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Integral Calculus

Integral as inverse process of differentiation (1)
Indefinite Integral (1)

Method of Substitution (3)
Integration by parts (16)
Integration by partial fraction (31)
Definite integral (38)

Reduction formulae (45)

Walli’s formula (47, 51, 55)
Libnitz Rule (57)

Use of single integration:

(a) Area (62)

(b) Equation of curve in polar form (63)
(c) Area between curves (64)

(d) Arc length (65)

(e) Arc length in polar form (67)
(f) Volume (69)

(9) Solid of revolution (73)

(1) Volume (73)

(ii) Surface Area (78)

Double integration (81)

Change of order of integration (86)
Cartesian — Polar (90)

Use of double integral (93):

(@) Area (93)

(b) Surface Area (96)

(c) Volume of 3-D object (105)
Gamma Function (107)

Beta function (109)

Triple integral (111)

Conversion of T.I.

(i) Spherical coordinates (114)
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(ii) Cartesian — Cylindrical coordinates (116)
Use of Triple _[ :

(@) Volume (117)

Integration as inverse process of differentiation:

If F(x) isa function st %(F(x)): f (x) then %(F(x)+c): f (x) and

_[ f (Xx)dx = F (x)+c — Arbitrary constant ; c e R

Indefinite Integral

Note: As di X" =nx"?t

X
n+l
Soi(X sz” (n=-1)
dx\ n+1
n+l
:>Ix”dx: A
n+1

1
Zdx =
(Z)dex og|x|+c (x#0)
(3)ieX:eX:Iede:ex+c
dx

4) jcosxdx:sinx+c

(5) J'sin Xdx=-cosx+c

(6) di(tan X) =sec’ x = J.sec2 xdx =tan x+c¢
X
d 2 2

(7 d—(cotx):—cosec x:>fcosec Xdx = —cotx+c
X
d

(8) d—(secx):secxtanx:jsecxtanx:secx+c
X
d

9) d—(cosec X) = —Ccosec X cot X = J.cosec X cot X dX =Ccosecx+c
X

dx =sin x*x+c¢

d, . . 1 1
(10)&(sm x)=\/1_7:>_|'\/1_7

d -1 -1
11) —(cos™ x| = dx=cos Xx+cC
(11) -~ (cos™x)

-1 -1
=
\J1-x? I J1-x2
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d -1 -1
12) —(tan—" x )= dx=tan" x+c
( )dx( )

=
1+ x? J.1+x2

dx=cot™* x+c¢C

d B -
13) &(cot lX):1+ X2 :I1+x

dx =sectx+c

(14) i(sec X

pro il o

dx = cosec X + ¢

d -1 _1 _1
15) — (cosec™*x) = =
( )dX( ) X x2 -1 Ix\/xz—l

Linearity Property of Indefinite Integrals:

i SF (%)= £(x) and <G (x) = g (x) then -(aF (x)+ba(x)) =af (x) +bg (x)
:>Iaf(x)+bg(x)dx=aF(x)+ba(x)
=a| f (x)dx+b[g(x)
| [af (x)+bg (x)dx =a[ f (x)dx+b[g(x)
Method of Substitution
If we have Integral of the form _[ X dx or j[f dx n=-1
(x)

Then take var y = f (x), on differentiation both side
= f'(x)dx
f'(x)
SoJ. ) dx = I dy =Inly|+c
=Inf (
n n+1
_[(f(x)) f'(x)dx:_[y”dy: Y _ ¢

( f (X))n+1
n 1

x)‘+c

QL. Find [ tan xdx

——dx

J~sinx
COS X
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Put cosx =t

—sin xdx = dt
—_[%dt:—log|t|+c

=—log|cos x| +¢
=log|sec x|+c
Q2. jcotxdx =7

COS X

Jcotxdx -[smx

sinx=t

cos xdx = dt
=J.%dt

t
=In|sinx|+c
Q3. Isecxdx:?

sec X sec X +tan x)

_[secxdx j
secx+tan X

dx

secCxXx+tanx=y

(secxtan X +sec’ x)dx =dy
d

I—yzlog|y|+c
y

=log(sec x+tanx)+c

Q4. jcosec xdx ="?

cosec X (cosec X+ cot )
(cosec x + cot x)

_[ cosec X dx = I dx

—log|cosec x +cot x| +¢
=In|cosec x—cot x| +¢

— cosec’x —cot? x =1
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Some Standard Substitution

X

(1) Iaxdx: a +C
Ina

Proof (1)

Let ¥ =¢'

t=xlna

J'ax I J'exlnadx

Put xlna=y

(Z)I (ax+b)d =I

y=ax+b = dy = adx

1
==|f b)d
aI (ax+b)dx

1
©) J.a +x° (quad typej

Replace x by atané,dx =asec® 0d@

_I dx _,[ asec’ 0do
Ja’+a’tan’e a’(1+tan” o)
_ J'sec 0
sec’ 9
=19+c
a
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1. 4
- X
_atan A+c

or

:Z—Z[In(x—a)—ln(x+a)]+c

1 X—a
=—In|——-1|+cC

2a |[x+a

dx 1 X—a

5 | ——=—-In——|+cC
()Iaz—xz 2a X+a

1 X+a
=—In——

2a |x—a

1
—— |t
© (w/quadrant] yPe

| :J. o (we want form \/_ )

Ja + x?

2
Soput x=atand = secl = 1+[5j
a

dx =asec’0do

| _J-;s(seczede
A seco

=Isec9d9: log|sec & +tan 6|+ c
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X ? X
1+ -] +—
a a

X xX+a’

=log +C

or

I =log +C
a a
= Iog‘x+\/x2 +a’|+c

O

Put x=asectd =tand = X—2—1
a

or X =acosecd

Take x=asecd

dx=asecAdtan&dé@

dé

§ |=I asecdtan@

Ja%sec? 9 —a?

B p(sec@janﬁl
1

=log|sec &+ tan 6| + ¢

=log AT Lo
a

+C

=sin'y+c

—sin X
Sin a+C
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X =y

dx=ady
dx
1.Find | ——— =1
QLFin J.—2x2+5x+7
dx
|=j
_2(X2_5x_7j
2 2
:J' dx
_2(X2_5x+25_7_25j
2 16 2 16
3 dx
=] 5 25
—2| | X — SRR
(=3)+(=3))
1 dx

_5/.9
1 InX A+A‘+c
229, 5%l
=lln 4(x+1) »
9 (4x-19
Q2. Find | &
X +Xx+1
:j dx
2
(x+1j +1—1
2 4
=J‘L2:Iog(x+%j+\/x2+x+l+c
[Hlj =]
2 4
Sin X +Cos X
3. Find | ————dx =1
Q '[ \/sin 2x
Sin X + COS X
| = [SXECOSX g
\J25sin xcos x
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1 Isinx+cosxdx

V27 \sinxcosx
Let y =sin X—cCos X
dy = cos x +sin x dx

2 o 2 2 :
y“ =sin X +€0s” X —2sin Xcos X
y? =1-2sin XCOS X

2sinxcosx =1-y°

1=

N

=siny+c

=sin™ (sinx—cosx)+c

(9) j &dx

ax’+bx+c

Where p(x) is any polynomial.

Q(x)
ax? +bx+cm
r(x)

P(x)

ax’ +bx+c

r(x)

=Q(x)+r(x)

_ k(2ax+b)+ c
Cax’+bx+c ax’+bx+c

|=IQ(X)+

x*+1
X +1

k(2ax+b) . c

| > dx
ax“+bx+c ax-+bx+c

Q4. I dx

I =Ix2—1+ dx

X2 +1

x}]—x+2tan x+c
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x? -1
x2+1)x* +1
—x* +x?
1-x°

1+ x°

1
2

=£J-1— X_ dx
2 » 1
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(1+i2jdx:dy (1—%de=dz
X X

1p dy 1, dz

- J.y2+2 2-[22—2

1 Nt z—\/f
:ET //_ 2 2\/_ £z+\/§)+c

X}/ 1 X—l—}/\/_
" S

2 1)\? 2 2
(s 2 k)
Putx—lzy X+==1
X X

1 dy 1 dz
I__J’y2+3_§-[22 1

1 1/ 1 1, z2-1
Sy = — . lp——+C
2 J’ AN A

Y/ __

\/_

y 1 x+y -1
ZJ_ \/5 x+y+1

x?+1
—— dx=1
Q. Ix +x%+1
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:I X2+1
xz(x2+%2+l)

1+
X_

dx

e,

Py

2xdx =dt

|=I#dx+4 %dx
X +XxX+1 X"+ X +1

2xdx =dt

3 dt
=— +4 (already done
th2+t+1 ( y )
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:i tanlw .14_
Z NI NG

- \/§tan1(2f/glj+...

dx
10.
© '[(ax+b)\/cx+d

Put (x+d :tz) (to get rig of </ )

cdx=2tdt

dx .
.[( ~

ax+b)J(x+d) cj{a[tzdc}b}

dx
9.
Q J.(2x+3)\/4x+5

Put 4X +5=t?

