a b c   volume of sphere of radius r   34

3
a b c r    

8. If n̂  is the outward drawn unit normal vector to S then the integral ˆ
V

div nd  is equal to ? 

By Divergence theorem 

ˆFd F ndS     

So, ˆ ˆ ˆ
V S S

nd n ndS dS S       . 

9. Let S be the surface of the cube bounded by 1, 1, 1, 1, 1, 1x y z x y z         . The integral 

ˆr ndS  is equal to ? 

 

Using Divergence theorem 

ˆr ndS rd     3 d 
1 1 1

1 1 1

3 dxdydz
  

   
1 1 1

0 0 0

3 8 24dxdydz      

10. S be the surface of sphere 
2 2 2 9x y z   . The integral 

     
S

x z dydz y z dzdx x y dxdy        is equal to?  
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The surface element  

ˆˆ ˆn̂dS dydz i dxdz j dxdy k    

So,      x z dydz y z dzdx x y dxdy        

      ˆ ˆˆ ˆ ˆ ˆx z i y z j x y k dydz i dzdx j dxdy k           
   
      ˆˆ ˆ ˆx z i y z j x y k ndS        

      ˆˆ ˆx z i y z j x y k d       2d   
34

2 3 72
3
      

11. For any closed surface S, the integral n̂ dS  is equal to  

Let C  be any arbitrary constant non zero vector  

By using divergence theorem ˆ 0
S V

C ndS Cd     ˆ 0C ndS    

Since, ˆC ndS   is zero for any arbitrary vector C Hence, ˆ 0ndS   

12. For any closed surface S, the integral ˆr n dS  is equal to ? 

Let C  be any arbitrary constant vector  

The integral ˆC r ndS   ˆC r n dS     ˆC r ndS    C r d    (using divergence 

theorem) 

 r C C r d    0  (Since, 0C   & 0r  ) 

Since, ˆC r ndS   is zero for any arbitrary vector C . So, ˆ 0r ndS   

13. For any closed surface S, the integral n̂ dS   is equal to ? 

Let C  be any arbitrary constant vector  

The integral ˆ ˆC ndS C ndS          ˆ
S

C ndS    

dy

dx

y

x

dx

dz

z

dy

dz

dy
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 
V

C d     (Using divergence theorem)  curl curl
V

C C d        0  (as Curl of 

gradient = 0) 

Since, ˆC ndS    is zero for any arbitrary vector C ..Hence, ˆ 0ndS    

14. Let a  be a constant vector and V is the volume enclosed by the closed surface S. The integral 

 n̂ a r dS   is equal to ? 

Using n̂ FdS Fd    . Putting F a r   

   ˆ
S V

n a r dS a r d       ....(1) 

   ˆa r i a r
x


    


  ˆ ˆ ˆr

i a i a i
x

 
      

 
     ˆ ˆ ˆ ˆi i a i a i     

3 2a a a    

Equation (1) reduces to  

 ˆ 2
S V

n a r dS ad    2
V

a d  2Va  

15. If   is harmonic in V then for any closed surface bonding V, the initial dS
n




 is equal to ? 

ˆ ˆ
S S

dS n ndS
n n

  
 

   ˆ
S

ndS    
V

d     (Using Gauss divergence theorem) 

2 0d     (as   is harmonic i.e. 
2 0  ) 

16. Let vector B  is always normal to a given closed surface S. For a region V bounded by S, the 

integral 

V

Bd  is equal to? 

We have ˆBd n BdS     

Since, B  is parallel to normal n̂  

So, ˆ 0n B  . So, ˆ 0Bd n BdS      

17.      2 2 ˆˆ ˆ2 5 2F x z i x z y j y z k       the value of integral ˆ
S

F ndS  where S the surface of 

sphere having centre at  2,3,1  and radius a  is equal to ? 

By Gauss Divergence theorem 

ˆF ndS Fd          2 2 ˆˆ ˆ2 5 2x z i x z y j y z k dxdydz        

3 dxdydz  3 volume of sphere of radius a 
3 34

3 4
3

a a     

18. If S be any closed surface enclosing a volume V and ˆˆ ˆ2 3 7F xi yj zk   . Then, the value of 

surface integral ˆF ndS  is equal to ? 

Using Gauss Divergence theorem  

ˆ
S V

F ndS Fd    12
V

d  12V  
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19. If S is the surface of sphere      
2 2 2

1 2 3 1x y z      endosing volume V, and 

ˆˆ ˆ 2F xi yj zk    then the value of integral ˆF ndS  is equal to ? 

V is volume enclosed by sphere S, given by  

     
2 2 2

1 2 3 1x y z       

ˆ
S V

F ndS Fd    4 d  4   volume of sphere of radius 1
4 16

4
3 3
     

 

Assignment 

 

1. Prove that  

ˆ
S V V

A ndS Ad Ad            , where V is volume of region enclosed by closed surface S. 

Solution. 

By Gauss Divergence theorem ˆ
S V

F ndS Fd    Let F A  

 F A  A A       

So,  ˆ
S V

A ndS A d        
V

A A      
V V

Ad Ad          

2. If F    and 
2 0  , show that for a closed surface 

2ˆF ndS F d    . 

Solution. 

Using Gauss divergence theorem 

   ˆ
S V

F ndS F d        
V

F F d        
V

d        

 
2 2

V V

d d        
2 20

V V

F d F d      

3. If   is harmonic in V, then  
2

S V

dS d
n


  


 
  . 

Solution. 

n̂
n





 


, ˆ ˆdS n ndS

n n

 
 
 

 
   n̂ dS    d      2 d          

   
2 2 0d       

4. Verify divergence theorem for 
2 ˆˆ ˆ4F xzi y j yzk    taken over the cube bounded by 0, 0x y 

, 0, , ,z x a y a z a    . 

Solution. 
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Let us first find the volume integral  

 
0 0 0

4

a a a

V

Fd z y dxdy dz        
0

0 0

4

a a
a

z y x dy dz  
2

0 0

4
2

aa
y

a yz dz   

2

0

4
2

a
a

a z dz
 

  
 


2 2

0

2
2

a
az

a z
 

  
 

43

2
a  

The region V is bounded by S. S is a piecewise smooth surface consisting of    1 20 ,S x S x a  , 

       3 4 5 60 , , 0 ,S y S y a S z S z a     

1 2 3 4 5 6

ˆ ˆ ˆ ˆ ˆ ˆ ˆ
S S S S S S

F ndS F ndS F ndS F ndS F ndS F ndS F ndS                    ....(1) 

On 
1

ˆˆ ˆ, 0, , 0,S x n i F n dS dydz      . So, 

1

ˆ 0
S

F ndS   

On 
2

ˆˆ ˆ, , , 4 ,S x a n i F n az dS dydz      

So, 

 
0

0

4

a
a

az y dz 
2 4

0

4 4

a

a zdz a   

On 
3

ˆˆ ˆ, 0, , , 0S y n j dS dxdz F n      . So, 

3

ˆ 0
S

F ndS   

On 
2

4
ˆˆ ˆ, , , ,S y a n j F n a dS dxdz      . So, 

4

2

0 0

ˆ
a a

S

F ndS a dxdz    
4a   

On 
5

ˆˆ ˆ, 0, , 0,S z n k F n dS dxdy      ..So, 

5

ˆ 0
S

F ndS   

On 
6

ˆˆ ˆ, , , ,S z a n k F n ay dS dxdy     . 

6

4

0 0

ˆ
2

a a

S

a
F ndS ay dxdy      

From (1) 
4

4 4ˆ 0 2 0 0
2

a
F ndS a a      

43

2

a
 , Hence, ˆ

S V

F ndS Fd     

5. Verify divergence theorem for      2 2 2 ˆˆ ˆF x yz i y zx j z xy k       taken over the 

rectangular parallelepiped 0 ,0 ,0x a y a z a      . 

Solution. 

y
 0, ,0a

 0,0,a

 ,0,0a

x

z
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Let us first calculate the volume integral  

     2 2 2 ˆˆ ˆF x yz i y zx j z xy k      ,  2F x y z     

The volume integral  
0 0 0

2

a a a

V

Fd x y z dxdydz        
2

0 0 0

2
2

aa a
x

x y z dydz
 

   
 

   

 
0 0

2
2

a a
a

a y z dydz
 

   
 

 
2

0 0

2
2 2

aa
ay y

a zy dz    

2

0

2
2 2

a
a a

a z dz
 

   
 


2
2

0

2
2

a

z
a az
 

  
 

43a  

The surface S enclosing volume V consists of six pieces of smooth surfaces,    1 2 30 , ,S x S x a S 

       4 5 60 , , 0 ,y S y a S z S z a    . 

1 2 3 4 5 6

ˆ ˆ ˆ ˆ ˆ ˆ ˆ
S S S S S S S

F ndS F ndS F ndS F ndS F ndS F ndS F ndS                    

On 
1

ˆˆ ˆ, 0, , ,S x n i dS dydz F n yz      ,, 

1

4

0 0

ˆ
4

a a

S

a
F ndS yzdydz      

On  2

2
ˆˆ ˆ, , , ,S x a n i dS dydz F n a yz      ,  

2

2

0 0

ˆ
a a

S

F ndS a yz dydz      

2

0 0 0 0

a a a a

a dydz yzdydz    
4

4 43

4 4

a
a a    

On 
3

ˆˆ ˆ, 0, , ,S y n j dS dxdz F n zx      ,

3

4

0 0

ˆ
4

a a

S

a
F ndS zxdxdz      

On  2

4
ˆˆ ˆ, , , ,S y a n j dS dxdz F n a zx      ,  

4

4
2

0 0

ˆ
4

a a

S

a
F ndS a zx     

43

4
a  

On 
5

ˆˆ ˆ, 0, , ,S z n k dS dxdy F n xy      , 

5

4

0 0

ˆ
4

a a

S

a
F ndS xy dxdy      

On 
2

6
ˆˆ ˆ, , , ,S z a n k dS dxdy F n a xy      ,  

6

2

0 0

ˆ
a a

S

F ndS a xy dxdy    
43

4
a  

y
 0, ,0a

 0,0,a

 ,0,0a

x

z
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So, 

4 4 4 4 4 43 3 3
ˆ

4 4 4 4 4 4

a a a a a a
F ndS      

13a . Hence, ˆF ndS F d      

6. Evaluate  

 2 2 2x dydz y dzdx z xy x y dxdy     

where S is the surface of the cube 

0 ,0 ,0x a y a z a       

Solution. 

ˆˆ ˆn̂dS dydz i dzdx j dxdy k    

    2 2 2 2 ˆˆ ˆ ˆ2 2x dydz y dzdx z xy x y dxdy x i y j z xy x y k ndS           

So,  2 2 2x dydz y dzdx z xy x y dxdy      2 2 ˆˆ ˆ ˆ2
S

x i y j z xy x y k ndS       

  2 2 ˆˆ ˆ 2x i y j z xy x y k d       (By Gauss Divergence theorem) 

0 0

2

a a

xydxdy  
2

2

a
  

7. Use divergence theorem to evaluate 
3 2 2

S

x dydz x ydzdx x zdxdy   where S is the sphere 

2 2 2 1x y z   . 

Solution. 

3 2 2I x dydz x ydzdx x zdxdy   3 2 2 ˆˆ ˆ ˆx i x yj x zk ndS     

 3 2 2 ˆˆ ˆx i x yj x zk d     (By Gauss Divergence theorem)
25 x dxdydz   

2 2 2 25 sin cos sinr r drd d     
1 2

4 3 2

0 0 0

5 sin cosr d d dr

 

      
1

4 3

0 0

5 sinr d dr



      

21

4 3

0 0

10 sinr d dr



    
1

4

0

2
10

3
r dr  

2 3

0 5
2

2 ½ 2 ½ 2
sin

3 1 32 2 ½
2 2

d


 

 
 

   
  
 


4

3
  

8. Verify the divergence theorem for 
2 2 ˆˆ ˆ4 2F xi y j z k    taken over the region bounded by 

2 2 4, 0x y z    and 3z  . 

Solution. 
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Let us first calculate the volume integral  

2 2 ˆˆ ˆ4 2F xi y j z k   ,  4 4 2F y z     

 
3

0
0

4 4 2Fd y z dzdydx       
3

2

0
4 4y z z dydx      21 12y dydx   

The region of double integral is shown in Figure 7.5 

 
2

2

2 4

2 4

21 12 21 12

x

x

y dydx dydx ydydx



 

       21 0 0 if in odd

a

a

dydx f x dx f


 
   

 
   

84  

This volume V is bounded by the surface S which is a piecewise smooth surface consisting of lower base 

 1 0S z  , upper base  2 3S z   and curved surface  2 2

3 4S x y  . 

 

On 
1

ˆˆ ˆ, 0, , , 0S z dS dxdy n k F n      , 
1

ˆ 0
S

F ndS   

On 
2

2
ˆˆ ˆ, 3, , , 9S z dS dxdy n k F n z      , 

2 2

ˆ 9 9
S S

F ndS dS     Area of circle of radius 2 

36  

On 3 2cos , 2sinS x y    

Equation of 3S  belongs to family of level surface 
2 2:S x y =constant 

x

y

2 2 4x y 

x

y

1S 2d


2d

n̂

dz

2S

z



Mindset Maskers for UPSC 
 

Personalized Mentorship +91-9971030052 

 

An outward drawn unit normal vector
ˆ ˆ

ˆ
2

S xi yj
n

S

 
 


,  2 3ˆ 2F n x y    

2 38cos sin    

2dS d dz  

 
3

2
3

2 3

0
0

ˆ 16 cos sinF ndS dzd




        

2
2 3

0
48 cos sin d



     

 
2 2 2

2 3 3

0 0 0
48 cos 48 sin sin 0d d d

  

          48  

The surface integral over S 

1 2 3

ˆ ˆ ˆ ˆ
S S S

S

F ndS F ndS F ndS F ndS          0 36 48 84       

Hence, ˆ
V

S

F ndS Fd     

9. Using divergence theorem, evaluate ˆ
S

A ndS  where 
3 3 3ˆ ˆA x i y j z k    and S is the surface of 

the sphere 
2 2 2 2x y z a   . 

Solution. 
Using divergence theorem 

ˆ
S

V

A ndS Ad     2 2 23 x y z d  
2

2 2

0 0 0

3 sin

a

r r drd d

 

       

5
2

0 0
0

3 sin
5

a

r
d d

 

  
 

  
 

 
2

5

0 0

3
sin

5
a d d

 

      
2

5

00

3
cos

5
a d

 
    

2
5

0

6

5
a d



 
512

5
a  

10. Use divergence theorem to evaluate ˆV ndS  where 
2 2 ˆˆ ˆV x zi yj xz k    and is the boundary of 

the region bounded by the paraboloid 
2 2z x y   and the plane 4z y . 

Solution. 

 
Applying Gauss divergence theorem  

x

y

z
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ˆV ndS Vd     d   (This region of volume integration is as shown in Figure )
2 2

4 y

x y

dzdxdy



  

 2 24y x y dxdy    

The region of integration of double integration in the projection of region V on xy  plane as shown in Figure  

 
2 2 4x y y   

22 2 4x y     

In polar form, 4sinr  ,  2 24I y x y dxdy    
4sin

2

0 0

4 sinr r rdrd

 

     

4sin
4

3

0 0

4
sin

3 4

r
r d



 
 

  
 


4

0

64
sin

3
d



  
2 4

0

128
sin

3
d



    

2
5 1

4 2 2

0

3 1
128 3 2 28 sin

3 16 2 2 12 3
d





  

 
 

     
  

 

  

11. Verify Gauss divergence theorem for 
2 ˆˆ ˆ 2F xyi z j yzk    on the tetrahedron 

0, 1x y z x y z       

Solution. 

  

Let us find volume integral 

V

Fd  

V is the region bounded by 0, 0, 0x y z    and 1x y z    as shown in Figure  

2 ˆˆ ˆ 2F xyi z j yzk   , 3F y   

x

y

R

1x y 

x

y

z

x

y





Mindset Maskers for UPSC 
 

Personalized Mentorship +91-9971030052 

 

1

0
3

x y

Fd ydzdxdy
 

     3 1
R

y x y dxdy    

Where R is the region of double integral obtained by taking projection of V on the xy  plane as shown in 

Figure  

  
1 1

2

0 0

3 1

x

y x y dydx



     
1

2 3
1

0
0

3 1
2 3

x

y y
x dx



 
   

 
  

1 3

0

1
1

2
x dx 

 
1

4

0

11 1

2 4 8

x
    

The volume V is bounded by surface S. S is a piecewise smooth surface consisting of  1 0S x  , 

     2 3 40 , 0 , 1S y S z S x y z     , On 
1

ˆˆ ˆ, 0, , , 0S x n i dS dydz F n       

1

ˆ 0
S

F ndS  . On 
2

2
ˆˆ ˆ, 0, , ,S y dS dxdz n j F n z       , 

2

1 1

2

0 0

ˆ
x

S
F ndS z dzdx



   
 1

3
1

0
0

3

x

z
dx



   

 
1 3

0

1
1

3
x dx    

1
4

0

1
1

12
x 

1

12
   

On 
3

ˆˆ ˆ, 0, , , 0S z dS dxdy n k F n      , 
3

ˆ 0
S

F ndS   

On 4S , equation of 4S  belongs to family of level surface given by , :S x y z  = constant  

Outward drawn unit normal to 4S , 
ˆˆ ˆ

ˆ
3

S i j k
n

S

  
 


 

 21
ˆ 2

3
F n xy z yz        21

1 2 1
3

xy x y y x y        2 21
2 1

3
x y xy x      

3
ˆˆ

dxdy
dS dxdy

n k
 


. So,  

4

1 1

2 2

0 0

ˆ 2 1

x

S
F ndS x y xy x dydx



         

(The region of double integration is given by projection of V on xy  plane as shown in Figure ) 

 
1

3 2
1

2

0
0

2 1
3 2

x

y xy
x x y dx



      
 

2
1 3

0

12
1

3 2

x x
x dx

 
   
 
 
  

 

11 4 3 2
4

0 0

1 1 2
1

6 2 4 3 2

x x x
x

 
      

 

1 1 1 2 1 5

6 2 4 3 2 24

 
     

 
 

So, 
1 2 3 4

ˆ ˆ ˆ ˆ ˆ
S S S S S
F ndS F ndS F ndS F ndS F ndS            

1 5
0 0

12 24

 
     

 

1

8
  

Hence, ˆ
S V
F ndS Fd     

12. Using Divergence theorem evaluate 
3 2 2I x dydz x ydzdx x zdxdy    where S is the closed 

surface bounded by the planes 0,z z b   and the cylinder 
2 2 2x y a  . 