4dx = 2t dt

1 tdt 1

2

_ij Zdt

7t -5+6

t? +1
=tan‘t+c

=tan*\4x+5+c¢
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Q10. jeXA x3dx

x* =t

1

Zj'e dt

4x3dx = dt

t

s|@
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Integration by Parts:

d d e
If ix F (X) =f (X) and &G (X) =0 (X) now product of derivative:

= .[v-udx :uj.vdx—.[(J.vdx)(gqux

If u(x) and V(X) are functions of X then

_[u-vdx:uj'vdx—j(jvdx-j—ijdx

(the one easy to .[ should be V)

ILATE

VATER RN

Inversetrigo |og algebriac ~ Trigo Exponential

function

* For choice of U follow ILATE (i.e. preference of U)

Note: IF we cannot evaluate I f (X) dx directly then to apply integration by part in it, write

J.f(x)dx:.[l- f (x)dx
T 7

vV u
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= f(x)-x—jxf '(x)dx
Q1. Find jln X dx

J.l-ln xdx =In x-x—jx-%dx

=Inx-Xx—x+¢C
Q2. jsin‘lxdx
J'l-sin‘lxdx:sin‘1 x-x—J.x- dx
1-x°
:xsin‘lx—j X dx
1—x°
1¢1
=t
2L/E
1-x° =t
—2xdx =dt
—llnt t”
2
:xsin‘1x+(1—x2)%
Q3. Icos’1 Xxdx = xcos ™t X —/1— x?
Q4. Itan’lxdx=xtan’1x—fx- 1 ~dx
1+x

- X
= xtan™ x— | ——dx
1+X

1+x° =y
2xdx =dy

:xtan‘lx—lj‘ldy
27y
:xtanlx—%log‘1+x2‘+c
-1 -1 1 2
Qs.jcot xdx = xcot X+Elog‘1+x‘+c
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Q6. Isec‘1 xdx = xsec‘lx—j)(

1
———dX
AIx2-1

=xsec x—J‘ 1 dx
-1

’XZ
_ 1
= Xsec lX—Eln‘X-I-\/XZ —l‘+c

_ _ 1
Q7. Icosec ' = x cosec 1X+Eln‘x+\/x2 —1‘+c

Note: If f (X) is any differentiable function then
jexf (x)dx = f(x)e* —_[exf '(x)dx+c

.[ex(f(x)+ f'(x))dx=e*f (x)+c

1
Q1l. Iex(tan1x+ 2jdx:eX tantx+c
1+x

o X=1
Q2. Ie ( o de
:Iex(l—%jdx=e—+c
X X X

Q3. Iexxsdx = x%* —_[ex -3xdx

or J.ex(x3+3x2—3x2 —6x+6x+6—6)dx
e x® —e*-3x% +6e* - x—6e*

:ex(x3—3x2 +6x—6)+c
Q4. Iex(lnx+i)dx
X2
=je*(ln x+1—1+i2jdx
X X X

-]
=e"| Inx-=|+cC
X
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Q5. jex sinx="?

(sin x+cos x) +(—cos x +sin x)
2

sinx =

%Iex [(sin X +C0S X) +(—COS X +Sin x)] dx

=%[ex (sin x—cosx)]+c

or

Let | :jexsinxdx:sinx-ex—jexcosxdx
I =sin xe*—cosxex—jexsin X dx
=(sinx—cosx)e* — I

21 =(sin x—cos x)e”

e*(sin x—cos x)
2

Q. Find J.eX cos X dx

d .
—sin X =cos X
dx

(cos x—sin x)+ (+sin X +cos x)
2

COS X =

| :Iex (cosx—sin x)er(sm x+cosx)oI

X

:?(cosx+sin X)+cC

Q. jex (x3 +7x%+5x +11)dx
[can write it directly]
= (5 + 7 +5x+11) (3% +14x+5)+ (6x+14-6) | +C

X3 +3X% +7x2 +14X+5X +5+11-3x? -14Xx-5+6Xx+14—6
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By using recursive formula and using integral by parts:

J'eaxsin(bx+c)dx ;a#0b=20;b=1ceR
.[eax cos(bx+c)dx

Note: To find jeax sin(bx+c)dx we take
I=Ie“-sin(bx+c)dx

Now by using integration by parts:

I=sin(bx+c)-%—jw-e“dx

=sin (bx+c)%—g cos (bx+c)e™dx

:sin(bx+c)e?—g{cos(bx+c)-%+J'sin(bx+c)-b-%dx}

ax b b2
| =sin(bx+c)- ?—a—cos(bx+c) e —1. o

[ jl— sm bx+c)_9cos(bx+c)jeax

a a

(a +b2) asm(bx+c) bcos(bx+c))eax

2

a

_ [ asin (bx+c)—bcos (bx+c) ] o
(a*+b?)

ax

=——— [ asin(bx+c)—bcos(bx+c)]

Ie"‘x sin(bx +c)dx 2 b
+

I—J.eaxcos(bx+c )dx = IeaXS|n(bx+c+ jdx

:% asin(bx+c+£j—bcos[bx+c+Zj
a“+b 2 2

ax

e .
I :m(acos(bx+c)+bsm(bx+c))

5X

Ql. jesx sin4xdx = 526—42(53in 4x —4c0s4x)
+
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5X

= Z—l(Ssin 4x—4c0s4x)

or

Let S5x =Y

5dx = dy

lJ'eysinﬂdyzljey sin4—y+(cosﬂj-f + —(cosﬂj-fﬂinﬂ
5) 5 5) 5 5 )5 5 )5 5
:ley(sinﬂ—cosﬂ-ﬂj
5 5 5 5

in4x— 4x-4
:iey(Ssm X —C0OS4X )25
25 41

Divide by 4

25

g . 4 y
coefficient of SIn % is 4 o5
Q. I\/x2+a2dx=?
J.l-\/x2+a2dx:«/x2+a2-xj'

m Z - Zxdx

=+ ——d
x* +a’ xjmx

2 2 2
x> +a
= Xx-\X*+a’ —U x)

a
dx— d
N 2 + a2

2
=xyx?+a’ -1 +jﬁdx

dx
21 = xa/x? +@* +a2j—
VX% +a’
Xy x> +a’ +a’ Iog(x+\/x2+a2)

2

Q Vx> —a’dx="?

+C
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xvx?—a’ +a’ Iog‘(x+\/x2 —az)

2

Q. I\/az —x*dx="?

+C

J.l.\/a2 —x2dx = xv/a% — x? —j X(_;jg azdx

2 2 2
—xa? | 22X %
I[\/az_xz \/aZ—XZ

2
a
=xya®-x* -1 +J'ﬁdx

JaZ-x
2l =xyJa®? - x> +a’ sin‘l%+c

<N
xya?—x% +a’sint>

I = d ¥ d

2
X—a
Q. I /b—dx [part of trigonometric substitution]
—X

a,b=0

Let X=acos’d+bsin’ 9

dx = (2acos 6(-sin@)+ 2bsin 00050)d

=(2b—2a)sing-cosOdo

J.\/a(cosz49—1)+b3in2¢9

b(l—sinze)—acos2 0

-2sinfcosf(b—a)do

J-\/—asin2 6 +bsin?6

- ~—-2singcosd(b—a)dé
bcos“ @ —acos” @

sin@
I —a cost

(b—a)'[sin"‘0d9:2(b—a)J'sin29d9

-2sin@cesd (b—a)do
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= (b—a)J'(l—cos 20)do

:(b—a){e—s’in;a}c

Now

x—a=(b—a)sin’0

I X—a
=SsIinf=,|——
b-a

b—x

Similarly cos@ =, |——

b-a

So sin26 = 2“(X_a) b—x)

b-a
0=sin‘1£ /_x—a}
b-a

So
., [x=a Z{(x-a)(b-x)
=(b—a)| sin \/;— 7(b-a) }

., [x-a [(x—a)(b—x)
=(b—a)| sin \/;— (b-a) J
Q.Findj\/gdx

1+ x=2c0s*6

= C0S@ = S

2
. 1-x
sin@ =

2

Z(\/1+ x\/1—x)

=sin20 =
Zz

X =Cc0s 260
dx =-2sin260dé&
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[ /%-(—min 20d0
2
[ /%(—Z)Sin 20d6
SI

—2] Cos‘g .20 cosOdo

—4j cos’0do

—2j1+coszed9=—2(9+3'”29j

2 2

B _2£cosl X, V1+X4/1— xj

= —(cos’l X+,J(1+ x)(l—x))+c

Q. Find j ', =2

(x+3) (4x2 +5x+7)

1
Put X+3:E

1
We will get —t—zdt and t* from denominator in numerator which will cancel each other and finally

we will get quad of t with \/_
1

dX = ——zdt
t

5 T
%\/4&—3) +5(t—3)+7

_I\/ 4(1-3t) +5(t 3t? )+7t2

dt
I 4+ 36t% — 24t +5t —15t2 + 7t2

=_I dt
282 —10t + 4
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J_I +4

28 28

9%, %
V(%) % -(9%)

+C

Qj(

x? +1 2x2 +3

2x* +3=t?

4xdx =2t dt

S SO R S

'[ZX [t23+2j~}/dt I(tz—l)«/t?%
yA

dx
I(x2 +1)v2x* +3

1
Let X=-
t

dx:—tizdt

241 243
t? t
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ZJ- —t dt
(t2+1) \J2+3t2
Put t? =y

2tdt =dy

__Il+ y/2+3y

Put 2+3y = p°

2x2+3=}t/2

4xdx:—%dt
t
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Integration by Partial fraction:

P(x)

If we have rational function f (X):W where Q(x):(x—ai)(x—aﬂ)...(x—an) then if

degree of (P(X)) < degree(Q(x)) then P(X) is written as:

Q(x)

P)__ A A A

Qx) (x-a) (x-a) (x-a)

where A, A,,...A, are arbitrary constants to be evaluated.

Note: If factors (x—a) appears I' times then

(1) In partial fraction we take:

Ar
A + A 5+
X—a (x-a) (x—a)
Ax+B uadrant
(2) For factor ax® +bx+C in denominator we take —5 . andsoon q—
ax“ +bx+c cubic

Take derivative of equation (1)
2A(x-1)+B=2x+1
Put x=1
B=3
then again 2A=2
=A=1

. J-X2+X+ldx J'( 1 N 3 3

5 >+ 5 dx
(x-1) x—1) (x-1)" (x-1)

In(x—1)+3( x_—11j+3£2(x_11)2 J+c

Q J‘ dx
“J 2sinx+3cosx+4

a,Sin Xx+b, cosx+c,
a,sinx+Db, cosx+c,

Note. J- dx
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. . X X
Put SIN X = 2SIN —COS —
2 2
2 X L, X
COS X =C0S” ——SIn“ —
2 2
. o X ) X
constant =SIiN“ —+C0S” —
2 2

then multiply numerator and denominator by sec’ % .

dx dx 2 X 2
'[2 i 3 4= < < X ” Ccos §+Sln E
y 2~2$incos+3(cosz—sin2j+4

now multiply by sec? % .