Solution. 
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3 2 2I x dydz x ydzdx x zdxdy    3 2 2 ˆˆ ˆ ˆx i x yj x zk ndS     

 3 2 2 ˆˆ ˆx i x yj x zk d   
2

0
5

b

x dzdxdy  
25

R

b x dxdy   

(This region of double integral R is given by projection cylinder on xy  plane as shown in Figure ) 

2

2 2

0 0

5 cos

a

b r rdrd



   
4

2
2

0
0

5 cos
4

a

r
b d



  
2

4 2

0

5
cos

4
a b d



  
45

4
a b  

13. If  2 ˆˆ ˆ 1F xi yj z k     find the value of ˆF ndS  where S in the closed surface bounded by 

the planes 0,z z b   and the cylinder 
2 2 2x y a  . 

Solution. 

  
By Gauss Divergence theorem 

x

y

R
2 2 2x y a 

x

y

z

V

x

y

2 2 2x y a 

x

y

ad


ad

n̂

dz

z
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ˆ
S V
F ndS Fd    ,  2 ˆˆ ˆ 1F xi yj z k    , 2F z   

0
2

b

Fd zdzdxdy   
2

0

b

z dxdy 
2

R
b dxdy   

(The region of integration R is projection of volume region V on xy  plane as shown in Figure) 

2b   area of circle of radius a
2 2a b  

14. Evaluate 

 2 2 2 2 2 2 ˆˆ ˆ ˆy z i z x j z y k ndS    

where S is the part of the sphere 
2 2 2 2x y z a    above the xy  plane bounded by this plane. 

Solution. 

  

 
By divergence theorem 

 2 2 2 2 2 ˆˆ ˆ ˆy zi z x j z y k ndS    2 2 2 2 2 2 ˆˆ ˆy z i z x j z y k d    
22zy dxdydz   

2 2 2 22 cos sin sin sinr r r drd d       
2 2

5 3 2

0 0 0

2 sin cos sin

a

r d d dr

 

         

2 5 3

0 0
2 sin cos

a

r dr


    
24

5

0
0

sin
2

4

a

r dr




 

5 6

0

1

2 12

a

r dr a


   

15. Evaluate ˆF ndS  over the entire surface of the region above the xy  plane bounded by the cone 

2 2 2z x y   and the plane 3z   if 
2 ˆˆ ˆ4 3F xzi xyz j zk   . 

Solution. 
By Gauss Divergence  

ˆ
S V
F ndS Fd     2 ˆˆ ˆ4 3

V
xzi xyz j zk d     

(V is volume enclosed by cone 
2 2 2z x y   and the plane 3z   as shown in Figure ) 

x
R

2 2 9x y 

x

y

V

3z 

z

2 2 2z x y 

x

y

z
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 
2 2

3

24 3

x y

z xz dzdxdy



   
2 2

3
3

22 3
3R

x y

z
z x z dxdy



    

(The region of double integration R is projection of volume V on xy  plane as shown Figure ) 

      
3

22 2 2 2 2 22 9 27 3 3
3

x
x y x y x y dx dy

 
        

 
  

   
3 2

2 3

0 0

1
27 2 3 cos 27

3
r r r r rd dr



 
 

     
 

   
3

3 2

0
2 27 2 3r r r dr    

3
4

2 3

0

27
2

2 2

r
r r

 
   

 
108  

16. Evaluate by divergence theorem the integral 

   2 2 3 2

3
2xz dydz x y z dzdx xy y z dxdy     

Where S is the entire surface of the hemispherical region bounded by 
2 2 2z a x y    and 0z  . 

Solution. 

The surface is shown in Figure  

 
ˆˆ ˆn̂ dS dydzi dxdzj dxdyk    

   2 2 3 22
S
xz dydz x y z dzdx xy y z dxdy         2 2 3 2 ˆˆ ˆ ˆ2

S

xz i x y z j xy y z k ndS       

S is the surface of hemispherical region bounded by 
2 2 2z a x y    and 0z   as shown in Figure . 

    2 2 3 2 ˆˆ ˆ 2
V

xz i x y z j xy y z k d      

(By Gauss Divergence theorem ˆ
V

S

F ndS Fd    ) 

 2 2 2z x y dxdydz  
22

2 2

0 0 0

sin

a

r r drd d



     
2

5
2

0 0
0

sin
5

a

r
d d



      

25
2

0
0

sin
5

a
d d




       2

5
2

00
cos

5

a
d



  
5

2

05

a
d



 
52

5

a
  

17. By using Gauss Divergence theorem, 

Evaluate  2 ˆˆ ˆ ˆxi yj z k ndS    

x

y

z

S
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where S is the closed surface bounded by cone 
2 2 2x y z   and the plane 1z  . 

Solution. 

  
Using Gauss Divergence theorem 

ˆ
S V
F ndS Fd     

   2 2ˆˆ ˆ ˆ ˆˆ
S V

xi yj z k ndS xi yj z k d         
2 2

1

2 1

x y

z dzdxdy



    

(V is volume enclosed by cone 
2 2 2x y z   & the plane 1z   as shown in Figure ) 

2 2

1
2

2
2R

x y

z
z dxdy



   

(The region of integration of double integral R is the projection of volume V on xy  plane as shown in 

Figure ) 

   2 2 2 21 2 1x y x y dxdy       
2 1

2

0 0

3 2r r rdrd



     

1
3 4

2 2
2

0 0
0

3 2 7 7

2 3 4 12 6

r r
r d d

  
        

18. Verify divergence theorem for 
2 2 2 ˆˆ ˆ2 4F x yi y j xz k    taken over the region in the first octant 

bounded by 
2 2 9y z   & 2x  . 

Solution. 

x

R
2 2 1x y 

y

x

y

V

1z 

z
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Let us first find the volume integral 
V

Fd , V is the volume enclosed by surface 
2 2 9y z   & 2x   

in first octant as shown in Figure . 

2 2 2 ˆˆ ˆ2 4F x yi y j xz k   , 4 2 8F xy y z    ,  
2

0
4 2 8

V
Fd xy y xz dxdydz       

2

2 2

0

2 2 4
R

x y xy x z dydz    

(R is the projection of V is xy  plane as shown in Figure ). 

 
2

3

0
0

4 cos 4 sinr r rd dr


       2
3

2

00
4 sin 4cosr dr



  
3

2

0
20 180r dr   

Now, let us calculate the surface integral over S. S is a piecewise smooth surface consisting of 

         2 2

1 2 3 4 50 , 2 , 0 , 0 , 9S x S x S z S y S y z       

On 
1

ˆˆ ˆ, 0, , , 0S x dS dydz n i F n      , So, 
1

ˆ 0
S

F ndS   

On 
2

ˆˆ ˆ, 2, , , 8S x dS dydz n i F n y     , So, 
2

ˆ 8
S

F ndS ydydz  
2

3

0
0

8 cosr rd dr


     

3

2

0

8 r dr  72  

On 
3

ˆˆ ˆ, 0, , , 0S z dS dxdy n k F n      , So, 
3

ˆ 0
S

F ndS   

On 
2 2

4 , 9, 3S y z dS d dx   ,  3 3
ˆˆ 1

ˆ ˆ, 4
3 3

yj zk
n F n xz y


     

Let 3cos , 3siny z   ,  3 3ˆ 9 4 sin cosF n x     ,  3 3ˆ 27 4 sin cosF ndS x d dx      

 2

5

2

3 3

0
0

ˆ 27 4 sin cos
S

F ndS x d dx


        

y

R

z

2 2 9z y 

1S 3dy

2S x
2x 

3S

5S

4S

n

z


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2
2 3 3

0 0 5
2

2 ½ 2 ½ 2
sin cos

3 1 32 2 ½
2 2

d d
 

   

 
 

    
  
 

   
2

0
18 4 1x dx 

2
2

0
18 2x x    108  

So, surface integral ˆ
S
F ndS  is give as  

1 2 3 4 5

ˆ ˆ ˆ ˆ ˆ ˆ
S S S S S S
F ndS F ndS F ndS F ndS F ndS F ndS                0 72 0 0 108    

180  

So, ˆF ndS Fd    . Hence, Gauss divergence theorem is verified. 

19. Evaluate by using Gauss divergence theorem 

(i)  
½

2 2 2 2 2 2

S
a x b y c z dS   

(ii)  
½

2 2 2 2 2 2

S
a x b y c z dS



   

over the ellipsoid 
2 2 2 1ax by cz   . 

Solution. 

S is the ellipsoid belonging to family to level surface as shown in Figure 7.22. 
2 2 2:S ax by cz   = constant  

The outward drawn unit normal vector n̂  to S is given by 
2 2 2 2 2 2

ˆˆ ˆ
ˆ

axi byj czk
n

a x b y c z

 


 
 

(i)  
½

2 2 2 2 2 ˆa x b y c z dS F ndS      

Comparing the integrals  
½

2 2 2 2 2 2ˆF n a x b y c z     

 
 

½
2 2 2 2 2 2

2 2 2 2 2 2

ˆˆ ˆaxi byj czk
F a x b y c z

a x b y c z

 
   

 
 

  2 2 2 2 2 2ˆˆ ˆF axi byj czk a x b y c z       

For using Gauss Divergence theorem, F should continuous and should have continuous partial derivatives 

in region V enclosed by ellipsoid S. The surface F  can be taken as  

ˆˆ ˆF axi byj czk    

So,    
½

2 2 2 2 2 2 2 ˆˆ ˆ ˆ
S S

a x b y c z dS axi byj c k ndS        

 ˆˆ ˆ
V

axi byj czk d     

According to Gauss Divergence theorem  

ˆF ndS Fd     
V

a b c d     a b c   volume of ellipsoid 
 4

3

a b c

abc

  
  

(ii)  
½

2 2 2 2 2 2 ˆa x b y c z dS F ndS


      
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Comparing the integral  

 
½

2 2 2 2 2 2ˆF n a x b y c z


     

 
2 2 2 2 2 2 2 2 2 2 2 2

ˆˆ ˆ
1axi byj czk

F
a x b y c z a x b y c z

 
  

   
 ˆˆ ˆ 1F axi byj czk      

The function F  can be taken as  

ˆˆ ˆF xi yj zk   ,   ˆ ˆˆ ˆ ˆ ˆˆF n xi yj zk axi byj czk     
2 2 1ax by cz     (on 

2 2 2, 1S ax by cz   ),    2 2 ˆˆ ˆ ˆ
S

ax by cz dS xi yj zk ndS        

 ˆˆ ˆxi yj zk d    3 d   

3 volume of ellipsoid 
4

abc


  

Note. While evaluating surface integration, we can incorporate the equation of surface. 

20. If    2 2 ˆˆ ˆ4 3 2F x y i xy j xz z k      . Evaluate   ˆ
S

F ndS   where S is the surface of the 

sphere 
2 2 2 2x y z a    above xy  plane. 

Solution. 

  

The surface S is sphere 
2 2 2 2x y z a    above xy  plane as shown in Figure 7.23. 

x

2 2 2x y a 

y

x

y

z

S

'S
ˆn̂ k 

x

z

y

2 2 2 1ax by cz  
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So, S is a open surface. But, Gauss theorem applies only to surface integral on closed surface. Had the 

surface S been closed, the integral ˆ
S

F ndS   would have been zero because 

 ˆ 0
S

F ndS F d        

Since, divergence of curl F  will be zero. 

S is open surface. Here we will make use of the fact that ˆF ndS   over the closed surface will be zero. 

Now, let us consider a closed surface   consisting of hemispherical part 
2 2 2 2:S x y z a    above xy  

plane and base of hemisphere ' : 0S z  . 

We have to find ˆ
S

F ndS   

Now,  ˆ 0F ndS F d

        

ˆ ˆ ˆ 0
S S

F ndS F ndS F ndS


             

ˆ ˆ
S S

F ndS F ndS       

Now, it is easier to evaluate the surface integral over the plane surface i.e. over the base of hemisphere 

' : 0S z  . 

On ˆˆ', 0, ,S z dS dxdy n k     

2 2

ˆˆ ˆ

4 3 2

i j k

F
x y z

x y xy xz z

  
 

  

  

 

  ˆˆ2 3 1zj y k     

So,       ˆ ˆˆˆ 2 3 1 3 1F n zj y k k y            

So,  ˆ ˆ 3 1
S S

F ndS F ndS y dydx         

2 2

2 2

3

a a x

a a x

y dydx dydx



  

     

0 - Area of base
2a   

Note: In this problem, we have converted as integral over a curved surface to integral over a plane surface. 

21. Evaluate   ˆ
S

F ndS   where    3 2 ˆˆ ˆ 3F x z i x yz j xy k      and S is the surface of the 

cone 
2 22z x y    above the xy  plane. 

Solution. 
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The general equation of cone with axis parallel to z  axis and vertex at  , ,    with semi vertical angle 

  is given by. 

     
2 22tanz x y         

The cone given by above equation is shown in Figure 7.25. 

     
2 2

tanz x y          denotes part of cone above the vertex  , ,    as shown in 

Figure 7.26. 

     
2 2

tanz x y          denotes the part of cone below the vertex  , ,    as shown in 

Figure 7.27. 

Equation of cone given here is  

x

2 2 4x y 

y

'S

x

y

z

'S n̂

 0,0,2

x

y

z



 , ,  

x

y

z



 , ,  

x

y

z



 , ,  
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2 22z x y    

  2 22z x y     

Comparing this equation with standard equation of cone  

     
2 2

tanz x y         

The vertex is  0,0,2  and semi vertical angle is  . It represents part of cone below the vertex. Here also, 

we will make use of the fact that the surface integral ˆF ndS   over the closed surface will be zero 

as  ˆ 0F ndS F d        

Since   0F    

Let us consider a closed piecewise smooth surface   consisting of two surface. 

:S Part of cone 
2 22z x y    lying above xy  plane, 'S : base of cone, bounded by 

2 2 4, 0x y z  

. 
The surface integral  

 ˆ 0F ndS F d

        

'
ˆ ˆ ˆ 0

S S
F ndS F ndS F ndS


             

'
ˆ ˆ

S S
F ndS F ndS         

3 2

ˆˆ ˆ

3

i j k

F
x y z

x z x yz xy

  
 

  

  

 

     2 2 ˆˆ ˆ6 1 3 3xy y i y j x k        

   2 ˆˆ ˆ3F n x n k       

So, 
'

ˆ ˆ
S S

F ndS F ndS        

23 x dxdy 
2 2

2 2

0 0

3 cosr r dr d



   

22 4
2

0 0

3 cos
4

r
d



  
2

2

0

12 cos d



   12  

22. If   ˆˆ ˆ2F yi x xz j xyk    , evaluate ˆ
S

F ndS   where S is the surface of the sphere 

2 2 2 2x y z a    above the xy  plane. 

Solution. 
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Similar to previous problem, here also use will make use of the fact that the surface integral ˆF ndS   

evaluated over a closed surface is equal to zero because the divergence of function F  is always zero. 

So, applying Gauss divergence theorem 

ˆF ndS   evaluated over a closed surface is zero. Consider a closed piecewise smooth surface   

consisting of two surfaces. 

(i) :S spherical part 
2 2 2 2x y z a    above xy  plane 

(ii) ' :S  base of sphere 
2 2 2 2x y z a   , bounded by circle 

2 2 2x y a   in xy  plane 

Applying Gauss Divergence theorem 

 ˆ 0
V

F ndS F d


        

ˆ ˆ ˆ 0
S S

F ndS F ndS F ndS


             

'
ˆ ˆ

S S
F ndS F ndS         

On ˆˆ', , 0,S dS dxdy z n k     

ˆˆ ˆ

2

i j k

F
x y z

y x xz xy

  
 

  

 

ˆˆ ˆ 2xi yj zk    

ˆ 2 0F n z     

'

ˆ ˆ 0
S S

F ndS F ndS        , So, 

'

ˆ ˆ 0
S S

F ndS F ndS        . So, ˆ 0
S

F ndS    

23. Evaluate   ˆ
S

F ndS   where    2 2 ˆˆ ˆ4 3 2F x y i xyj xz z k       and S is the surface of 

paraboloid with axis parallel to z  axis  2 29z x y   . 

Solution. 

x

y

z

S

'S

n̂
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The standard equation of parabola is given by  

     
2 2

z a x y       
 

 

where  , ,    is the vertex of paraboloid 

Comparing given equation of paraboloid  2 29z x y    (Figure 7.31) with standard equation. The 

vertex is  0,0,9 . Here also, we will make use of fact that the integral ˆF ndS   is equal to zero for a 

closed surface as shown in Figure. 
Consider a closed piecewise smooth surface   consisting of paraboloid S and base of paraboloid 

2 2 9x y   as shown in Figure 7.34. 

Using Gauss Divergence theorem, 

 ˆ 0
V

F ndS F d


       ˆ ˆ ˆ 0
S S

F ndS F ndS F ndS


             

So, 

'

ˆ ˆ
S S

F ndS F ndS       , On ˆˆ', ,S n k dS dxdy    

2 2

ˆˆ ˆ

4 3 2

i j k

F
x y z

x y xy xz z

  
 

  

  

  ˆˆ2 3 1zj y k     

 ˆ 3 1F n y     , 

'

ˆ ˆ
S S

F ndS F ndS        3 1y dydx   

x

y

x y

z

 0,0,9

S

'S

x

y

0a 

 , ,  

x

y

0a 

 , ,  

z
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2

2

3 9

3 9

3

x

x

ydydx dydx



  

     

= - Area of base of paraboloid 9   

24. Let  , , sinxx y z e y  . Evaluate the surface integral 

S

d
n







, where S is the surface of the 

cube 0 1,0 1,0 1x y z       and 
n




 is the directional derivative of   in the direction of the 

unit outward normal to S. Verify the divergence theorem. 

Solution.             