J. sec’ X2dx
sec? X2(4sin %COS%+3(COSZ %—sin2 %)+4(cos2 X2 +sin? %))

sec’ dex
J.4tan %+3(l—tan2 %)+4(l+tan2 %)

X
Now put tan E =y

J‘ 2dy :J. 2dy
4y+3(1-y*)+4(1+y?) ~Ay+T7+y’

dy
:2J'2—
y +4y+7

:2'[ )

(y+2)2+(\/§)2

tan5+2

—

= itan‘l (MJJFC =2tan

VRl

or for above question type put
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2tan X 1—tan® X
sinx:—é cosx=—— 22
1+tan® X 1+tan® X
2 2
x*+1

R [y e ey

dx

deg(nu) > deg (deno)

Now divide numerator by denominator

x* +1

I D02

R(x)
3)dX:JQ(X)+(x—l)(x—2)(x—3)dx

Now R(X) will have deg < deg (denominator) then do normally.
Q. jsec3 x dx
J'secz X -sec x dx

J'\/1+ tan? x sec? xdx

tanx=y

sec’® xdx = dy

:_N1+ y? dy

or

I :.[sec3 xdx:.[secx-sec2 X dx
=secxtan x—J'secxtan2 X dx
=sec x tan x—jsec x(sec2 x—l)dx
=secxtan x— | +Isecxdx

| secxtanx+|n|secx+tan x|+c

2
Definite Integral
If dFd—E(X)= f (X) A Xe[a,b] then
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[ £ (x)dx=f (b)~ f (a) = (x)]

Here a and b are known as lower limit and upper limit of integration respectively and integral is
known as definite integral of f (X) from a to b. (X varies from a to b)

Properties of definite integral:
1) [0 f (x)dx=—] f (x)x
@) [ f(x)dx=]"f (x)ax+ [ f(x)dx

j x)dx = j dt_j y)dy = f (a)-f (b)
@ [ f(x)dx=]"f(a+b-x)dx

Proof: | :jbf

a

(a+b—x)dx
let y=a+b—x

dy = —dx
L= [ (y):(~dy)
=L - T

/3
tan
Ql. dx =1 (1)
7;!.6 J/tan x ++/cot x

V/ /1 T
a+hb-x==—+=—-x==-X
6 3 2

zf tan(%— x)
7/ \/tan (% — x)+ \/cot(% — x)

. Jeot x )
o \/cotx+\/tanx

On adding (1) and (2)

| = dx

7/3
21 = j dx

7/6

Personalized Mentorship @ +91_9971030052



An Exclusive Platform foe UPSC with Science (Mathematics) Optional

T,
7 3/sin x dx
% ¥sin x + 3/cos x

Q2. 1l = similarto 1

J' COSX dx

7% 3fsin x + 3/cos x

21 =%

=75

(5) J'Oza f (x)dx =j: f (x)dx+j0a f (2a—x)dx

Put 2a—X=Y

dy = —dx

= a—1“(y)dy

=L (v

(6) jo f(x)dx=2[ " (x)dx if f(2a-x)=f(x) =0
if f(2a—x)=—f (x)

@) [ (X)dx= [ £ (x)d+ [ F (=x)dx

= [ £ (x)der [ £ (x)aix

Proof: [ f (~x)dx

Put —X=1Y

—dx =dy

Jgaf(y)dy:j_oaf(x)dx
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(8)If f (X) is even function then Ia

f(x)dx=2joa f (x)dx

If f (X) is odd function then fa f (X)dx =0

Q3. I02”|sin x| dx

N~

f (x)=[sinx|
f (27 —x)=[sinX

.[02”|sin x| dx = 2'[:|sin x| dx

= Z[Io%sin xdx—j;sin xdxj

_cosxl? x )
2( cosx|0 +cosx|%

=dy= y2+4%
X

0

NS
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5y
I siny -

3 w[y +4

=0- SNy is odd function.

Jy2+4

Q1. Iaa%dx =] and f (X) is even function then I=?

(a) Ioa f (x)dx

(b) 2 £ (x)dx
a f(x

(c) zjo %ex)dx

(d) None

Solution.

21 =Ia f(X)dX f(X) is even

—a

= ZIOa f (x)dx

Ans.(a)

*f f (X) is periodic function with period 'T' then for any natural number n,

IOnT f (x)dx=n_[0T f (x)dx
Proof: IOnT f (x)dx:ﬂ f (x)dx+.[T2T f (x)dx+...+'[(:T_l) f (x)dx
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T

=LT f (x)dxjtj'oT f (x)dx..._[O f (x)dx

Now

J-(k+1)T f (X) dx

KT

Put X=Yy+KT = dx=dy

LT f (y+kT)dy:_|‘0T f (x)dx

407

Q2. ! |sin x| dx = 20.[02”|sin x| dx

(a) 0 (b) 40 (c) 80 (d) None

Solution.

= 40j:sin xdx (.- sinx>0for0<x< )
:40(—005 x|g)

=40(—cos 7 +cos0)

=80

Q3. Jjo[x] dx ="?

*—o
*—o

= 7777

i I\I I ol1 2 3 34
Perodic X \‘ Perodic X

[x]:O 0<x< Period=1
10 1
J'O [x]dx =1Oj0 [x]dx

=I:O(x—{x})dx

:X? —J-Om{x}dx

0

=50-10] {x} dx

1
=50—1oj0xdx
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1
=50—10~(§ J
20

=50-5=45

Q4. .[:Iogsin xdx="7?
I :J.:Iogsin xdx = 2.[0% logsin xdx
= ZJ'O% log cos x dx
_ 207 (logsi
21 _ZIO (logsin x +log cos x ) dx
I :jo% logsin2x —log 2 dx

= IO% logsin 2xdx —log 2_[0% dx

Put 2x =t

2dx =dt
_ L [
_Ejo ogsin _EOQ

| z
| =—-=log2
2 2 :

I T
—=—"log?2
2 2 s

I =—7r|092:7zlog%
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Reduction formula

To find value of Definite Integral using Reduction formula:
_ (Paainn

(1, _IO sin” xdx where neN

=1

7, 1—C0S 2X

|2=_|.0”/zsin2xdx:_fO 5 dx

/2 1 /2

=[]

0 0

:z—l(sin 2x|%)
4 2 v

C0S 2X

dx

=%—%(sin7r—sin0)

=T
=74
I, = jo%sinS xdx = J‘O%sin2 X-sin x dx

= J'O%(l—cos2 x)sin x dx
Put COSX =Y

—sin xdx = dy
- [ a-y)o

v

Now to generalise:

T,
I :JO 2sin"! x-sin x dx

n

7

= (sinz’lfsin xdx—[(sin"* x)-(n—1)-cos x-(—cos x)dx)

0
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7

=sin]*(—cos x ‘/ n— 1 Ism” 1 x-cos® xdx

T, T,
=—cos x-sin"* X‘OA jt(n—l)fsin"‘2 xcos® xdx| ">
0

=0+ (n~1) sin" 2 x(1-sin’ x)d
:(n—l)J.O%(sin”’zx—sin”x)dx
1, :(n—l)jo%sin”‘z xdx—(n-1)I,
I, +(n=2)1,=(n- 1j/sm”2

=(n —1)J'o%sin”’2 X dx

nl,=(n-1)1,,
(n-1) _
I, = - |, | Reduction formula
Now from this I, , _2 [
n-5
I, =—I
n-4 n_4 n-6
So
I, = (n_l) (n—3) (n—5)"”£ % (if n is even)
n (n-2)(n-4) 2 2
|n=(n_1)(n_3)(n_5) 21 (if 1 is odd)
n (n-2)(n-4)"3

So Walli's formula:
) (n—l)(n—3)(n—5)....1£ nis v
fsin“xdx: n(n-2)(n-4)...2
(n-1)(n-3)(n-5)...2 i odd
n(n—2)(n-4)...3

By definite integral property
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j%sin” xdx = f%cos” X dx
0 0

Q1. Find | = J‘OA cos'® x dx

|=j%cosl°xdx= (10-1)(10-3)..1 g«
0 10(10-2)(10-4)..2 2
_ 9.7-8-3-1 K
10-8-8-4-2.1 2
_ 63 r_63r
256 2 512

Q2. Find | ='f”sin9 X dx
0
= ZJ‘%sin9 X dx
0

. (9-1)(9-3)(9-5)...2

5(9-2)(9-4).3

2.8-8-4-2 256
9.7.5.3-1 315

2n! et n
Q3. Find | :Wf—l(l_ XZ) dX where N is a natural number
Solution.

There we need substitution to solve

X=c0s6 dx=-singdg

2n! 0 n .
IZFZ-I%(l—cosze) (~sing)do
_2n!

= 2-_[0%(1—0032 0)sin6do

2n! ¢ .
221 Z-J.OAsmz“*l@d& (2n+1 always odd)

_2.2n1(2n+1-1)(2n+1-3)(2n+1-5)...2
~ 2" (2n+1)(2n+1-2)(2n+1-4)..3
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_2.2n! 2n-(2n-2)(2n-4)..2
~ 2" (2n+1)(2n-1)(2n-3)..3

or

~2.2n1 2"(n(n-1)(n-2)..2)
2" (2n+1)(2n-1)(2n-3)..3

~2.211 (2n-(2n-2)(2n-4)..2)°
o2 (2n+1) 21

2.2 (n)’
2™ 2n+l

- 2n+1

2) 1, :Lésinm X-c0s" x dx
T,
lon :Iécos"xdx
' 0
%
2 i T
Imo:j0 sin™ xdx

T
I, :J%sinx-cosn x dx
! 0

Let COSX=Y
—sin xdx = dy
_ 0 ”d
__Ily y
1
1 yn+1 1
nd — -
Oy y n+1O n+1

7 . 1
(I =Iécosx-smm xdx =——
‘ 0 m+1
Now if M, N > 2 we need reduction formula:

) ) ~ d /. _
Jsm”‘ xcos" xdx =sin™ xcos"* xjcosxdx—jd—(sm”‘ xcos"? x)-(J'cosxdx)
X

—sin™ xcos"* xsin x—j(msinm‘l x-c0s" x—(n—-1)cos"? xsin™* x)-sin X dx
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:sin"‘“xcos”‘lx—'[msinmxcos“dx+n—1'|'cos 2 xsin™?2 x dx

T, T,
| =sin™* xcos"? X‘OA —mil Jrn—ljoécos”‘2 xsin™?2 x dx

(m+1)1 =0+ n—ljo%cos“’2 xsin™? x dx

Im+4,n—4 = Im+6|n—6

m+5

(1) m,n is even.

| =(n—l)(n—?>)(n—5) 1 | 9
™ m+1 m+3 m+5 m+n-1 ™"

Limit (sum of numerator and denominator are always same =m+n)

U TR U P R,
(m+1)(m+3)(m+5)...(m+n-1) o

(n-1)(n-3)(n-5)..1 (m+n=T) (m+r=3)..1 1
MM W (m+n)(m+n-2)..2 2

_(n=1)(n-3)(n-5)...1-(m-1)(m-3)(m-5)..1

(m+n)(m+n-2)..2 %
(2) nis odd
| z(n—l)(n—B)(n—S)m 2, 1
™ m+l m+3 m+5 m+n-2 ™Y
(n-1)(n-3)(n-5)...2 1

" (m+1)(m+3)(m+5)..(m+n-2) m+n 2
___ (n-2)(n-3)(n-5)..2
3

(m+1)(m+) (m+n-2)(m+n)
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Walli's Formula:

When N, M are even

% (men)(men-2).2 when (n, m)isodd

(n-1)(n-38)(n-5)..1:(m-1)(m-3)..1 «
I sin™ xcos" xdx =
2

(n-1)(n-3)(n-5)...2:(m-1)(m-3)...

(m+n)(m+n-2)..10r2

T

Anyone of m,n isodd "1 =1

m,n

o =f)”

. sin™ xcos" x dx

:J'O%sinm (%—x)-cos“ (%—x)dx

% m ]
:jo cos™ xsin" x dx
=1

n,m

27 .
Qi. J'O sin® xcos® xdx =?

T
= 8foésin6 xcos® xdx (.. even powers)

:8[(6—1)(6—3)...1(8—1)(8—3),_,1.EJ

14-(14-2)..2 2

[5317/531 n}

W35 08642 2
_ A
256-2 512

57
Q2. LZ sin® xcos® xdx =?
V4

5z 5z

2 2
.[ sin® xcos® xdx = j sin3(977[+ xjcosf’(g?ﬂ+ xjdx
2r 2z

27+
= L Asm‘? X c0s> dx
T

Put y=x—-27 dy=dx
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- J‘Oﬂzsin3(y+ 27 )cos® x(y+2x)dy

[

sin® ycos® ydy

(31 (5-1)(5-3)

(5+3)(5+3-2)..20r1

_ZAZ 1
4647 24

Q3. Find E X2 (1- x)% dx

Put X =C0s> @

dx =-2sin@cos@da

ZJ.; cose(l—cos2 6’)% (—sin@)do

/2 N (6-1)(6-3)(6-5)...(4-1)(4-3) z
2[,"cososin 0d0=2( 10(10-2)..2 or 1 '5)

_ 53131 7 _ 3=
10-8-6-4-2.1 2 256

/4 Q
(3) In:J'0 tan" xdx ; neN

|, =7/4

l, = J'O% tan x dx = log|sec x|

7
0

= Iogsec%—logsece
=log \/E—Iogl

=log~/2

1
==log2
5 g

Now if n>2

|, = J:M tan" xdx = J:M tan"* x(sec® x—1)dx
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/4 /4
:j ! tan"? x~sec2xdx—j ! tan""? x dx
0 0
Put tanx =y
sec’ xdx = dy
l -
In:J‘Oyn 2dy_ln—z

n-2 1

Y|
n—l n-2

T -
l,=-1_,+——if niseven
n-1

1 1 1 1 T
I, = - + - e ol
n-1 n-3 n-5 n-7 4

If n is odd

I 1 1 ! ! 1+(+or—llogzj

"“n-1 n- 3 n-5 n-7"2
1 B 1 ﬂ
dh N1 n3 ns n7 "\"2

jtan“xdx: 1 1 ! 1
0 - + ..+| £=log2 | nodd
n-1 n-3 n-5 2

j neven

Qi. IO% tan® xdx =

1 1 1 =
6: — + [ —
6-1 6-3 6-5 4
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_3-5+15 =z

15 4
Bz
15 4

Q2. O% tan’ xdx =

Q3. j;tanS xdx =
4

J'”,,tansxdx:o

T+
4

'[0 tan® xdx =0
A

/4
—jo tan® xdx =?

11 1 11
= =—Z4ZIn|==-ZIn2
4 2 2 ) 4 2

Q4. J:ll(x2 —1)n dx
tan® @ =sec* 6 -1

X =secd

dx =secfdtanddé@

We do not need reduction here

j_ll(xz —1)n dx = Zj:(xz —1)n dx
= 2J'1tan2n 6-secOtan0déo
0

By expansion
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(1-%) =1-"Cx* + "C,x* - "C,x°...
fl(xz —1)n dx = 2j:(x2 —1)n dx

n R R P |
:2((—1) (l— Cl.§+ C1\2 ngjj

Qs. J:ll(1+ xz)n dx
By Binomial expansion (best possible)
fl(l+ x2) = 2_[:(1+ x2)n dx

0 1
=2) "C x
; b2i+1

I n i
=j_1§ C, - x¥dx
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Integral Calculus Part - 2

Q6. Ilmz = k2

n—o

18 1
=lim=

nsco nkn1+(§éf
- 12dx
11+X

=tan™ x‘
1

T 7T T

2 4 4
Q7. Find area of circle whose radius is r circle: x* +y? =r? center =(0,0)

Al
N

=X’ =x*=y
Area (1) :j\/rz —x%dx
0
Total area of circle = 4J.0r \Jr? = x2dx
2 r
4(5/7 ?_j

0

2 2
4l 0+ sin1-0-"sin"0
2 2

Q8. Find the area under the curve y = 2x® above X -axis when X goes from 0 to 1?
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v

T,

%

Area = | sin xdx
0

cos|;%

=—-c0S”7/,+cos0 =1

2

Equation of Curve in Polar form:
A

(r.0)

[
»

Area of sector included W;
curver = f (9)if Gvaries
fromato gis=

consideredasa
rightangle A

area of thisstrip

1
=2.r-r
2

|

Completearea=A

1
A= [ Zride
O=a 2

Area of sector included by curve r = f (&) if @ varies from o to £ is
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We have : Xx=rcosé

y=rsinéd
X +y?=r?

Y p—tantV
tan¢ =2 = 0~ tan 4

QL. Using above formula find area of circle.

X¥+y’=a’=r=a

o 2 =
j9°1r2d9=a—j4d0
0 2 2 0
_a'x_na’
22 4
2

a
Total area = 4-% =rza®

=ra’

. . . V4
Q2. Find sartorial area under curve r =e™ 2 Z where @ varies from 0 to Z?

J.Z”ﬁde:z”az

Area :I%lezgdﬁzij%ezedé
0 2 2 Jo

_ez"%_e% 1 e%2-1

4 4 4 4

0
_ ind T —
Q3. Curve r=4sin° ¢ Osegé,area =7

Area :JO%%x16sin6 edezsjo%sinﬁede

:ﬂ%% (Walle's)
5z
4
(c) If curves y = f (x) and y = g(x) intersects at points a and b then area between the curves

from a to b is given by:
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Arc Length of acurve y = f (x) from a<x<b:

4 X,y +dy
i ( )x vaxy) dy \({:F [dx® +dy®

— =

Vv

elementary arclength now

— arcS

|

v

|
X+ dx

1
I
I
1
1
1
1
1
1
1
I
1
1
1
1
1
1
1
I
i
I
X

|
X=a

S= j). ds = 'T dx* +dy?

b d 2
Arc length = j 1+(d—yj dx
x=a X

(Continuous process of sum is I )

Note: Arc length of curve x = f (y) from y=c to y =d is given by:
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d 2
s=[ i+ XY gy
e dy

QL. Find circumference of a circle of radius a

o Total S = 4(%) =2ra

Q2. Find arc length of the curve y = 2x* if X varies from 0 to 1?

ﬂ:4x
dx

S= j:\/1+16x2dx

1

1, 1 1
X —16+x +—16Iog X+ —16+x
At 2 4y _ 0
_4.[6‘/%6“( dx= A :

2 /i+1+ilog 1+ /i+1 —2Iogi
16 16 16 4
2 /£+%Iog 1+ /E +2log4
16 A6 16
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=2 f£+llog 1+ /E +2log4
16 8 16

Integral Calculus - 2

Arc length in polar form:

dr dr
A /
/! (r+dr,6+do) rdé
,’I ds
,’I r (r,H)
,’I r
O e
X0 -7

v

ds? = (rd@)2 +dr?
ds = (rd¢9)2 +(dr)2

-, Arc length of the curve S = Ids = I\/drz +r2d@?

So arc length of the curve in polar form if along the curve @ varies from « to [ is given by:

f dr
S= I r2 +(—j d&| where curve r = f (0)
e do

Note. If &= f () then
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r, 2
S= J' 1+r2[ 99 gr
A dr

Q1. By using formula of polar form, find arc length of circle of radius a.
Solution.

0=06

/7
&/‘

27

Polar form: r=a, X’ +y* =a’
2r

S= j\/r2+0 do
0

dr _

do
2r

=rj dO =2xr=27a
0

Q2. If a> 0 then find arc length of one loop of curve r =acosé.
Solution.

0

(0.0)

ﬂz—asine
dée

. S= ZIO%\/rZ +a’sin’0de
- Zjo%adé’ r =acosd

~7.a-Z -ra
7

Z

Q3. Find arc length of the curve r =e” where 0<8<In2 on curve.
Solution.

LU Sz'[omz\/ez“’+e2‘9 de :J';nzx/ﬁ e’do

do
=2 ¢’ :2 :\/E(e'”z—eo)zx/i(Z—l):\/E

Use of single integration to find volume of a 3-dimensional object:
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y
Volume of small part dv = f (z)-dz

= (areaeheight)
jdv:j f(z)-dz
\Y, =Lb:a f(z)dz

*If in 3D object, if height z varies from a to b and if area of cross section at arbitrary height z is
f (z) i.e. function of z , then elementary volume of the object between height z and z+dz is

dv=f (z)dz
So total volume is:

V = j). f(z)dz

Q1. By using single integration find volume of sphere of radius 'r".
Solution.

A7

+r=2
r’—z

v

r=z

v
X? +y?+2% =r? [ Center (0,0,0) radius =r ]

. Area of cross section = 7I;’
:7[( /rz_zz )2 :ﬂ_(rz_ZZ): f(Z)
<. Volume :_[_r f(z)dz

- J:rrﬂ'(l’z - zz)dz ( even function)
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3

. r 3 3
=272'I 2 —72dz = 27| rz-2| | 27| -1 =2;;.2_r:fﬂr3
0 3 3 3 3

0

Q2. Find volume enclosed by curve x* +y® =z?+2z+11 where z varies from 0 to 1?