 

n̂
n





  


 

ˆ ˆsin cosx xe yi e yj    

S is a piecewise smooth surface as shown in Figure 7.35 consisting of following surface  

0, 1x x  ; 0, 1y y   ; 0, 1z z   

On ˆˆ0, ,x n i dS dydz    , 

1 1

0 0

sind ydydz
n





 

    cos1 1   

On ˆˆ1; ;x n i dS dydz   , 

1 1

0 0

sind e y dydz
n





 

    cos1 1e    

On ˆˆ0, ,y n j dS dxdz    , 
xd e dxdz

n





 

 
1 1

0 0

xe dxdz    1e    

On ˆˆ1, ,y n j dS dxdz   , 

1 1

0 0

cos1xd e dxdz
n







    cos1 1e   

On ˆˆ0, ,z n k dS dxdy    , 0d
n








 

On ˆˆ1, 1,z dS dxdz z n k dS dxdy      , 0d
n








 

So,        cos1 1 cos1 1 1 cos1 1e e e
n





        


0  

Using Divergence Theorem 

x
 1,0,0

 0,1,0

 0,0,1

z

y



Mindset Maskers for UPSC 
 

Personalized Mentorship +91-9971030052 

 

2ˆ 0
S V

ndS d         

Since,  2 ˆ ˆsin cosx xe yi e yj   sin sin 0x xe y e y   .Hence, Gauss Divergence theorem is 

verified. 

25. Let S be the surface   3 2 2, , : 2 2, 0x y z x y z z    R , and let n̂   be the outward unit 

normal to S. If  2 2 ˆˆ ˆF yi xzj x y k    , then evaluate the integral ˆ
S

F ndS . 

Solution. 

 

 2 2: 2 1S x y z     

is a paraboloid with vertex at  0,0,1  as shown is Figure 7.36 

 2 2 ˆˆ ˆF yi xzj x y k     

0F   

Consider a closed surface S which consists of two piecewise smooth surface S and S", where S' is base of 

Paraboloid and S is paraboloid 

ˆ 0F ndS Fd


      

'
ˆ ˆ ˆ 0

S S
F ndS F ndS F ndS


         

"
ˆ ˆ

S S
F ndS F ndS      

For ˆˆ',S n k dS dxdy    

So, 
"

ˆ ˆ
S S
F ndS F ndS         2 2 ˆ ˆˆ ˆyi xzj x y k k dxdy        2 2x y dxdy 

2 2

2

0 0

r rd dr



  

2
4

2

0
0

2
4

r
d



    

26. Let D be the region bounded by the concentric spheres 
2 2 2 2

1 :S x y z a    and 

2 2 2 2

2 :S x y z b    where a b . Let n̂  be the unit normal to 1S  directed away from the origin. If 

2 0   in D and 0   on 2S , then show that  
1

2

ˆ 0
D S

dV ndS        . 

Solution. 

x

y

z

 0,0,1

S

'S
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Let us consider a surface   consisting of S and S' enclosing a volume D as shown is Figure 7.37. 

According to Gauss Divergence theorem 

 ˆ
D

ndS dV   

       

2

D D

dV dV          

2

D
dV   (as 

2 0   in D) 

Now, 
1 2

ˆ ˆ ˆ
S S

ndS ndS ndS     


           

1

ˆ 0
S

ndS      (as 0   on 2S ) 

Here n̂  is outward drawn normal i.e. pointing towards origin  

So, 
1

1

ˆ ˆ '
S

S

ndS n dS           

where ˆ ˆ'n n   is unit normal to 1S  directed away from the origin 

So,  
1

2
ˆ ' 0

D S
dV n dS         

27. Using Gauss's divergence theorem, evaluate the integral ˆ
S

F ndS , where 
2 ˆˆ ˆ4 4F xzi y j yzk  

, S is the surface of the solid bounded by the sphere 
2 2 2 10x y z    and the paraboloid 

2 2 2x y z   , and n̂  is the outward unit normal vector to S. 

Solution. 

  
2 ˆˆ ˆ4 4F xzi y j yzk    

x

y

R

2 2 1x y 

x

y

z

2 2 2x y z  

2 2 2 10x y z  



1S

2S

D
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4 2F z y    

Using Gauss divergence theorem 

ˆ
S V

F ndS Fd     
2 2

2 2

10

2
4 2

x y

x y
z dzdydx

 

 
    d dxdydz 

2 2

2 2

10
2

2
2

x y

x y
z yz dxdy

 

 
     

      2
2 2 2 2 2 2 2 22 6 5 10 2x y x y y x y x y dxdy            

Surfaces bounding the volume are 
2 2 2 10x y z    & 

2 2 2x y z    as shown in Figure 7.38. 

So, curve of intersection of surfaces is given as  
2 2 10 3x z z      
2 2 1

3

x y

z

 


 
 Curve of intersection 

Putting cos , sin ,x r y r dxdy rd dr      

( r  is the region of integration of double integration) 

    
1 2

2 4 2 2

0 0
ˆ 2 6 5 sin 10 2

S

F ndS r r r r r rd dr


         
      

   
1 2 1 2

2 4 2 2 2

0 0 0 0
2 6 5 2 10 2 sinr r rd dr r r r d dr

 

             

Now, 
2

0
sin 0d



    So, integral of second term 

 
1 2

2 2 2

0 0
2 10 2 sin 0r r r d dr



       

1

3 5

0

ˆ 4 6 5F ndS r r r dr       

1
6

2

0

5 19
4 3

4 6 3

r r
r 

 
    

 
 

28. Let W be the region bounded by the planes 0, 0, 0x y z    and 2 6x z  . Let S be the 

boundary of this region. Using Gauss divergence theorem, evaluate ˆ
S

F ndS , where 

2 ˆˆ ˆ2F xyi yz j xzk    and n̂  is the outward unit normal vector to S. 

Solution. 

 
Using Gauss Divergence theorem 

x

y

3y 

2 6x z 

0y 

z
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ˆF ndS Fd     22y z x dxdydz    
3

2

0
2x y z dydxdz   

3
2 2

0
xy y z y dxdz    

6
6

22

0 0
3 3 9

x

x z dzdx


   

6
6 23

0
0

3 9

x

xz z z dx



    

 
6

3 2

0

1
6 72 512

8
x x x dx    

6
4

3 2

0

1
2 36 512

8 4

x
x x x

 
     

 
235.5  

29. If    2 2 ˆˆ ˆ4 3 2F x y i xj xz z k      , then evaluate the surface integral   ˆ
S

F n dS  , 

where S is the surface of the cone 
2 21z x y    lying above the xy -plane and n̂  is the unit normal 

to S making an acute angle with k̂ . 

Solution. 

 
Consider a closed surface   consisting of S & S' as shown in Figure 7.41. Where S is conical surface & S' 
is its base 

 ˆ 0
V

F ndS F d


        

'
ˆ ˆ 0

S S
F ndS F ndS         

ˆ ˆ
S S

F ndS F ndS        

2 2

ˆˆ ˆ

4 3 2

i j k

F
x y z

x y x xz z

  
 

  

  

 

ˆˆ2 2zj k    

For ˆˆ' ,S n k dS dxdy     

So, ˆ ˆ
S

F ndS F ndS        

2dxdy   

2  

30. For the vector field  2 2 2 2 ˆˆ ˆV xz i yz j z x y k     

x

y

z

S

'S
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(a) Calculate the volume integral of the divergence of V over the region defined by ,a x a b y b       

and 0 z c  . 

(b) Calculate the flux of V  out of the region through the surface at z c . Hence deduce the net flux 

through the rest of the boundary of the region. 

Solution. 

 2 2 2 2 ˆˆ ˆV xz i yz j z x y k     

div 
2 2 2 2V z z x y     

 2 2x y   

Volume integral of divergence of V  over the region defined by ,a y a b y b       and 0 z c  . 

 2 2

0

a b c

a b

V dxdy dz x y dxdydz
 

       2 2

a b

a b

c x y dxdy
 

  
3

2

3

ba

a b

y
c x y dx
 

   

3
22

3

a

a

b
c bx dx


 
  

 


3 3

2
3 3

a

a

bx b x
c



   2 24

3

abc
a b   

(b) For ˆˆ,z c n k   

   2 2 2 2ˆV n z x y c x y      for z c  

dS dxdy , Flux across z c , 

 2 2ˆ
a b

a b

V ndS c x y dxdy
 

    
3

2

3

b
a

a
b

y
c x y dx




 
  

 


3 3 3
22 2

3 3 3

a
a

a
a

b x b b x
c x b dx c




   
      

   
  

 2 24

3

abc
a b   

Flux across the closed surface 

 2 24
ˆ

3
r

abc
V ndS Vd a b       

This is equal to flux through the surface at z c .So, flux through rest of the boundary of the region = 0 

31. Using Divergence theorem, evaluate ˆ
S

F ndS , where 
2 2 ˆˆ ˆ4 2F xi y j z k    and S is the surface 

bounded by the region 
2 2 4, 0, 3x y z z    . 

Solution. 

From Divergence Theorem 

ˆ
S V

F ndS Fd    ,  4 4 2F y z    ,  
3

0

4 4 2
V z

Fd y z dxdydz


       

3
2

0
4 4z yz z dxdy    21 12y dxdy 

2

2

2 4

2 4

21 12

x

x

dxdy ydxdy

 

  

     

   21 0 0 if is odd function

a

a

dxdy f x dx f x


 
    

 
   

21  area of circle of radius 2 84  
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32. Let S be the boundary of the region consisting of the parabolic cylinder 
21z x   and the planes 

0, 2y y   and 0z  . Evaluate the integral ˆ
S

F ndS , where    
22 ˆˆ ˆ sinxzF xyi y e j xy k     

and n̂  is the outward drawn unit normal to S. 

Solution. 

 
The surface S is shown Figure 7.42 

ˆ
S V
F ndS Fd   

22 2

0 0

3 3
2

y
y dx dz dy dx dz     

 
21 1 1

2

1 0 1

6 6 1

x

dx dz x dx



 

    

1
3

1

2
6 12 8

3 3

x
x



 
     

 
 

33. If 
2 2 ˆˆ ˆV x zi yj xz k    and S is the surface of the closed cylinder 

2 2 16, 0x y z    and 4z  , 

evaluate the integral ˆ
S

V ndS . 

Solution. 

V ndS Vd      (Gauss Divergence Theorem)  2 1 2xz xz d   = volume of cylinder 64  

 

34. Evaluate the solid angle subtended by any arbitrary open surface bounded by circle C at any 

point O. 

Solution. 

  
 

'Sd
O



r

dx ˆ
re

n̂


xC

O

S

'S

C

y

31z x 

z

x

2y 
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The solid angle subtended by S at O is same as solid angle subtended by a plane surface S'. Let us evaluate 
the solid angle subtended at point O by surface S'. 

Consider a ring of radius x  and thickness dx , the surface element  

2dS xdx  

Solid angle subtended by surface elements dS  at O. 

3 2

ˆ ˆˆ
re nr ndS

d dS
r r


  

 2 2

2 cosx
dx

x d

 


  
3

22 2

2 dx
dx

x d





 

So, Solid angle subtended by S' at point O. 

d  
 

3
22 2

0

2

R
x

d dx
x d




  (R is the radius of circle) 

Let 
2 2 2x d t   

xdx tdt  ,  

    
3

2
tdt

d
t

   2 2

0

1
2 2

R

d d
t x d

 
  

     
   

2 2

1 1
2 d

d R d


 
  

 
 

 
2 2

2 1 2 1 cos
d

R d
  
 

    
 

 

So, the solid angle subtended by a disc of radius R at any point O lying on a perpendicular axis passing 

through its centre is given as  

 2 1 cos    

Since, the solid angle is same for any surface bounded by C. So, the solid angle subtended by any arbitrary 

surface S bounded by a circle C is equal to  2 1 cos   . 

35. Using result obtained in previous problem, find the flux of electrostatics field across the disc of radius 

R due to point charge q  placed at distance d  from its centre. 

Solution. 

 

S

q
d

O

R

O



O





Mindset Maskers for UPSC 
 

Personalized Mentorship +91-9971030052 

 

The flux of electrostatic field E  across the disc S is given as  

ˆE ndS   3

0

ˆ
4

q r
ndS

r
 

  where n̂  is unit normal vector to S. 

3

0

ˆ
4

q r
ndS

r
 

 
04

q


 


Solid angle subtended by S at the position of q . 

 
0

2 1 cos
4

q
 


  

 2 2
0

1
2

q d

R d

 
  

  
 

36. Evaluate the solid angle subtended by a part of sphere at centre O as shown in figure. 

Solution. 

 
The bounding curve of S is a circle. 

So, solid angle subtended by S at centre O is same as solid angle subtended by a plane surface enclosed by 

circle C. 

 2 1 cos    

Note. If the surface of previous problem is hemisphere then solid angle subtended by hemisphere at its 
centre O. 

2 1 cos for hemisphere
2 2

 
 
   

      
   

 

2  

For sphere,    

So, Solid angle subtended sphere at its centre  

 2 1 cos    

4     

          

    

 

S

R





Upendra Singh : Mindset Makers for UPSC 
 

Mentoring : +91-9971030052 

 

VECTOR CALCULUS: 
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INTRODUCTION:VECTOR ANALYSIS 

 

Q1. Prove that the vectors ˆˆ ˆ3 2a i j k   , ˆˆ ˆ3 4b i j k    , ˆˆ ˆ4 2 6c i j k    can form 

the sides of a triangle. Find the lengths of the medians of the triangle. 

 [5b UPSC CSE 2016] 

Q2. Prove that    a b c a b c     , if and only if either 0b   or c  is collinear 

with a  or b  is perpendicular to both a  and c . [8c 2016 IFoS] 

Q3. For three vectors show that:       0a b c b c a c a b         . 

 [5e 2014 IFoS] 
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                       1. VECTOR DIFFERENTIAL CALCULUS 

 

Q1. The position vector of a moving point at time t is  2 ˆˆ ˆsin cos 2 2r ti tj t t k    . 

Find the components of acceleration a in the directions parallel to the velocity 

vector v  and perpendicular to the plane of r  and v  at time 0t  .  

[5e UPSC CSE 2017] 

Q2. If 
2 3 2ˆ 2A x yzi xz j xz k    

22B zi yj x k    

find the value of  
2

A B
x y




 
 at  1,0, 2 . [5e UPSC CSE 2012] 

Q3. For two vectors a and b  given respectively by   
2 3 ˆˆ ˆa 5t i tj t k    and ˆ ˆb sin costi tj   determine: 

(i)  a b
d

dt
  and (ii)  a b

d

dt
  [5e UPSC CSE 2011] 

Q4. The position vector r  of a particle of mass 2 units at any time t, referred to 

fixed origin and axes, is  

 2 2 21 1 ˆˆ ˆ2 1
2 2

r t t i t j t k
 

     
 

 

At time 1t  , find its kinetic energy, angular momentum, time rate of change of 

angular momentum and the moment of the resultant force, acting at the particle, 

about the origin. [8d 2011 IFoS] 

 

                                        

 

                           

 

 

                                       GRADIENT, DIRECTIONAL DERIVATIVES 

 

Q1. Prove that for a vector a , 

 a r a   ; where ˆˆ ˆ ,r xi yj zk r r    . 

Is there any restriction on a ? 

Further, show that  

  
5 3

31
a b

r

a r b r a b

r r

   
    

 
 

Give an example to verify the above. [5e 2020 IFoS] 

Q2. Find the directional derivative of the function 2 2 2xy yz zx   along the 

tangent to the curve 2 3, ,x t y t z t    at the point  1,1,1 . [5e UPSC CSE 2019] 
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Q3. Find the angle between the tangent at a general point of the curve whose 

equations are 2 33 , 3 , 3x t y t z t    and the line 0y z x   . [5b UPSC CSE 2018] 

Q4. Find  f r  such that 
5

r
f

r
   and  1 0f  . [8a UPSC CSE 2016] 

Q5. Find the angle between the surfaces 2 2 2 9 0x y z     and 2 2 3z x y    at 

 2, 1,2 . 

[5e UPSC CSE 2015] 

Q6. Find the value of   and   so that the surfaces  2 2x yz x      and 
2 34 4x y z   may intersect orthogonally at  1, 1,2 . [6c UPSC CSE 2015] 

Q7. A curve in space is defined by the vector equation 2 3 ˆˆ ˆ2r t i tj t k   . 

Determine the angle between the tangents to this curve at the points 1t    and 

1t   . [8b UPSC CSE 2013] 

Q8. If 2 2 2, ,u x y z v x y z w yz zx xy          prove that grad u , grad v  and 

grad w  are coplaner. [5e 2012 IFoS] 

Q9. Examine whether the vectors ,u v   and w  are coplaner, where ,u v  and w  

are the scalar functions defined by: 

u x y z   , 
2 2 2v x y z    

and w yz zx xy   . [8a UPSC CSE 2011] 

Q10. Find the directional derivative of   2 3,f x y x y xy   at the point  2,1  in the 

direction of a unit vector which makes an angle of 3  with the x-axis. 

 [1e UPSC CSE 2010] 

Q11. Find the directional derivation of 2V , where, 2 2 2V xy i zy j xz k    at the 

point  2,0,3  in the direction of the outward normal to the surface 
2 2 2 14x y z    at the point  3,2,1 . 

[5f 2010 IFoS] 

Q12. Find the directional derivative of - 

(i) 3 2 2 24 3xz x y z  at  2, 1,2  along z-axis; 

(ii) 2 24x yz xz  at  1, 2,1  in the direction of ˆˆ ˆ2 2i j k  . [5f UPSC CSE 2009] 
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                                                DIVERGENCE 

 

Q1. If ˆˆ ˆr xi yj zk    and  f r  is differentiable, show that 

     div ' 3f r r rf r f r     . 

Hence or otherwise show that 
3

div 0
r

r

 
 

 
. [5e 2018 IFoS] 

Q2. Calculate  2 nr  and find its expression in terms of r and n, r being the 

distance of any point  , ,x y z  from the origin, n being a constant and 2  being 

the Laplace operator.  

[8a UPSC CSE 2013] 

Q3. Prove that      div div gradfV f V f V    where f is a scalar function.  