A7
A

Vi1
z=0 Crosssectional Area 4
X2 +y*=11 -

y

2 2 _ 2 . .
x* +y® =(z+1)"+10 treat as radius of circle.
z=0
X +y?=11

z 7T then x> +y”>=r, where r, T
=7 =z(z,+1) +10= 7[(212 +27, +11)

3 2 a
1 7
.V =[z(z?+22+11)dz = .2y =7r(—+1+11J:3—7z
0 3 2 6 3 3
Q3. Find volume of right circular cone of radius r and good height h by single integration method:

Equation:

r X
y
h z
— = — (similar triangle)
1
Cr _r
>
2
coarea =71’ = 7 z°
2 2| L3 2 13

hor r- h 1
V=I 7 2%z :% Z =7[—2-— == 7r’h

° h h® | 3|, h 3 3
Q4. Find volume of right circular cylinder of radius 'r' and height 'h’

Equation:
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Area = zr?
S I
\

—_
o
o
(@)
~—~
v

X*+y*=r>;0<z<h

V= joh xridz = zr? (z|2 ) =zr’h

Q5. Find volume of frustum of cone whose height is 'h" and whose radius of base and top is I; and
r, respectively.

r.2
h
/
2l
\
[TV
\ 1 7
f \‘ ’l II/
‘\,'/
\’II
Vi,
7
12
l+z | |+h
—_— r
rr r:(|+z)
l+h I
| r
h r
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z(r,—1) i
Area = 71? =7Z'[I’1+ 2h 1]

z2(r,-1)Y
Volume Zﬂj‘oh(H*‘MJ dz

h

2(r—r)Y h |h
—r [rl+ (2 1)) ) 1.
h C’a(rz—rl)‘0
h r’h

e

L-r) 3(r,-r)

ah, ,
=" L == (K4l +rr
3 1 2 1°2
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Solid of revolution (we need axis and are for this)

y="f(x)(xy)

area = 7y’

X +dx

dxstrip

Volume = area - dx
(i) Volume obtained by revolving an arc y = f (x) where a< x <b about X -axis is given by:

2
I T X

2 &mﬂ‘.
o s

v

V= _T zy? dx

X=a

Volume = area-dx
dv = zy*-dx
V= J;ryzdx

(i) Volume obtained by revolving an arc x = f (y) where (c<y<d) about y -axis is given by

V =7zLd x? dy

Q1. Find volume of sphere of radius 'r' by above method i.e. solid of revolution method.
A

semicirculararc
/v

* |f semi-circular arc X* +Yy° =r® from X=—r to X =r is revolved around X -axis then solid of
revolution obtained is sphere of radius =r
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now
3

r 3
all Y L e
3], 3) 3

V=7Z'J y? dx :an.oryzdx :27z_|.0rr2—x2dx —27Z'[I’2'X—

Q2. Find volume of cylinder by same method.
A

A
\/

%2

P
<«

v

P
<«

A
y

h

X2 4y = r?
w2y - A 2y o h
V—7Z'thy dX—ﬂI_h/zr dx = Zzr z—m’ h

Q3. Find volume of cone:

h h r2 r2 3
V :ﬂjo dey :7Z'J-O Fyzdy :ﬂFLy?

" B zréh
¥ 3

Q4. Find volume of solid obtained by revolving curve y* =8x from x =1 to x =2 about X -axis?
A
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V= 7Z'J. ydx

X2

2
=87Z'(£—l) =12
2| 2 2

Q5. Find volume of solid obtained by revolving curve y* =8x from y=1to y =2 about Y -axis?
A

2
\Y :7ZJ-1 8xdx =7z-8[

y=2

v

4 52
V=r['xdy =z Ly = 7| L _z 31_3lz
1 164 64| 5| 64 5 320

Q6. Find volume of solid obtained when it is obtained by revolving y = 8x* from x =1 to 2 about line
y=2.

N

v

y'=y—2 (logic)
y'=8x"-2

3

sV =7rj‘128x2 —2dx —ELS%—ZX

2
=7z[%—4—§+2J=ﬂ(§—2j=Z-50
1 3 3 3 3
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(iii) Surface area of solid of revolution

A

v

ds® = dx® + dy?
Surface area of elementary portion = ds
27y will be circumference of 1 circle

27y -dswill be surface area of ds length dragged portion (shaded)
. ds, =27yds

S, _jznymdx

(@ Ifarc y="f (x) is revolved about X -axis from X=a to b to form a solid then surface area of

solid of revolution is:

dy
=2r 1+ dx
’ I (d j
(b) If arc x = f (y) is revolved about Y -axis from y=c to y =d to form a solid then surface area
of solid of revolution is:

dx
=2 X |1 d
! {dyj y

QL. By this method find SA of sphere of radius r .
22+ X2 +yr=r?
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~ r dy 2 ~ r y2+X2 ; - ,
s__jrzﬂy /1{&] dx —2£2ﬁy v dx :47zj0rdx =Azxr
2x+2yd—y:0

dx
dy
dx y

Q2. By same method find SA of cone of radius =r and height =h

,
o= ‘—NN\
:

y=£X
h

dy r

dx h
h 2 [2 2 2|

S:J'Qﬁ.ix. 1+r_2dx _2arNh 4t T _2_72".|.{X_ J :ﬁ.l.ﬁzml
;. h V' h h o h 21,] w2

1> =h? +r? [Slant height]

Q3. Find SA of cylinder of radius r and h.

~
-
N
_-
N
_-
N

- -

-
-

v

T

,,
\\

P

\\

=

/’ =
\\

R

\\

’
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T
dx
h
h
© S=[27xy\1+0 dx =2zr jo dx =2zxrh
0

Q4. Find surface area of solid of revolution obtained by revolving curve X =4y about Y -axis when
1<y<2?

dx
dy

2 2
s =2z 4y1+4%dy =87 A7[ yay :8«/1_77r-y7 = 4177 (4-1) =127
1

4
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Integral Calculus - 2: Double Integration

If x and y are two independent variable over which a function f (Xx,y) is taken then by double

integral of f (x y) we mean either:

(i) I (j x y dy)dx

Treat X constant

(ii) Ib(IW) f(x, y)dy)dx
(iii) I (j (x, y)dx)
I

0 a b q “_
/ g
(i)
A N y=1,(x)
\ // y= fz(x)
2 > ”
(i)

v

N

“ y3dydx = ?

1 20 42 NC 4
.[xzj.y3 y dx = Ix [ de 4. I x*dx =4- [3 ng
0 0 0
y
@ [[ —d dy j%joydxdy =Ee7-)/dy =[[e'dy =¢”

1

0
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%COSX
Q3. I jsinxdydx=?
0 0
E\y:cosx
0 y=0 %
:j%Sinxcosxdx =EI%Sin2xdx 1 _cost% :1(_—COS”+COSO) :1(+1+1j
0 270 2 2 | 2 2 2 2

Q4. Find ﬁxydx dy where R is region bounded by triangle whose vertices are (0,0),(1,0) and (1,1)
R

?
Solution.
(1)
X=Y,
(0.,0) (1,0)
1 y=x 21X 3 1
Ijxydydx =I x| 2| dx :I;X—dx =1_|.lx3dx=1 L
0 y=0 2|, 2 270 2 ,) 8
or
1 x=1 L x? 2 y (1 y2
xydxdy = y(— }dy = y[___ dy
y-[OXv!.y J-O 2 y 0 2 2

1
1t .0 1[y* vy 1(11)1
= — —_— d:———— = ——— = —
2onyy2{2 4| ) 2\2 4) 8

Q5. Find nydxdy where R is region bounded by lines y = X, x-axisand line X+y=2?
R
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.
(1)
0,0) 0 >y:2
(L1)
le S X+Yy=2
(0.0) (2,0)

X+y=2

(0,0) (2,0)

= [“xydyaxe [ [ xydyax = j—dx+.[2ud WM, f

2 4
1 1 2. 4+4_g_2_1+ﬂ 1 1 10_1_§ +| 5= _E ZS_EZE
8 2 3 4 3 8 2 4 3 3 3 3

Q6. Find dexdy where R is region bounded by X -axis, parabola y* = x and y® = 2— X bounded
R

24x+ X3 —4x?
——dx
2

1

by X -axis, parabola y* =X and y* =2—X in 1st quadrant?
Pt. of intersection

2—-X=X

x=1,y=1
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y? =X
0
[ Nt
(0,0) (2,0) >
s X = 1 2 4 2
=yf0 .[Zxdxdy =I? dy :EJO(Z—y ) ydy _—J' 4+/y"/—4y -
L
BNV | DVl _1( _fj_ﬂ
_2“ < 2(43/ 3 0} “2\"73)73
A
(12)
y =X i y2=2-x
(0.0) (29 :

N
=[x J'dydx+.[lzj'omdydx=jolx\/§dx+fx\/2—xdx
0 y=0
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Integral Calculus 2 Change of order of inteqration in double integral
b '//2

ﬂ f(x, y)dxdy:chjﬁ;y()y) (x,y)dxdy = I j (x,y)dydx
R a y=yy(x)
4 y=d(y) y=¢(y)

4 — e

v

/ J

a b

Q1. By changing of order of integration solve
1pl
Iojy x ydxdy jj x y dydx

(0.0)
R:0<y<1 (given)
y < x <1(given)

or R:{(x,y)/0<y<1;y<l

zjjwdd—’>

wad dx —Ilsmx X dx=—cosx|, =1-cosl

X
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072

(0,0) (7:9)

:J'%IX—Sdeydx :J'O%w-)(dx :—cosx|g/2 =1-cos7/y =1-0=1

o Jo yx /X/
Q4. j:jj%dxdy

=e-1=2.71828-1=1.72

1
0

[ =[5 oo

Q5. Find j:j:’%dxdy

DRI

A

:IOwJOXTXdydx =I:e‘xdx =-e”[ =1

Q6. Find j:j;oex—;dxdy

= I: K eX_ZX dydx = I;O e ¥dx =1
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Q7. j;jxxjs_yz ysin (7[(1— x)2 )dx dy

(0,1) X=:|.—y2
(0,0) \(\1'0)
=J.:I;Tydy-sin 7(1-x)" dx :J:sin(n(l_x)z).l_Txdx
(1—x)2 =t
=J'Osin7z't.__dt zlfsin ztdt :i(—cosmﬁ)) =%
fj (x,y)dxdy ="
0y
y<x<2-y
A
(3,10) x=y
y =10
11)
(1'1) _><x+y:2
(0,0) >
_J' J'Z "t dxdy+.|‘ J' (x,y)dxdy
_Iry y)dxd —J' .[ (x,y)dxdy
=J-,8J.lzx (xy dde+J-OI (xy dydx+I J‘H (x,y)dydx +
.[12.[02_)( f (X’ y)dydx"'.[lzj.lz X,y dde+I )dde
A
(-8.10) y=10
17 o1)
. X=y |
@
5 (0,0) T (20 o
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Note:

In diagram 1 from 1<y <10 direction is opposite so for that particular region when we change orders
of integration we will move top to bottom instead of bottom to up (.* direction is opposite)

22y 2 2 2
Qo. Jl. dxdy:j1 2—y—ydy:J'l 2—2ydy:2y—y2‘1 =(4-4)-(2-1)=1
y
X=y
X=2-y y=2

RN R V4 R U
<
Il
[EEN

Now by change of order
:J.:LZ_Xdydx+.|.:_|.2Xdydx :I:Z—X—ZdX+I12X—2dX

1 2 2
X 1 1

|| S e L — L — ]
[2 J 2 /AEV /{ 2 Z

X2

2

0
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Integral Calculus 2: Relation between Cartesian and Polar coordinates

A

P(x,y)=(r,0)

y=rsing

0

v

0 X =r00s6

Conversion from Cartesian — Polar:

dx dy

J;j f (X, y)dxdy=g f (rcos@,rsin&)[mj.drde

Now we use Jacobian:
OX OX

_dxdy _d(xy) _[or o6
drdg d(r,0) [oy oy

o 06
x=rcos(9:>%=cose :%:—rsine
or 06
y=rsind :@:sine = ﬂ:rcose
or o

cos@ -rsind
singd rcosé@

d(xy) _

g =rcos’@+rsinf=r
d(r,0)

..Conversion formal becomes:
[[ £ (x y)dxdy =[] f (rcoso,rsin6)-rdrdo
R R

Generalized Version:

OX OX
IRI f(x, y)dxdyzg f (x(u,v),y(u,v))|3|dudv where Jacobian J = 8_u 3 = Z(()lj\)//))
ou ov
_ In(x* +y?) , s
Q1. Find J.J'ﬁdxdy where R:S :{(x, y)eR*/e<x’+y’<e }
2 (X +y)

Personalized Mentorship @ +91 9971030052



An Exclusive platform for UPSC with Science (Mathematics Optional)

v

X=rcos@, y=rsiné
e<x’+y’<e’
e<ri<e’

Je<r<e

0<0<2x
Izﬁj-flnr /d do

27 e

I

Put Inr—t
Lir=dt
;

Inr?

27 1
= I:IZt-dth 2272'(1—1) = 7[§ =§7[
0 i 4 4 2
Q2. If I I (x,y)dxdy is changed into double integral transforming (, y) into (u,Vv) where
y=0 x=y
X=uv and Yy =2v then transformed integral is?

Solution.
V A

v

0<v< 2v<uv<l
2£ysl
v
Now
J=8(x,y)_v ul_,,
o(u,v) [0 2
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(SR (NN
IS PN

f (uv,2v)-|2v|dudv

Practical Use of Double Integral
(A) Area of region R in 2-D plane i.e. X—Y plane is given byL

Elementary at (X, y):

dA=dxdy
A=dedy
R

QL. Find area of circle whose radius =a

-
U

=
7

X*+y?=a
e 1 y\/<':12—y2+a25in‘lza

_a’sin'l_ a‘z
2 4

Complete Area = 4A = ra’

By Polar:

27 a 2 r2 a a_2

jjrdrd0=j— d0=Zr-= = ra?

00 0 2 0 Z

Q2. Find area of || with base =b, height =h?

A(O’h)
h-0 R
—0)= R
(y-0)=(x+a) o

QD

(a0)
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0 g(x+a) b—aﬁ(x b+a)
A1+A2:J' _[ dydx+j j dy dx
-a y=0 0 0

0 h b-a
— d —_— b dx
La(x+a x+_[ (x—b+a)dx
h x? X2 oo
=——+hx] +———+hx
az2 ., a- 0
2 PRV
:—E-a—+ah+i(b ) +h(b-a)
a a-b 2
ah (b—a)h

=——+ah+——+hb-ah
2 2
a bh

=— +hb-
725”5 2 2 A

Q4. Find area enclosed by curves y =0,x=1,x=5 and y=¢"?
A

X

/e

/....'.

—
o
=
RN

/
x=1 x=5 y=0
5 y=e*
AreaJ. I dy dx —.[ e —e(e'-1)
a y=0
Q5. Find area enclosed by curves y=0,y=X,y=X+1and y=1
A
y=x+1
X=y
4 5 y:O 2

i j- dxdy=josy—y+1dx =j§dx
0 x=y=1
or
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0
+4+5xX—

0 x+1 4 x+1 5 5

:.[jdydx+jj(de+jjdydx==ix+1dx+idx+j5—xdx:=§;+x
X 4 x -1 0 4

-10 0

XZ

1 4

:—£+1+4+25—§—20+E=25—20=5
2 2 2
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Integral calculus 2 Surface Area of 3-D Surface (Using Double Integral)

(0,0,1) — unit vector L tox—y plane

v

y
dscos @ = dxdy

ds = XY (D)
cosé
S:z=f(xy) (must be of this form)
oz

l.dz=—
OX

dx+@dy
oy
1

JIE+zi+1

Put value in (1)

dS =/ +z; +1dxdy

After projecting S onto X — Y plane we get region R, and then integrating

S =H«/z§+z§+1dxdy
R

cosd =

£.4,+mm, +nn,
2 2,,2 2 2 2
\/El +mn; \/ﬁz +m; +n,

(¢,,m,n)and(¢,,m,n) angle between them cosé =

or
[ =0i+0j+1k and i =zi+ zyj+lI2 2 vectors angle € in between
v
u 0

then
V-0 =|v||d]-cos o

v-a
COSHZT

[vi]d]

B S
JZE+z2+1
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o If we want to evaluate surface area of a 3-D object/solid then if dS is elementary surface area on
the given surface and if dxdy is projection of dS on x—y plane (z :0) and if @ is angle

between dS and dxdy then dscosé = dxdy

dxd :
=dS = —Z) where @ is also angle between normal to the two surface.
coS

e Now on the surface if z=f (x, y), then
1-dz=@dx+@dy
OX oy

Lunitchangein z direction means there is z, change in X directionand z, changein y direction)

«  So normal vector of surface S is z,i + 2, j+1k and normal vector of dxdy is Of +0] +1-K

so ds =, [1+2; +2 dxdy

e Now if projection of surface S (in 3-D) is region R in (X—y plane) then

H,/l+zf+z§ dxdy =S
R

QL. Find surface area of sphere of radius a by double integral method?
equation: x* +y*+z*=a* (center (0,0,0))

v

z=\a>—x*—y* = f(x,y)

2x+0+2zz,=0

X
Z, =—
z
0+2y+2zzy=0
y
Zy :—;

Projectionon X—Y plane = x* +y*=a*: R
*+ 2 small hemispheres are projected for complete sphere.
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S= 2[Rj\/1+(—§j2 +(—%j2 dx dy
:2”‘/1+ X +2y2 dx dy

_2”‘«,2 +X +y dXdy

_ZII\/ \7:_):([7_;([ y{dxdy

_Zga mdxdy

Converting to polar form

27 a
1

2-a| | ——=—=:rdrdé

Hx/az—r2
a’-r’=t
—2rdr =dt
2n-a-3 [ 2ot
—2rat”

2-2ra (az—rz)al
0

=—4ra(-a)=4ra’

Q2. Find Surface area of plane 2x+3y +4z =12 enclosed inside cylinder x* + y* =47
R:x*+y*<4

2x+3y +4z =12(Plane)

x* +y? = 4(Cylinder)

2,="9,
or

Area of circle: ” dxdy
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[ 4 9
” 1+E+dedy

27 2
=”ro|rc|¢9-E
00 4
22
_or. @:@ﬁ
20 4

@'ﬂ'(Z)z =297

Q3. Find surface area of smaller projection of sphere Xx* + y? +z? = 25 cut by the plane z =37
R:x*+y*=25

===
D

z,=? 2,="

X
2Xx+222, =0 => 7, =——
z

1=
Now

x> X 5
JI+22 42 :1’1+?+?:\/25—(x2+y2)

dx dy

B 5
° _J;E'-\/ZS—(X2 +y?)

!

4
5
——rdrd@
'([\/25—r2
4 r
27| ——dr
ﬂ-J-O 25_r2

Il
a1

S:x°+y*+7°=25

R:x*+y*=16

25-r% =t

—2rdr =dt

—tor[ -2 5z Lt —1074%" ~107-(5-3)=207
25 2\/'[_ 9 \/f 9
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Q4. Find surface area of partition of sphere X+ y® + 2> = 25 between the plane z=-3 and z=47?

° ZJRI ‘/25—(; + yz)dXOIy

[Now main thing is to analyze R ]
R :{(x, y)/9<x* +y? < 25}u{(x, y)/16< X +y* < 25}

27 5 27 5

1
= 5“—_25%2 -rdrd¢9+5H
2\J25_r2

2

drdé@

-
\J25-r?
i 2+/25—r2 i

S+ 5 4| =—1077(—4-3)=707

=-5-2r

Q5. Find surface area of the portion of surface common to z=3—/x*+Yy* and z =1+ X* + y?

A

Déwz:z_l

asz Tradiusof circle T

i

(0,0,1)

v

X +y'+l=1z
X2 +y° :(3—2)2
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X +y*=z-1

Now intersection
(3—2)2 =z-1
9+7°-6z-z+1=0
722-77+10=0
z2=52

X2 +y? <0 [not possible]

Required surface area =S, + S,
R:x*+y*<1 (forboth S, and S,)
S, x4y’ =(3-2)
2x=2(3-12)—

X
7 =———
33—z
2y=2(3-2)--z

_
Zy_3—z
JI+z2+22 = 1+ S + e (3_2)2+X2+y2 :\/2(X2+y2)=\/§
) (3—2)2 (3—2)2 (3—2)2 X*+y?
\/E”dxdy:ﬁ-fz-lzzm/i
R

z, =2X

Z, =2y

1/l+4x +4y? = 1+4( )

j dxd :ﬁ +4r -rdrdé

-2 <G S =505 50 -5

Total surface area = \/§7r + %(\/E . 5—1)
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Q6. Find surface area of the surface common between x> +y° =z and X* +y* =2-12?
A

1=2-1

22=2

z=1

Total area =S, + S,

+y =1

I 1+4(x* +y* )dxdy = (5\/_ )
rotal =2[ £ (56 -1) |~ 7551

R:x*+y*<1 (forboth S, and S,)
S, X +y’=2-
Z, =-2X

2, ==2Y
Lf 40 +y? Joxdy = (351
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Integral Calculus 2
Volume of 3D Object / Solids by double integral
If we have 3D object / solid bounded below by z=0 i.e. X—Yy plane then if dxdy is very very small

areaon z =0 then if we take cuboid with length and width as X and ¢y and height z (corresponding

to point on top of the surface) then volume of elementary cuboid will be zoXxdy .
A

(6x,6Y,2)

F\
—»  ZOXOY

=
<
v

OV =1720X0Yy
dv = zdxdy

v=J..|'zdxdy :”z(x, y)dxdy

Rin X—Y plane
Q1. By double integral find volume of sphere of radius 'a'?
dv = 2zdxdy

v:ZHJa2 —(x2+y2)dxdy =2~27rj':\/a2 —r2dr =gzra3
x2+y2+z2 =a

(x+dx, y+dy)

dy

(xy)  dx
Q2. Find volume of solid enclosed within x* + y2 < 2 region, bounded below with X—Yy plane and

bounded above by z = x* + y*?
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A7
7=X+y?
y >
z=0
X
v=J..|.(x2+y2)dxdy
R:{(x,y)‘x2+y2§2}
A
=I02”J‘fr3drd9 =27 r =2r
0
Q3. Find j:e—xzdx
Solution.
y“ ..................... r:w
B
o
2 PR
r=0 | 6=0 X
Let k = I:e’xzdx and k = j:e’yzdy
iy, v % .
kzzj:e’xzdx-j:e’yzdy =”e‘xzdxdy =”e7(x v )dxdy = f je‘rzrdrde
00 00 0=0r=0

Let -r? =t
—2rdr =dt

J, ¢
0
T

k?=2
4
Note:

0 2
I :j e dx
0

Let X* =t
2xdx =dt

dt

-2

z
2

Personalized Mentorship @ +91 9971030052



An Exclusive platform for UPSC with Science (Mathematics Optional)

°°t exz \/_
Lo g

© 7—1
= I:jo e*x2 dx =+

Gamma Function
=re’xx"’ldx ‘n>0
(2 \/_ (proved previously)
r1)=1
r(n)=(n-1)r(n-1)
:Iwe’xdx — |
0 0

When n>1:
Apply integration by parts on I'(n):

I e *x"tdx

=x" l(—eX . )+ (n —1)I:e’xx”’2dx

N H Xn7 _ & Ak
_lm%xl O+(n+1)joe X" 2dx

r(n)=(n+1)r'(n-1)

*If n is natural number then:
I'(n)=I(n-1)!
r(n)=(n-1)r(n-1) =(n-1)(n-2)r(n-2) =(n-1)(n-2)...1
=(n-1)!

QL. I: e *x’dx

=1

[“e™x**dx=1(6)=5!=120
0
Q2. I: e > x’2dx

5x =t
5dx =dt
%
1 j Tet (Ej dt
R

5. SJ_ I

I 7’[ / ldt F(%)
25J§ 255

Ty _T(B)%hs _%ur _34r 3\/;
255 255 2505 10045 100
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n—1:—l
2
n=——+1

Qs. IO e xdx ="
X' =t
4x% - xdx = dt

1
oS oo e dr(1)
40 7 th 4o 4% 4 \2) 4
Beta function

B(m,n)= [ x™(1-x)""dx; m,n>0

i

For proof
put Xx=sin’ 4@

Q1. Jl’x% (1—x)% dx=?
m—l=g eSl="
m=7% n=Y,
()T (%
B(04,0) = op )

7-6-5-4-3-2-1
By walli's formula
x=sin’@
dx =2sin@cos@do

N -
R

(6}

| = 2[0%5in6 0cos® 0d0 = 2{

1+x
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dx:—tlzdt

i} ‘Lo(lt;tjs'ftlzdt =[[(a-tyat =j:(1—t)3dtzr(1];)r(4) =1-3-1=1

Triple Integral
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j ]i .T f (x,y,z)dxdydz

b '//2(2) fz(y Z)
I J. '[ x Y, z)dx dy |dz [most general versopm]
y x )

fi(y.z

1
Ix3y422dxdydz
0

l 13yef 125 (22
y“zzdydz:—j Yl gz =222
) 4513

4
5

1252 8-2 208

453 15 15

45

512 33

z
3

y
5

_12° 26_208

4 5 3 15

4

0 0

Q2. I:J;Z on+z(x+ y+ z)2 dx dy dz

1

y+z

_ppa(x+y+2)
_J-oJ‘o B

v (y+z+y+z) (y+z)
dydz:joj0 5 = 3 dy dz

0
3z

_II3Z y+Z erZ)d dz=2J«:J«03z(y+z)3dyd2=%j:@ dz
0

Q3. Evaluate triple integral over R J.” xyz°dx dy dz , where R is region / space in 3-D space
R

boundedby X=0,y=0,z=0 and 2x+3y+4z=12.

A7

12-42 4z 12— 3y 47

—H [ o ey

x=0  Density Volume

[We are trying to find mass captured for density Xyz® in region R]
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Density= Mass
volume
12-4z
3
J-j- )2 (12— 3y 4z)" dy dz
0 0

Y 12%12 3y—4z)’ydy |d
) o’ .[o ( oy~ Z) ydy |dz
B 3 3
1| (12=3y—4z) _de@dz
gJo 3--3 3--3
- 3 12-4z
1 2 2 —(12-3y-4z) (12-3y-4z)| 3 i
g 9 4.3.-3--3 |,
P 4
_1p (12-4z) jd _ 1 J‘ ?(12- 42) dz
gJo 4.27 8-4.27%
B 5 5
1| (12-47) ZZ‘I(12_4Z) 2204
864| 5-—4 —20
5 [ _a)®
_4 (z-3) -zz—i (2—3)5-zdz
864| 20
B 6
I e ) H(z—sf}
864 20 60 70
45 3 A44 163 163

"8.4.27170 Z.27.%0 2735 35

Conversion of Triple Integral from one system to another:

1. Conversion of T.l. from Cartesian wordinate

4

rcosé@

system to spherical coordinate system:

A

_______ Y:2)

1
1
1

1
1
1
1

v

f cos (90—
$=rsing

2.

1
1
1
1
1
1
1
U

%) Q(x,

If O(O, 0, O) isoriginand P (x, Y, z) is any point in Cartesian co-ordinate then in spherical co-ordinate

which is represented by (r,8,¢) where:
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r : is length of oP
Q : angle which OP makes with +ive z -axis
o If @ is projection of OP on x-— y plane then ¢ is angle between O—Q and + ive direction of X

-axis.
So now we have:

y
t

rsingsing !

rsind E

r

rsindcos¢ X
Z=rcosé

X =rsinfdcos¢
y=rsin@sing

J'” f (x,y,z)dxdydz =m f (rsin@cosg,rsindsing,rcosd)|J| drdddg

where J =———~==|singsin@ rcosdsing rsin@cosg

sin@cos¢ rcosdcosg —rsinfdcosg
o(xy,2)
o(r,é, .

( ¢) cosé —rsiné 0

=sin 6?cos¢(r2 sin’ Hcos¢)— r cos@cos ¢(—rsin 49cos¢cos€)
+(~rsin@sing)(-rsin® #sin g—r cos’ Gsin ¢)

=r?sin® @cos® ¢+ r’sin @ cos” Hcos’ ¢+ r’ sin Gsin® ¢
=r’sin@cos’ g+ r?singsin’ ¢

=r’sing
m f(x,y,z)dxdydz = ”‘[ f (rsin@cosg,rsindsing,rcosd)-r’sindrdodg
R R

Conversion of Triple integral from Cartesian coordinate system to cylindrical coordinate system.
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Q(x.y,0)
In cylindrical coordinate any point (x, y,z) of Cartesian coordinate system is representation by

(r,6,2) where r is length of OQ where Q is projection of point P(x,y,2) on X =Y planeand &

is angle which O—Q makes with X -axis in positive direction.

X=rcosé
y=rsing
So now we have:
=1
X=rcosé@
y=rsiné
=[[[ f (x v, z)ixdydz = [[[ f (rcoso,rsing,2)[3|-dr dodz
R R
. cosd -rsingd O
J:M:sine rcosd O|=r
o(r, 6,1
0 0 1

.[” f(xy,z)dxdydz =.[” f (rcosé,rsing,z)-rdrdodz
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Use of Triple Integral

T.1 is used to evaluate volume of any 3-D object
AZ

.-:-:3:3:3:?:':Q x+dx, y+dy, y+dz)

Q(x+dx,y+dy,z+dz)

>
v
—~~
x
=
N
~

y
Volume of this cuboid (very small) =dx-dy-dz
dv =dxdydz

If in a 3D space/object we take any arbitrary point (X, y,z) and a point (x+dx, y+dy,z+dz) very

very close to it then volume of cubiod with diagonal PQ is dxdydz.

So elementary volume inside object is:
dv =dxdydz
So volume of object will be:

V = jé”dv = jﬂdxdydz

Q1. Find volume of sphere of radius 'a'?
X2+y?+z2=a?, S:{(x,y,z)/x2+y2+22£a2}
0<r<a

0<6< 7 (good)

0<¢ <27 (in Xy plane)

ASS
7
7
<v

V:_dedydz

N

T j I dxdydz
0 0 0

a?-z2

8]1 I Ja?-y?—z3dydz
0 0

Il
oo
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_g[ Y i —y -2+ T gint Y
02 2 a2 _ 72

aa’-7° 7
=8I0 2 EdZ

or
by spherical coordinates:

2r 7 a

V= _[ j jrzsinedrdedqﬁ

$=006=0r=0
il
00 3 0

* Think properly for limits

. a® . a’ 4
sin@d@dg =— | (-cosd| |dp =27-—-2 =—ra’
3 l( |°) 3773

3

a 3
:Zn_[o a’—z%dz = 272{8.22% J =2ﬁ%=§Ea3
0
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Explanation:
When we rotate ¢ then points of 7z <& < 2 are also covered so we need 0 < & < 7z only

0<p<2r
Arz

<v

0<¢<27
Q2. Find volume of 3-D object enclosed by surfaces / planes x=0,y=0,z=0 and X+y+z=1?

Af ]

1-z

dz :I (1—2)2—@&

1
0

1-z1-y-z

l

dx dy dz :I:_[:_Zl—y—zdydz :J':y—y?z—zy

3 2!
_111(12)2(12_1[“2_& ]_1@11}_1
270 2 3 2|) 2 3 6
Also
1 1-x1-y-z
V:_[ I I dz dy dx
x=0y=0 z=0

Q3. By triple integral method find volume of right circular cone whose radius is of length 'a' and
heightis 'h".