[6c UPSC CSE 2010] 

Q4. Show that,      2 2
' "f r f r f r

r

 
   

 
, where 2 2 2r x y z   . [4. 8a 2010 

IFoS] 

Q5. Show that     2div grad 1n nr n n r    where 2 2 2r x y z   . [5e UPSC CSE 

2009] 
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                                                         CURL 

 

Q1. For what value of , ,a b c  is the vector field  

      ˆˆ ˆ4 3 3 5 4 3V x y az i bx y z j x cy z k          irrotational? Hence, express V  

as the gradient of a scalar function  . Determine  . [5c UPSC CSE 2020] 

Q2. Let 
1 2 3v v i v j v k   . Show that curl     2curl grad divv v v  . [8a UPSC 

CSE 2018] 

Q3. Show that  3 2 2 ˆˆ ˆ2 3F xy z i x j xz k     is a conservative force. Hence, find the 

scalar potential. Also find the work done in moving a particle of unit mass in the 

force field from  1, 2,1  to  3,1,4 . [6c 2018 IFoS] 

Q4. For what values of the constants ,a b  and c  the vector 

      ˆˆ ˆ2 2V x y az i bx y z j x cy z k           is irrotational. Find the divergence 

in cylindrical coordinates of this vector with these values. [5d UPSC CSE 

2017] 

Q5. A vector field is given by    2 2 2 2ˆ ˆF x xy i y x y j    . Verify that the field F  

is irrorational or not. Find the scalar potential. [7c UPSC CSE 2015] 

Q6. Examine if the vector field defined by 3 2 3 2 2 ˆˆ ˆ2 3F xyz i x z j x yz k    is 

irrorational. If so, find the scalar potential   such that gradF  . [6d 2015 

IFoS] 

Q7. For the vector 
2 2 2

ˆˆ ˆxi yj zk
A

x y z

 


 
 examine if A  is an irrotational vector. Then 

determine   such that A =  . [6d 2014 IFoS] 

Q8. F  being a vector, prove that 2curlcurl grad divF F F   where 
2 2 2

2

2 2 2x y z

  
   

  
. 

[5c 2013 IFoS] 

Q9. If u and v are two scalar fields and f  is a vector field, such that graduf v , 

find the value of curlf f . [5f UPSC CSE 2011] 

Q10.If r  be the position vector of a point, find the value(s) of n for which the 

vector nr r  is (i) irrotational, (ii) solenoidal. [8c UPSC CSE 2011] 

Q11. Prove the vector identity: 

     curl div divf g f g g f g f f g        and verify it for the vectors 

ˆˆ ˆf xi zj yk    and ˆˆg yi zk  . [8b 2011 IFoS] 

Q12. Show that the vector field defined by the vector function 

 V xyz yzi xzj xyk    is conservative. [1f UPSC CSE 2010] 
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Q13. Show that  3 2 22 3F xy z i x j z xk     is a conservative field. Find its scalar 

potential and also the work done in moving a particle from  1, 2,1  to  3,1,4 . 

[8a 2010 IFoS] 
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                            2. VECTOR INTRGRAL CALCULUS 

   

Q1. For the vector function A , where  2 2 ˆˆ ˆ ˆA= 3 6 14 14 20x y i yzj yzj xz k    , 

calculate 
C

A dr  from  0,0,0  to  1,1,1  along the following paths: 

(i) 2 3, ,x t y t z t    

(ii) Straight lines joining  0,0,0  to  1,0,0  then to  1,1,0  and then to  1,1,1  

(iii) Straight line joining  0,0,0  to  1,1,1  

Is the result same in all the cases? Explain the reason. [6b UPSC CSE 2020] 

Q2. Find the circulation of F  round the curve C, where 

   2 ˆ ˆ2 3 4F x y i y x j     and C is the curve 2y x  from  0,0  to  1,1  and the 

curve 2y x  from  1,1  to  0,0 .  

[6b UPSC CSE 2019] 

Q3. Evaluate  
 

 2,1

4 3 2 2

0,0

10 2 3x xy dx x y dy   along the path 4 3 26 4x xy y  .  

[5e 2019 IFoS] 

Q4. Evaluate  sin cosx

C

e ydx ydy  , where C is the rectangle with vertices 

   0,0 , ,0 , , , 0,
2 2

 
 

   
   
   

. [8c UPSC CSE 2015] 

Q5. If 22A yi zj x k    and S is the surface of the parabolic cylinder 2 8y x  in 

the first octant bounded by the planes 4, 6y z  , evaluate the surface integral, 

ˆ
S

A ndS . [8c 2010 IFoS] 

Q6. Find the work done in moving the particle once round the ellipse 
2 2

1, 0
25 16

x y
z    under the field of force given by 

     2 ˆˆ ˆ2 3 2 4F x y z i x y z j x y z k         . [8a UPSE CSE 2009] 
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                                          3.THREE IMPORTANT THEOREMS  

 

                                          GREEN’S THEOREM 

Q1. Let  2F xy i y x j   . Integrate  F k   over the region in the first 

quadrant bounded by the curves 2y x  and y x  using Green's theorem.  

[8c UPSE CSE 2018] 

Q2. Using Green's theorem, evaluate the  
C

F r dr  counterclockwise where 

     2 2 2 2ˆ ˆF r x y i x y j    and ˆ ˆdr dxi dyj   and the curve C is the boundary of 

the region   2, 1 2R x y y x    . [8c UPSE CSE 2017] 

Q3. Verify Green's theorem in the plane for  2 2

C
xy y dx x dy  

   where C is the 

closed curve of the region bounded by y x  and 2y x . [8b UPSE CSE 2013] 

Q4. Find the value of the line integral over a circular path given by 
2 2 2 , 0x y a z   , where the vector field,    sin 1 cosF y i x y j   . 

 [8b 2012 IFoS] 

Q5. Verify Green's theorem in the plane for    2 23 8 4 6
C

x y dx y xy dy   
  , 

where C is the boundary of the region enclosed by the curves y x  and 2y x . 

[8c 2011 IFoS] 

Q6. Verify Green's theorem for sin cosx xe ydx e ydy   the path of integration 

being the boundary of the square whose vertices are      0,0 , 2,0 , 2, 2    and 

 0, 2 . [8c UPSE CSE 2010] 

Q7. Use Green's theorem in a plane to evaluate the integral, 

   2 2 2 22
C

x y dx x y dy   
  , where C is the boundary of the surface in the xy-

plane enclosed by, 0y   and the semi-circle 21y x  .  

[8b 2012 IFoS] 
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                           GAUSS’ DIVERGENCE THEOREM 

 

Q1. Given a portion of a circular disc of radius 7 units and of height 1.5 units 

such that , , 0x y z  . Verify Gauss Divergence Theorem for the vector field 

 2, ,3f z x y z  over the surface of the above mentioned circular disc.  

[7c 2020 IFoS] 

Q2. State Gauss divergence theorem. Verify this theorem for 2 2 ˆˆ4 2F xi y j z k   , 

taken over the region bounded by 2 2 4, 0x y z    and 3z  .  

[8c UPSC CSE 2019] 

Q3. If S is the surface of the sphere 2 2 2 2x y z a   , then evaluate 

     
S

x z dydz y z dzdx x y dxdy        using Gauss' divergence theorem.  

[6d UPSC CSE 2018] 

Q4. Evaluate the integral: ˆ
S

F nds  where  2 2 3 2 ˆˆ ˆ3 3F xy i yx y j zx k     and S is a 

surface of the cylinder 2 2 4, 3 3y z x     , using divergence theorem.  

[8c UPSC CSE 2017] 

Q5. If E be the solid bounded by the xy plane and the paraboloid 2 24z x y   , 

then 
S

F dS  where S is the surface bounding the volume E and 

   
2 23 2 ˆˆ ˆsin cos 3 yF zx yz x i yzj zy e k      . [5e 2016 IFoS] 

Q6. Using divergence theorem, evaluate  3 2 2

S

x dydz x ydzdx x zdydx   where S is 

the surface of the sphere 2 2 2 1x y z   . [7b 2015 IFoS] 

Q7. Verify the divergence theorem for 2 2 ˆˆ ˆA 4 2xi y j z k     over the region 
2 2 4x y  , 0, 3z z  . [8c 2014 IFoS] 

Q8. By using Divergence Theorem of Gauss, evaluate the surface integral 

 
1

2 2 2 2 2 2 2a x b y c z dS


  , where S is the surface of the elliposid 
2 2 2 1, ,ax by cz a b    and c  being all positive constants. [8c UPSC CSE 2013]  

Q9. Evaluate 
S

F ds , where 2 24 2F xi y j z k    and s is the surface bounding 

the region 2 2 4, 0x y z    and 3z  . [6b 2013 IFoS] 

Q10. Verify the Divergence theorem for the vector function 

     2 2 2F x yz i y xz j z xy k       taken over the rectangular parallelopiped 

0 , 0 , 0x a y b z c      . [8b 2013 IFoS] 

Q11. Verify Gauss' Divergence Theorem for the vector 2 2 2 ˆˆ ˆv x i y j z k    taken 

over the cube 0 , , 1x y z  . [8d UPSC CSE 2011] 
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Q12. Use the divergence theorem to evaluate 
S

V ndA  where 2 2V x zi yj xz k    

and S is the boundary of the region bounded by the paraboloid 2 2z x y   and 

the plane 4z y . 