X +y=z

Ja’ +h?

N
v

V= J'_l.J.dx dy dz

Better to solve by spherical coordinates (r, 8, ¢)
or

0<r<+a’+h? or 0<r<hsecd
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INTEGRAL CALCULUS

SUMMATION OF SERIES

DEFINITE INTEGRALS

BETA GAMMA FUNCTIONS

DOUBLE INTEGRALS, TRIPLE INTEGRALS
SURFACE AREAS AND VOLUMES
IMPROPER AND INFINITE INTEGRALS
MISCELLANEOUS

ook wdE

CHAPTER 1. INTEGRAL AS A LIMIT OF SUM

n-1
QL. Find the limit Iim%z\/nz—rz . [1d UPSC CSE 2018]
nN—o0 =0
Q2. Define a sequence S, of real numbers by

| Zn:(log(n+i)—log n)2
i=1 n+i
Does lims, exist? If so, compute the value of this limit and justify your answer.

[3b UPSC CSE 2012]

n

CHAPTER 2. DEFINITE INTEGRALS

/2 -2
QL. Show that [ "X __gx— ~ jog, (1+2). [4b P-2 UPSC CSE 2020]
) sinx+cosx 42

Q2. Evaluate [ tan™ (1—§jdx. [2a UPSC CSE 2020]

Q3 Evaluate the following integral:

Sln
.[1d UPSC CSE 2015
'[\/SInX+ COSX [ ]
Q4. Evaluate
| "’gle(—ljx)dx. [1d UPSC CSE 2014]
+X

0

Q5. For x>0, let f( j In—tdt Evaluate f(e)+ (lj [1d 2015 IFo0S]

Q6. Evaluate j (szml—cos jdx [1c UPSC CSE 2013]

Q7. Evaluate

IM [4a 2013 IFo0S]
sin* x +cos* x
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1
Q8. [ rxdx. [3a(ii) UPSC CSE 2011]
0

CHAPTER 3. BETA GAMMA FUNCTIONS
b
Q3(iii) Express j(x—a)m (b—x)"dx in terms of Beta function. [UPSC CSE 2021]

(c) Using Beta and Gamma functions, evaluate the following integrals:

() Jz‘x(8—x3)]/3 dx

(ii) j% [IF0S 2021]

QL. [ xedx. [4c(ii) 2020 IFoS]
Q2. éhow that

NEIE
_[ sin® @cos? Ado ==
5 2

/X
F(p+q+2j

, p,g>-1

2

Hence evaluate the following integrals:
/2

(i) I sin® x cos® xdx
0

(i) [ (1% )" ax
(ii) [x*(1-x)’ dx. [2b 2017 IFoS]

Q3. Evaluate:
= [[4/xtog (ljdx. [1c UPSC CSE 2016]
X

Q4. Show that the integral je-xx“-ldx, a >0 exists, by separately taking the case
0

for a>1and0<a <1. [4b 2016 IF0S]
Q5. Prove that

2z-1
JZ:'ZJ_ Jz z+%. [4c 2016 IF0S]
T

Q6. Evaluate the integral

| =Tz"“x2dx using Gamma function. [3c 2014 IFoS]
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q
Q7. Find all the real values of p and g so that the integral jolxp (Iog %) dx

converges.
[3c P-1 UPSC CSE 2012]
Q8. Evaluate the following in terms of Gamma function:

a X3
[ [as_xg jdx. [4d 2012 IFoS]

CHAPTER 4. DOUBLE INTEGRALS, TRIPLE INTEGRALS

Q1(d) Evaluate |[x*dxdy, where R is the region in the first quadrant bounded by

the hyperbola xy =16 and the lines y=x,y=0 and x=8. [IF0oS 2021]
Q1. Evaluate the integral j j Xdydx . [4b UPSC CSE 2018]

Q2. Evaluate [[(x*+xy)dxdy over the region R bounded by xy=1,y=0, y=x
R

and x=2.
[2018 3d IFo0S]
Q3. Show that
) rC(1)r(m)r
ot LT

R
taken over R: the triangle bounded by x=0,y=0,x+y=1. [IF0S 2018 4a P-2]

Q4. Prove that Z <[[ Oxdly 2
3 X +(y-2)

<z where D is the unit disc.

[4d UPSC CSE 2017]

Q5. Evaluate the integral T dxdy by changing to polar coordinates.
0

O ey 8

Hence show that Te—xzdx =%. [2017 3c IF0S]
0

Q6. Evaluate j [ xe/aydx. [IF0S 2017 4c P-2]

x=0y=0

Q7. Evaluate |[ f(x y)dxdy over the rectangle R=[0,1,0,1]where
R

H 2 2
f(x, y):{“y' X7 <y <2X" 14c UPSC CSE 2016]
0, elsewhere
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Q8. After changing the order of integration of [[esinnxdxdy, show that
00
J-sm nx = ”
5 X 2
[2016 2a IF0S]
2 y2/2

Q9. Evaluate the integral | [ ————dxdy. [IF0S 2016 3d P-2]

00 (x2 +y° +1)2
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Q10. Evaluate the integral
”(x— y)2 cos? (x+y)dxdy
R

where R is the rhombus with successive vertices as (r,0)(2z, 7)(r,27)(0, 7).
[3d UPSC CSE 2015]
Q11. Evaluate ﬂ,/‘y—xz‘dxdy where R=[-110,2]. [4a UPSC CSE 2015]
R

Q12. By using the transformation x+y=u,y=uv, evaluate the integral
[[{y@-x-y } dxdy taken over the area enclosed by the straight lines
x=0,y=0 and x+y=1.[2c UPSC CSE 2014]

Q13. Evaluate ”y%dxdy over R where Rz{(x, y):nySz/Z,OSySﬁ/Z}.
R

[2014 1d IF0S]

Q14. Evaluate the integral [[——=——dxdy over the region R bounded between

1/x +y +1

2
osxsy?and 0<y<2.[2014 4c IF0S]

Q15. Change the order of integration and evaluate jlz jyz_ " dxdy .

[IFoS 2014 3b P-2]
Q16. Evaluate [[xydA, where D is the region bounded by the line y =x-1 and the

parabola y* =2x+6. [3c UPSC CSE 2013]
Q17. Evaluate the integral ﬁxe‘xz/ydydx by changing the order of integration.

[1c UPSC CSE 2013]
Q18. Evaluate

”4/4X2 — y*dxdy

over the triangle formed by the straight lines y=0,x=1,y=x.
[4a P-2 UPSC CSE 2011]
Q19. Evaluate [[(x+2y)dA, where D is the region bounded by the parabolas

y=2x*and y=1+x*. [3d UPSC CSE 2010]

Q20. Evaluate

”(x—y+1)dxdy

where R is the region inside the unit square in which x+y z%.

[3b P-2 UPSC CSE 2010]
Q21. Evaluate
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| = _[ I xdydz + dzdx + xz*dxdy
S

where S is the outer side of the part of the sphere x*+y®+z* =1 in the first octant.
[4b UPSC CSE 2009]

TRIPLE INTEGRALS

Q1. Consider the three-dimensional region R bounded by x+y+z=1y=0,z=0.

Evaluate H_[(x2 +y? +22)dxdydz . [2c UPSC CSE 2015]
R

Q2. Let D be the region determined by the inequalitiesx>0,y>0,z<8 and
z>x?+y?. Compute
m.Zdedydz. [3b UPSC CSE 2010]

CHAPTER 5. SURFACE AREAS AND VOLUMES
Q3(b) Use double integration to calculate the area common to the circle
x* +y® -4 and the parabola y* =3x. [UPSC CSE 2022]

Q4(b) Show that the entire area of the Astroid: x**+y**=a** is gnaz.

[UPSC CSE 2021]
Q4(c) Find the whole area included between the curve x*y? =a*(y*-x*) and its

asymptotes. [1FoS 2021]
Q1. Find the volume lying inside the cylinder x*+y®-2x=0 and outside the

paraboloid x*+y* =2z, while bounded by xy-plane. [1c UPSC CSE 2019]

2 2

Q2. The ellipse %+§ =1 revolves about the x-axis. Find the volume of the solid

of revolution.
[2c UPSC CSE 2018]

Q3. Find the volume of the solid above the xy-plane and directly below the portion
of the elliptic paraboloid x? +y7 =z which is cut off by the plane z=9.

[2a UPSC CSE 2017]

Q4. Find the volume of the region common to the cylinders x*+y*=a® and
X +z7°=a’.

[IFoS 2017 3d P-2]

Q5. Find the area enclosed by the curve in which the plane z=2 cuts the ellipsoid

2 2
%wz +%:1. [2015 2d IF0S]
Q6. Compute the double integral which will give the area of the region between
the y-axis, the circle (x-2)° +(y—4)" =z* and the parabola 2y =x?. Compute the

integral and find the area.
[IFOS 2015 4a P-2]
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Q7. Find the area of the region between the x-axis and y=(x-1)" from x=0 to

X=2.
[2013 4a P-2 IF0S]
Q8. Compute the volume of the solid enclosed between the surfaces x*+y?=9
and x*+z*=9.
[4a UPSC CSE 2012]
Q9. Find by triple Integration the volume cut off from the cylinder x* +y* =ax by

the planes z=mx and z=nx. [2012 4a IF0S]
Q10. Find the volume of the solid bounded above by the parabolic cylinder
z=4-y? and bounded below by the elliptic paraboloid z = x* +3y?.

[3a P-2 UPSC CSE 2012]
Q11. Find the volume of the solid that lies under the paraboloid z = x* + y* above

the xy-plane and inside the cylinder x* +y* =2x. [3c UPSC CSE 2011]
Q12. Show that the area of the surface of the sphere x*+y*+2z°=a* cut off by
x*+y* =ax Is 2(z—2)a*. [3c UPSC CSE 2011]

CENTROID
Q3(b) Find the centre of mass of a solid bounded below by x* + y* <4,z =0above

by the paraboloid z =4 - x* — y?. Take the density of the solid as uniform.

[IFoS 2022]
Q1. Find the centroid of the solid generated by revolving the upper half of the
cardioid r=a(1+cos¢) bounded by the line =0 about the initial line. Take the

density of the solid as uniform. [4b 2019 1FoS]

RECTIFICATION, CURVATURE
Q2. Obtain the area between the curve r=3(secd+cos@) and its asymptote x=3.

[3¢ 2016 IF0S]

Personalized Mentorship @ +91 9971030052