[7c UPSC CSE 2010] 

Q13. Use divergence theorem to evaluate,  3 2 2

S

x dy dz x ydz dx x z dy dx   where 

S is the sphere, 2 2 2 1x y z   . [8b 2010 IFoS] 

Q14. Using divergence theorem, evaluate 
S

A dS  where 3 3 3 ˆˆ ˆA x i y j z k    and S 

is the surface of the sphere 2 2 2 2x y z a   . [8b UPSC CSE 2009] 
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                                       STOKE’S THEOREM 

 

Q1. Verify the Stokes' theorem for the vector field ˆˆ ˆF xyi yzj xzk    on the 

surface S which is the part of the cylinder 21z x   for 0 1, 2 2x y     ; S is 

oriented upwards. 

[7a UPSC CSE 2020] 

Q2. Evaluate the surface integral ˆ
S

F ndS   for   ˆˆ ˆ2F yi x xz j xyk     and S is 

the surface of the sphere 2 2 2 2x y z a    above the xy-plane.   [8b UPSC CSE 

2020] 

Q3. Evaluate by Stokes' theorem 2x

C
e dx ydy dz  , where C is the curve 

2 2 4, 2x y z   . 

[8c UPSC CSE 2019] 

Q4. Verify Stokes's theorem for   2 2 ˆˆ ˆ2V x y i yz j y zk    , where S is the upper 

half surface of the sphere 2 2 2 1x y z    and C is its boundary. [6c 2019 IFoS] 

Q5. Evaluate the line integral 3 3 3

C

y dx x dy z dz    using Stokes's theorem. Here 

C is the intersection of the cylinder 2 2 1x y   and the plane 1x y z   . The 

orientation on C corresponds to counterclockwise motion in the xy-plane.  

 [8b UPSC CSE 2018] 

Q6. Using Stoke's theorem evaluate  

     2
C

x y dx x z dy y z dz       , where C is the boundary of the triangle with 

vertices at  2,0,0 ,  0,3,0  and  0,0,6 . [6c 2017 IFoS] 

Q7. Evaluate  

  ˆ
S

f ndS  , where S is the surface of the cone, 2 22z x y    above xy-plane 

and    3 2 ˆˆ ˆ 3f x z i x yz j xy k     . [7d 2017 IFoS] 

Q8. Prove that 
C S

fdr dS f   . [8b UPSC CSE 2016] 

Q9. Evaluate   ˆ
S

f ndS   for   2 2 ˆˆ ˆ2f x y i yz j y zk     where S is the upper 

half surface of the sphere 2 2 2 1x y z    bounded by its projection on the xy 

plane. [6d 2016 IFoS] 

Q10. State Stokes' theorem. Verify the Stokes' theorem for the function 
ˆˆ ˆ 2f xi zj yk   , where c is the curve obtained by the intersection of the plane 

z x  and the cylinder 2 2 1x y   and S is the surface inside the intersected one. 

[7a 2016 IFoS] 

Q11. If   ˆˆ ˆ2F yi x xz j xyk    , evaluate   ˆ
S

F ndS  , where S is the surface of 

the sphere 2 2 2 2x y z a    above the xy-plane. [8b 2015 IFoS] 
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Q12. Evaluate by Stokes' theorem   y dx z dy x dz


   where   is the curve given 

by 2 2 2 2 2 0, 2x y z ax ay x y a        starting from  2 ,0,0a  and then going 

below the z-plane. 

[6c UPSC CSE 2014] 

Q13. Evaluate 
S

A ndS   for    2 2 ˆˆ ˆ4 3 2A x y i xyj xz z k       and S is the 

surface of hemisphere 2 2 2 16x y z    above xy plane. [7b 2014 IFoS] 

Q14. Use Stokes' theorem to evaluate the line integral  3 3 3

C
y dx x dy z dz   , 

where C is the intersection of the cylinder 2 2 1x y   and the plane 1x y z   . 

[8d UPSC CSE 2013] 

Q15. If  2F yi x xz j xyk    , evaluate  
S

F nds   where S is the surface of 

the sphere 2 2 2 2x y z a    above the xy-plane. [8c UPSC CSE 2012] 

Q16. Find the value of  
S

F ds   taken over the upper portion of the surface 

2 2 2 0x y ax az     and the bounding curve lies in the plane 0z  , when 

     2 2 2 2 2 2 2 2F y z x i z x y j x y z k         . [6b 2012 IFoS] 

Q17. If ˆˆ ˆ4 2u yi xj zk   , calculate the double integral  u ds   over the 

hemisphere given by 2 2 2 2 , 0x y z a z    . [8b UPSC CSE 2011] 

Q18. Evaluate the line integral  2sin
C

xdx y dy dz  , where C is the circle 

2 2 16, 3x y z   , by using Stokes' theorem. [5e 2011 IFoS] 

Q19. Find the value of  
S

F dS   taken over the upper portion of the surface 

2 2 2 0x y ax az     and the bounding curve lies in the plane 0z  , when  

     2 2 2 2 2 2 2 2 2 ˆˆ ˆF y z x i z x y j x y z k         . [8c UPSC CSE 2009] 
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                                            CURVATURE & TORSION 

 

Q1. A tangent is drawn to a given curve at some point of constant. B is a point 

on the tangent at a distance 5 units from the point of contact. Show that the 

curvature of the locus of the point B is  

 

 

1 2

2 2 2 3

3 2
2

25 1 25 5 25

1 25

d

ds


    



  
     

  


 

Find the curvature and torsion of the curve 2 3 ˆˆ ˆr ti t j t k   . [6c 2020 IFoS] 

Q2. Find the radius of curvature and radius of torsion of the helix cosx a u , 

sin , tany a u z au   . [7b UPSC CSE 2019] 

Q3. Let  r r s  represent a space curve. Find 
3

3

d r

ds
 in terms of ,T N  and B , 

where ,T N  and B  represent tangent, principal normal and binormal 

respectively. Compute 
2 3

2 3

dr d r d r

ds ds ds

 
  
 

 in terms of radius of curvature and the 

torsion. [5d 2019 IFoS] 

Q4. Derive the Frenet-Serret formulae. Verify the same for the space curve 

3cos , 3sin , 4x t y t z t   . [7c 2019 IFoS] 

Q5. Find the curvature and torsion of the curve    sin 1 cosr a u u i a u j bu k    . 

[7b UPSC CSE 2018] 

Q6. Let   be a unit-speed curve in 3R  with constant curvature and zero torsion. 

Show that   is (part of) a circle. [7d 2018 IFoS] 

 

Q7. For a curve lying on a sphere of radius a and such that the torsion is never 

0, show that  
2 2

2

2

1 '
a



  

   
    

   
 [8c 2018 IFoS] 

Q8. Find the curvature vector and its magnitude at any point  r   of the curve 

 cos , sin ,r a a a   . Show that the locus of the feet of the perpendicular from 

the origin to the tangent is a curve that completely lies on the hyperboloid 
2 2 2 2x y z a   . 

[7a UPSC CSE 2017] 

Q9. Find the curvature and torsion of the circular helix  cos ,sin , cotr a     , 

 is the constant angle at which it cuts its generators. [8c 2017 IFoS] 

Q10. If the tangent to a curve makes a constant angle , with a fixed lines, then 

prove that cos sin 0     . Conversely, if 



 is constant, then show that the 

tangent makes a constant angle with a fixed direction. [8d 2017 IFoS] 



Upendra Singh : Mindset Makers for UPSC 
 

Mentoring : +91-9971030052 

 

Q11. For the cardioid  1 cosr a   , show that the square of the radius of 

curvature at any point  ,r   is a proportional to r. Also find the radius of 

curvature if 0, ,
4 2

 
  . [8d UPSC CSE 2016] 

Q12. Find the curvature and torsion of the curve cos , sin ,x a t y a t z bt   .  

[5c 2015 IFoS] 

Q13. Find the curvature vector at any point of the curve 

  ˆ ˆcos sin , 0 2r t t ti t tj t     . Give its magnitude also.  [5e UPSC CSE 2014] 

Q14. Show that the curve  
21 1 ˆˆ ˆt t

x t ti j k
t t

   
    

   
 lies in a plane. [5e UPSC 

CSE 2013] 

Q15. Derive the Frenet-Serret formulae. Define the curvature and torsion for a 

space curve. Compute them for the space curve 2 32
, ,

3
x t y t z t   . Show that the 

curvature and torsion are equal for this curve. [8a UPSC CSE 2012] 

Q16. Find the curvature, torsion and the relation between the arc length S and 

parameter u for the curve:    2 ˆˆ ˆ2 log 4 2 1er r u ui uj u k     .  [8a 2011 IFoS] 

Q17. Find    for the curve  

  cos sinr t a ti a tj bt k   . [1c UPSC CSE 2010] 
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                     CURVILINEAR COORDINATES 

 

Q1. Derive expression of f  in terms of spherical coordinates. 

Prove that  2 2 22fg f g f g g f         for any two vector point functions 

 , ,f r    and  , ,g r   . Construct one example in three dimensions to verify this 

identity. [8a 2020 IFoS] 

Q2. Derive 
2 2 2

2

2 2 2x y z

  
   

  
 in spherical coordinates and compute 

 

2

3
2 2 2 2

x

x y z

 
 

  
  
 

 in spherical coordinates. [8c 2019 IFoS] 

Q3. For what values of the constants ,a b  and c  the vector 

      ˆˆ ˆ2 2V x y az i bx y z j x cy z k           is irrotational. Find the divergence 

in cylindrical coordinates of this vector with these values.  

[5d UPSC CSE 2017] 

 

 


